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Abstract

In recent years, several deep learning-based methods for the approximation of high-
dimensional partial differential equations (PDEs) have been proposed. The considerable
interest that these methods have generated in the scientific literature is in large part due
to numerical simulations which appear to demonstrate that such deep learning-based
approximation methods seem to have the capacity to overcome the curse of dimension-
ality (COD) in the numerical approximation of PDEs in the sense that the number
of computational operations they require to achieve a certain approximation accuracy
e € (0,00) grows at most polynomially in the PDE dimension d € N = {1,2,3,... } and
the reciprocal of . While there is thus far no mathematical result which proves that one
of these methods is indeed capable of overcoming the COD in the numerical approxima-
tion of PDEs, there are now a number of rigorous mathematical results in the scientific
literature which show that deep neural networks (DNNs) have the expressive power to
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approximate solutions of high-dimensional PDEs without the COD in the sense that
the number of real parameters used to describe the approximating DNNs grows at most
polynomially in both the PDE dimension d € N and the reciprocal 1/ of the prescribed
approximation accuracy € € (0,00). More specifically, [Hutzenthaler, M., Jentzen, A.,
Kruse, T., and Nguyen, T. A., SN Part. Diff. Equ. Appl. 1, 2 (2020)] proves that for
every T € (0,00), a € R, b € [a,00) it holds that solutions ug: [0,T] x R - R, d € N,
of semilinear heat equations with Lipschitz continuous nonlinearities can be approxi-
mated by DNNs with the rectified linear unit (ReLU) activation at the terminal time
in the L2?-sense on [a,b]¢ without the COD provided that the initial value functions
R 5 2 — ug(0,2) € R, d € N, can be approximated by ReLU DNNs without the
COD. It is the key contribution of this article to generalize this result by establishing
this statement in the LP-sense with p € (0,00) and by allowing the activation function
to be more general covering the ReLU, the leaky ReLU, and the softplus activation
functions as special cases.
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1 Introduction

Finding approximate solutions to high-dimensional partial differential equations (PDEs) is
one of the most challenging issues in computational mathematics. In recent years, several
deep learning-based methods for this approximation problem have been proposed and have
received significant attention in the scientific literature. Some of such deep learning-based
approximation methods for PDEs are based on classical or strong formulations of PDEs (cf.,
for example, [13,12,60,63]), some are based on variational or weak formulations of PDEs (cf.,
for example, [2,23,25,61,65]), and some are based on suitable stochastic formulations of the
Feynman—Kac type involving the associated forward stochastic differential equations (SDEs)
or backward stochastic differential equations (BSDESs), respectively (cf., for example, [3,4,5,
y Ly LTy ey sty I, 90,y Iy o,y I,y JO, ])

In particular, we refer, for instance, to [19, 37, 38] for certain deep BSDE approxima-
tions for classes of semilinear parabolic PDEs. We refer, for example, to [63] for certain
deep Galerkin approzimations for general classes of PDEs. We refer, for instance, to [5]
for certain deep 2BSDE approximations for a class of fully nonlinear parabolic second-order
PDEs. We refer, for example, to [23] for certain deep Ritz approximations for a class of
elliptic PDEs. We refer, for instance, to [20] for certain deep BSDE approximations involv-
ing asymptotic expansions for a class of nonlinear parabolic PDEs and extensions of such
approximation techniques to reflected BSDEs. We refer, for example, to [39] for certain
deep primal-dual approrimations for a class of nonlinear parabolic PDEs and applications
of such approximation methods to the pricing of counterparty risks and to the computation
of initial margins. We refer, for instance, to [13] for certain deep artificial neural network
(ANN) approximations using collocation techniques for advection and diffusion type PDEs
in complex geometries. We refer, for example, to [12,060] for certain physics-informed neural
network (PINN) approximations for general classes of PDEs. We refer, for instance, to ||
for certain deep ANN approzimations based on discretizations of SDEs for a class of linear
Kolmogorov PDEs on an entire region. We refer, for example, to [10] for certain Monte Carlo
based deep ANN approximations for a class of semilinear Kolmogorov PDEs. We refer, for
instance, to [27,43,59] for certain deep backward dynamic programming approximations for
classes of nonlinear parabolic PDEs. We refer, for example, to [53] for certain deep BSDE
based approximations for a class of path-dependent PDEs arising in affine rough volatility
models. We refer, for instance, to [3| for certain deep splitting approximations for a class
of nonlinear parabolic PDEs. We refer, for example, to [58] for certain iterative diffusion
optimization approzimations for a class of Hamilton—Jacobi—Bellman PDEs. We refer, for in-
stance, to [17] for certain deep Runge—Kutta approzimations for a class of semilinear parabolic
PDEs. For more extensive overviews on such and related deep learning-based methods for
high-dimensional PDEs, we refer, for example, to the survey articles [10, 15,20, 28].

The considerable interest in deep learning-based approximation methods for high-dimen-
sional PDEs is in large part due to numerical simulations which appear to demonstrate
that some of these deep learning-based approximation methods might have the capacity to
overcome the curse of dimensionality (COD) (cf., e.g., Bellman [12] and Novak & Wozni-
akowski |57, Chapter 1]) in the numerical approximation of PDEs in the sense that the
number of computational operations they require to achieve a certain approximation accu-
racy € € (0,00) grows at most polynomially in the PDE dimension d € N = {1,2,3,...}



and the reciprocal of . In the last few years, a number of rigorous mathematical results
have appeared in the scientific literature which show that deep ANNs have the expressive
power to approximate solutions of high-dimensional PDEs without the COD in the sense
that the number of real parameters used to describe the approximating deep ANNs grows at
most polynomially in both the PDE dimension d € N and the reciprocal !/ of the prescribed
approximation accuracy ¢ € (0,00); cf., e.g., [, 14, 18,24,30,31,32,33,34,36,41,46,54,55,61].

While the articles |1, 14,24,30,31,33,34,36,41,54,55 61| prove such deep ANN approx-
imation results for linear PDEs, the articles [18,32, 10| establish deep ANN approximation
results for certain nonlinear PDEs. In the article Hutzenthaler et al. [10] it is shown that deep

ANNSs with the rectified linear unit (ReLU) activation function R 3 z — max{z,0} € R can
approximate solutions of semilinear heat PDEs at the terminal time in the L?-sense without
the COD provided that the initial value functions can be approximated by deep ReLLU ANNs
without the COD. The article Cioica-Licht et al. [18] extends the findings in Hutzenthaler
et al. [10] in several ways. Specifically, in Cioica-Licht et al. [15] it is shown that for every
T € (0,00) solutions ug: [0,7] x R? — R, d € N, of certain semilinear Kolmogorov PDEs
with Lipschitz continuous nonlinearities can be approximated by deep ANNs with ReLU
activation at the terminal time in the L2-sense without the COD provided that the initial
value functions R? > 2 +— u4(0,2) € R, d € N, and the coefficients of the PDEs can be
approximated by ANNs with ReLLU activation without the COD. For p > 2 or for the leaky
ReLU or the softplus activation, up to our best knowledge, there is no result in the literature
that shows that deep ANNs can overcome the COD in the LP-approximation of nonlinear
PDEs.

It is the key contribution of the present article to show that for every p € (0,00) we
have that solutions of semilinear heat PDEs with Lipschitz continuous nonlinearities can be
approximated in the LP-sense by deep ANNs with ReLU, leaky ReLU, or softplus activation
without the COD. More precisely, we prove that for any of these types of activation functions
and for every T € (0,00), a € R, b € (a,00) solutions ug: [0,7] x RY — R, d € N, of
semilinear heat equations with Lipschitz continuous nonlinearities can be approximated by
deep ANNs in the LP-sense with p € (0,00) on [a,b]¢ at the terminal time without the COD
provided that the initial value functions R? > x +— u4(0, ) € R, d € N, can be approximated
by ANNs without the COD (see Corollary 4.16 below for details). This extends the result
in Hutzenthaler et al. [16] from L?-approximation to LP-approximation with p € (0, c0) and
from ReLU activation to ReLLU, leaky ReLU, or softplus activation functions.

In order to illustrate the contribution of this article in more detail, we now present in the
following result, Theorem 1.1 below, a special case of Theorem 4.1 in Section 4.1, which is
the main result of this paper. Below Theorem 1.1 we add several explanatory sentences in
which we aim to describe the used mathematical objects and the statement of Theorem 1.1
in words.



Theorem 1.1. Let T, k,p € (0,00), let f: R — R be Lipschitz continuous, for every d € N
let ug € CH2([0,T] x R4, R) satisfy for all t € [0,T], x = (x1,...,74) € R? that

(5rua)(t, 2) = (Agua)(t, z) + f(ua(t, 7)), (1.1)

letv €{0,1}, a € [0,00)\{1}, ap, a; € C(R,R) satisfy for all z € R that ap(x) = max{x, ax}
and a;(z) = In(1 + exp(z)), for every d € N, x = (zy,...,24) € R? let A(z) € R? satisfy
A(ZII’) = (aI/(xl)7 R al/(xd>>7 let

N = ULENUlo,ll ..... lLGN(Xizl(leXlk71 X le))7 (12)

for every L € N, lp,ly,...,lp € N, & = (W, By),...,(W,Br)) € (Xizl(leXlkfl x R))
let R(®): Rle — Rz and P(®) € N satisfy for all vg € Rlo, v € Rt ... vy € R with
Vk € {1, 2,.. .,L}Z Vg = A(kak—l + Bk) that

(R(®))(vo) = Wrvp 1+ By, and  P(®) =0 l(lhy + 1), (1.3)

and assume for all d € N, ¢ € (0,1] that there exists G € N such that for all t € [0,T],
= (21,...,24) € R? it holds that R(G) € C(RYL,R), P(G) < kd*c™*, and

elua(t, z)] + [ua(0, 2) = (R(G))(2)| < erd™(1+ 35, |za]). (1.4)

Then there exists ¢ € R such that for all d € N, ¢ € (0,1] there exists U € N such that
R(U) € C(RY,R), P(U) < cdc™¢, and

[igaalua(T.2) = (R(U)) ()P dz] " < e. (1.5)

Theorem 1.1 is an immediate consequence of Corollary 4.16 in Section 4.3 below. Corol-
lary 4.16, in turn, follows from Theorem 4.1, which is the main result of this article (see
Section 4 for details). In the following we provide some explanatory comments concerning
the mathematical objects appearing in Theorem 1.1.

The function a,: R — R in Theorem 1.1 serves as the activation function which we
employ in the approximating ANNs in Theorem 1.1 and the function

(UgenR?) 3 2 — A(z) € (UgenR?) (1.6)

represents a suitable multidimensional version of the activation function a,: R — R in
Theorem 1.1. The function a,: R — R may be the ReLLU activation (corresponding to the
case ¥ = & = 0 in Theorem 1.1), the leaky ReLU activation (corresponding to the case v =0
and « € (0,1) in Theorem 1.1), or the softplus activation (corresponding to the case v = 1
in Theorem 1.1).

The set N = UrenUipiy,.... lLeN(Xéj:l(leXlk*1 x R')) in Theorem 1.1 represents the set of
all ANNs which we employ to approximate the solutions of the PDEs under consideration.
Observe that for every ANN ® € N we have that

R(®) € Up1enC(R”, R (1.7)



is the realization function of the ANN & with the activation function a,: R — R. Moreover,
we note that for every ANN & € N we have that P(®) € N is the number of real numbers
used to describe the ANN &. Very roughly speaking, P(®) corresponds to the amount of
memory that is needed on a computer to store the ANN & € N.

The real number 7" € (0,00) in Theorem 1.1 specifies the time horizon of the PDEs
(see (1.1) above) whose solutions we intend to approximate by deep ANNs in (1.5) in The-
orem 1.1. The real number x € (0,00) in Theorem 1.1 is a constant which we employ to
formulate our regularity and approximation hypotheses in Theorem 1.1. The real number
p € (0,00) in Theorem 1.1 is used to specify the way we measure the error between the exact
solutions of the PDEs under consideration and their deep ANN approximations, that is, we
measure the error between the exact solutions of the PDEs under consideration and their
deep ANN approximations in the LP-sense (see (1.5) for details).

In Theorem 1.1 we assume that the initial conditions of the PDEs (see (1.1)) whose
solutions we intend to approximate by deep ANNs without the COD can be approximated
by ANNs without the COD (see (1.4) above). The function f: R — R in Theorem 1.1
specifies the nonlinearity in the PDEs (see (1.1)) whose solutions we intend to approximate
by deep ANNs in Theorem 1.1. The functions

ug: [0,T] x R* - R, de€N, (1.8)

in Theorem 1.1 describe the exact solutions of the PDEs in (1.1). Observe that the hypothesis
in (1.4) in Theorem 1.1 also ensures that for all d € N, ¢ € (0,1], t € [0, 7], z € R? we have
that e|uq(t, z)| < erd*(1+ S2¢_,|zx|*). This, in turn, assures that for all d € N, ¢ € [0,T7,
r € R? we have that

ualts )] < k(1 + X al"). (1.9)

Note that (1.9) ensures that for all d € N we have that the solution ug: [0,7] x R? — R
of (1.1) grows at most polynomially. These polynomial growth properties of the solutions
assure that the solutions of (1.1) with the fixed initial value functions R? 5 z +— u4(0, z) € R,
d € N, are unique.

Theorem 1.1 establishes that for every d € N, € € (0, 1] there exists an ANN U,. € N
such that the LP-distance with respect to the Lebesgue measure on [0, 1]¢ between the exact
solution ug: [0,7] x R? — R at time T of the PDE in (1.1) and the realization

R(Ug.): R — R (1.10)

of the ANN U, is bounded by ¢ and such that the number of parameters of the ANN
U,. € N grows at most polynomially in both the PDE dimension d and the reciprocal 1/:
of the prescribed approximation accuracy .

Although Theorem 1.1 is restricted to measuring the LP-distance with respect to the
Lebesgue measure on [0, 1]¢, our more general deep ANN approximation results in Section 4
(see Theorem 4.1, Corollary 4.15, and Corollary 4.16 in Section 4) allow measuring the L?-
distance with respect to more general probability measures on R?. In particular, for all
a € R, b € (a,00) we have that the more general deep ANN approximation results in Sec-
tion 4 enable measuring the LP-distance with respect to the uniform distribution on [a, b]¢.
Furthermore, we note that Theorem 4.1 in Section 4 is formulated for general activation



functions provided that with the considered general activation function there exists a shal-
low ANN representation for the identity function R > z +— 2 € R on the real numbers
and provided that with the considered general activation function the Lipschitz continuous
nonlinearity can be approximated with appropriate convergence rates by ANNs.

Our proof of Theorem 1.1 is strongly based on employing suitable nonlinear Monte
Carlo approximations, so-called full history recursive multilevel Picard (MLP) approxima-
tions, which provably approximate PDEs of the form (1.1) without the COD. MLP methods
have been introduced in [21,22,17] and have been extended to more general situations in,
e.g., [7,8,11,20,44,45,49,50,51,52,56]. In particular, the LP-error with p € (0, 00) for MLP
approximations of certain semilinear PDEs has been analyzed in Hutzenthaler et al. [15]
and in the present work we employ these findings to establish the desired ANN approxima-
tion results. For further references on MLP methods we refer, for example, to the survey
articles [10,20].

The remainder of this article is organized as follows: In Section 2 we review the necessary
basic preparatory material on ANNs that we need in the later sections of this work. In
Section 3 we study deep ANN representations for MLP approximations for PDEs of the
form (1.1). The ANN representations for MLP approximations from Section 3 are then used
in Section 4 to prove Theorem 1.1 and its above sketched generalizations.

2 Artificial neural network (ANN) calculus

In this section we review the necessary basic preparatory material on ANNs that we need
in the later sections of this work. The conceptualities and the lemmas provided in this
section are elementary or well-known in the literature and the specific material in this section
mostly consists of slightly modified extracts from Grohs et al. [35, Section 2| and Grohs et
al. [30, Section 3|.

2.1 Structured description of ANNs
Definition 2.1 (ANNs). We denote by N the set given by

L
N — ULGN Ulo,ll Len (Xk:1(lexlkf1 % le)) (2_1)

.....

and we denote by P: N - N, L: NN Z: NN O: N - N, #: N —- Ny = NU {0},
D: N — UrenN%, and D,: N — Ny, n € Ny, the functions which satisfy for all L € N,
loliy .l € N, & € (X, (RW5-1 x R)), n € Ny that P(®) = Sor le(ls + 1),
L(P)=L,Z(P) =1y, O(P) =1y, H(®P) =L -1, D(®) = (lp,l1,...,11), and

O Ea 22

Definition 2.2 (ANN). We say that ® is an ANN if and only if it holds that ® € N (cf.
Definition 2.1).



Definition 2.3 (Standard and maximum norms). We denote by ||-||: UsenR? — R and
Il - UsenRY — R the functions which satisfy for all d € N, z = (z1,...,74) € R? that

2]l = [ 217 and (2] = maxies, . ap|il-
Lemma 2.4. It holds for all ® € N that L(®) + ||D(®)|| < P(P) (c¢f. Definitions 2.1
and 2.3).

Proof of Lemma 2.4. Observe that it holds for all L € N Iy, ly,...,l;, € N that

L L L
Z lklk—l Z max{z lk, Z lk—l} Z max{lo, ll, ey lL} (23)
k=1 k=1

k=1

Hence, we obtain for all L € N, Iy, l1,...,l; €N, & € (Xizl(leXlkfl x R')) that

L L L
P@) = llemr +1) = I+ Ilemy > L+ max{ly,ly,.... 1.} = L(®) + | D(D)]].
k=1 k=1 k=1
(2.4)
The proof of Lemma 2.4 is thus complete. O

Definition 2.5 (Multidimensional version). Let d € N, a € C(R,R). Then we denote by
My R¢ — R? the function which satisfies for all x = (x1,...,2q) € R9 that

Maa(z) = (a(z1),. .., a(zq)). (2.5)

Definition 2.6 (Realization associated to an ANN). Let a € C(R,R). Then we denote
by Ra: N = (UrienC(RF, RY)) the function which satisfies for all L € N, Iy, ly,...,l, € N,

® = (W1, B1), (Wa, Ba),..., (Wi, Br)) € (X;_,(R&¥b-1 x Ri¥)), x5 € R, 2, € RY, ...,
Tr—1 € Ri-1 with Vk € {1, 2,...,L— 1}2 Tp = gﬁa,lk(WkSL’k_l + Bk) that

Ra(®) € C(R® R™:)  and  (Ru(®))(20) = Wrap_1 + By (2.6)
(cf. Definitions 2.1 and 2.5).

2.2 Compositions of ANNs

Definition 2.7 (Composition of ANNs). We denote by (-) @ (+): {(®1,P2) € NxN: Z(Py) =
O(®3)} — N the function which satisfies for all L, £ € N, I, Iy, ..., 11, lp, b1, ..., lc € N, &) =
((Wla Bl)a (W2> BZ)a SRR (WL> BL)) € (Xizl(leXlk’l X le))) ®2 = ((%a %l)a (%9 ‘%2)7 R
(W, Be)) € (X (RW¥U=1 x R%)) with [y = Z(®,) = O(®y) = I¢ that

@1.q>2:

(71, B1), (5, Bs), -, (Wer, Bor), T, MBe + Br), 4
(Wa, By), (Ws, Bs), ..., (W, B))
(W5, WiB1 + By), (Wa, Bs), (W, Bs), ..., (Ws, Br)) Ls>1—¢ &7
(71, B1), (W, Ba), ..., (Weer, Ber), Wi We, W1 Be + B1)) :L=1<¢g
(W7, W15, + By)) - L=1=2¢

(cf. Definition 2.1).



2.3 Powers and extensions of ANNs

Definition 2.8 (Identity matrix). Let d € N. Then we denote by I; € R4 the identity
matrix in R4,

Definition 2.9 (Powers of ANNs). We denote by (-)*": {® € N:Z(®) = O(®)} — N,
n € Ny, the functions which satisfy for all n € Ny, & € N with Z(®) = O(®P) that

PO — (Io(q)), (0, O, e O)) c RO(‘I))XO(‘I’) X RO(‘?) “n=0
© o (@°Y) :neN
(cf. Definitions 2.1, 2.7, and 2.8).

Definition 2.10 (Extension of ANNs). Let L € N, U € N satisfy that Z(¥) = O(¥).
Then we denote by £, v: {® € N: (£(®) < L and O(P) = ( )} — N the function which
satisfies for all ® € N with £(®) < L and O(®) = (\Il)

)e

gL,\I/( ) (\I].L L(D))
(cf. Definitions 2.1, 2.7, and 2.9).

(2.8)

(2.9)

2.4 Parallelizations of ANNs

Definition 2.11 (Parallelization of ANNs). Let n € N. Then we denote by
P,: {(®), 0y, ..., ®,) € N": L(Dy) = L(Dy) =... = L(D,)} > N (2.10)
the function which satisfies for all L € N, (l10,01, .- ., ll,L), (l270, log, ..., larn), oy (lnos lna,
lop) € NFFU @y = (Wa, Bia), (Wis, Bia), ..., (Wi, Bir)) € (X, (Rus*hit x
R#)), @y = (Wa, Bax), (Waa, Bao)y oo, War, Bop)) € (X (R2#x2r1 x Rl28))
®p = (Wi, But), Wiz, Bua), -, (Waz, Bur)) € (X (Rint¥bukot 5 Rlnk)) that

Wipn O 0 0 By
0 Wy O 0 By
P, (0, ®y,...,0,) = 0 0 Ws1 -+ 0 | | Bsa] |,
O 0 0 Wn,l Bn 1
Wia 0 0 0 B o
0 Wy 0 .- 0 By
0 0 Wi -+ 0 |, |Bs2]|,..., (2.11)
0 0 0 W2 B,
Wi O 0 0 B
0 W2 L 0 0 B2,L
0 0 Wi 0 ’ Bs 1,
O 0 0 Wn,L BTL L

(cf. Definition 2.1).



2.5 Summations of ANNs

Definition 2.12 (Affine linear transformation ANN). Let m,n € N, W € R™*" B € R™.
Then we denote by Ay p € (R™" x R™) C N the ANN given by Ay = (W, B) (cf.
Definitions 2.1 and 2.2).

Definition 2.13. Let m,n € N. Then we denote by &,,,, € (R™*"™ x R™) the ANN given
by &pn = A¢ 1,00 (cf. Definitions 2.2, 2.8, and 2.12).

L Im ...

Definition 2.14 (Matrix transpose). Let m,n € N, A € R™*". Then we denote by A* €
R™™ the transpose of A.

Definition 2.15 (Transpose ANN). Let m,n € N. Then we denote by %,,,, € (R™m)xm x
R™") the ANN given by T,,, = A, 1,,)+,0 (cf. Definitions 2.2, 2.8, 2.12, and 2.14).

Im ...

Definition 2.16 (Sums of ANNs with the same length). Let v € Z, v € Z N [u,0),
D, Pyia, ..., P, € N satisty for all k € Z N [u,v] that L(Py) = L(P,), Z(Px) = Z(P,,), and
O(Py) = O(P,) (cf. Definition 2.1). Then we denote by @®}_, @, (we denote by &, & P, 1 ®
...® ®,) the ANN given by

]ﬁ? (I)k = (6(9(<I>u),v—u+1 L4 [Pv—u-l—l(q)ua (I)u—i-la ey (I)v):| L zI(<I>u),v—u—|—1> eN (212)

(cf. Definitions 2.2, 2.7, 2.11, 2.13, and 2.15).

Definition 2.17 (Sums of ANNs with different lengths). Let u € Z, v € Z N [u, ), @,
Qyin,. .., P, U € N satisfy for all £ € Z N [u,v] that Z(®) = Z(P,), O(Pr) = Z(V) =
O(V), and H(¥) = 1 (cf. Definition 2.1). Then we denote by Hj_, P (we denote by
O, By P, 1By ... BeP,) the ANN given by

H q>k = 6_9 gma‘XjG{u,u+1 ,,,,, v} E(‘i’j),‘l’(q)k) €N (213)

(cf. Definitions 2.2, 2.10, and 2.16).

2.6 Linear combinations of ANNSs
2.6.1 Linear combinations of ANNs with the same length

Definition 2.18 (Scalar multiplications of ANNs). We denote by (-) ® (-): R x N — N the
function which satisfies for all A € R, ® € N that A ® ® = A)\I@(@),O e & (cf. Definitions 2.1,
2.7,2.8, and 2.12).

Lemma 2.19. Letu € Z, v € ZN[u,00), n = v—u+1, hy, hys1, ..., hy E R, tyy tysa, ...ty €
R} q>u> ®u+la SRR éva v e N; Bu>Bu+la - '>Bv € RI((I)u) satisfy D(q)u) = D(q)u-i-l) = =
D(®,) and

U= & (e ® (@ ® Aurya, ) (2.14)

(cf. Definitions 2.1, 2.7, 2.8, 2.12, 2.16, and 2.18). Then
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(i) it holds that

,D(\Ij) = (I((I)u>v ZZ:u Dl(q)u)v ZZ:u ]D)2((I)U)7 R ZZ:u Dﬁ(q’u)—l(q)u)v O((I)U>)

= (Z(®,), nD1(,), nDo(D,,), . . ., nDr@,)-1(Pu), O(D,,)), (2.15)

(i) it holds for all a € C(R,R) that R,(¥) € C(R¥®w) RO®)) and
(iii) it holds for all a € C(R,R), z € RT(®) that

(Ra())(2) = éﬂhk(na(@k))(th + By (2.16)

(cf. Definition 2.6).

Proof of Lemma 2.19. First, observe that the hypothesis that D(®,) = D(Pyy1) = ... =
D(®,) ensures that for all k € {u,u+1,...,v} it holds that

D(At1ya,,8:) = DAt tya,8,) = (Z(P0), Z(Py)) € N2, (2.17)

This and, e.g., Grohs et al. [35, item (i) in Proposition 2.6] assure that for all k£ € {u,u +
1,...,v} it holds that

D((I)k ° Atk II(<I>k)7Bk) = (I((I)u), ]D)l(q)u); ]D)Q((I)u), e ,Dﬁ(q)u)(q)u)). (218)

Note that, e.g., Grohs et al. [30, item (i) in Lemma 3.14] proves that for all £ € {u,u +
1,...,v} it holds that

D(hk; ® (@k [ ] Atk II(<1>k)ka)> = D(@k ° Atk II(ék)ka)' (2]_9)

Combining this, (2.18), and, e.g., Grohs et al. |30, item (ii) in Lemma 3.28] show that

,D(\I]) = D<@Z:u (hk ® ((I)k o Atk II(<I>k)7Bk>))

= (Z(@), 0 D1 (0,), 0 Ds(®,), ., S0 Doy 1(®,),0(2,))  (2:20)
= (I(@u), n]D)l(éu), HDQ(QU), e ,n]DE(q;.u)_l(@u), O((I)u)) .

This establishes item (i). Next, observe that, e.g., Grohs et al. [35, item (v) in Proposition 2.6]
demonstrates that for all & € {u,u+ 1,...,v}, a € C(R,R), 2 € R*¥®) it holds that
Ra(q)k i Atk II@k),Bk> < C(Rz(q)u)v Ro(c}u)) and

(Ra(ék i At/c II(<I>k)7Bk)>(I) = (Ra(q)k))(tkl' + Bk) (2.21)

(cf. Definition 2.6). Combining this and, e.g., Grohs et al. [30, Lemma 3.14] yields that for
allk € {u,u+1,...,v}, a € C(R,R), z € RY®) it holds that

Ra <hk ® ((I)k L Atk Iz(cl>k),Bk)) S C(RZ(CI)U)v RO((I)u)) (222)
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and
(Ra(hk ® (D0 A, Iz(q)k),Bk)))(x) — I (Ro(®)) (tsz + By). (2.23)

Furthermore, note that, e.g., Grohs et al. [36, Lemma 3.28] and (2.19) establish that for all
a € C(R,R), z € RZ®) it holds that R, (V) € C(RZ(*«) RO(®w) and

(Ra())(2) = (Ra (@5, (b ® (D4 0 Agyry,.5.))) ) (@)

v v (2.24)
= 3 (Ra (e ® (D1 @ Aty 1yy,.)) ) (@) = 0 Ie(Ral®)) (1 + B,
k=u k=u
This establishes items (ii) and (iii). The proof of Lemma 2.19 is thus complete. O

2.6.2 Linear combinations of ANNs with different lengths

Lemma 2.20. Let L € N, u € Z, v € Z N [u,00), hy, hyy1,... hy € R, Oy Py, ..o
®,,3, ¥ € N, By, Byy1,...,B, € RH®) q ¢ C(R,R) satisfy for all j € Z N [u,v] that
L = maxgennpuy £(®r), Z(®)) = Z(®,), O(®;) = I(3) = O@J), HE) = 1, Ru(3) = idz,
and )

U= @ (b (PreAr,,n)) (2.25)

k=u,J
(cf. Definitions 2.1, 2.6, 2.7, 2.8, 2.12, 2.17, and 2.18). Then
(i) it holds that
D(¥) (2.26)

= (I(éu% éﬂ)l (gLJ(cI)k))> §D2 (gLJ(cI)k))a SRR i]DL—l (gL,C(((I)k))’ O((I)u)> ;

k=u

(i3) it holds that R,(V) € C(R*(®) RO@W) and

(i) it holds for all v € R¥(®) that

(Ra(¥))(z) = ghma(@k»(x + By) (2.27)

(cf. Definition 2.10).

Proof of Lemma 2.20. Observe that item (i) in Lemma 2.19 establishes item (i). Moreover,
note that, e.g., Grohs et al. |35, item (v) in Proposition 2.6] implies that for all k € ZN[u, v],
r € RT(®) it holds that R,(P; @ Aty ).B,) € C(RI(®«) RO(®w) and

(Ra(cpk . Alz(q)k),Bk))(x) = (Ru(®1))(x + By). (2.28)

This, e.g., Grohs et al. [30, Lemma 3.14], and, e.g., Grohs et al. [35, item (ii) in Lemma 2.14]
ensure that for all kK € NN [u,v], x € R¥(®+) it holds that

Ra (&,3 (h ® (D AIMM,B]C))) = Ra(hx ® (Pr @ A1y, ) 5,)) € C(RH™) RO (2.29)
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and

(Ra (gm(hk ® (Dy o AII(%),BIC))))(:C) - (Ra(hk ® (Dy o AII(%),B,C)))(;E)
— hi(Ra(®4))(x + By)

(2.30)

(cf. Definition 2.10). Combining this, e.g., Grohs et al. |30, Lemma 3.28], and (2.19) assures
that for all 2 € R*(®) it holds that R,(¥) € C(R*(®«) RO(®w)) and

k=u,J

(m( ® 8Ld(hk ® (Pr 0 Aty ) .5,) )) (2.31)
: (R (8L“<hk ® (P o Airy,5) ))) r th o(®x))(x + By)

U

R0 = (Ra( 8 (e (01w A ) )0

ol

(cf. Definition 2.16). This establishes items (ii) and (iii). The proof of Lemma 2.20 is thus
complete. O

3 ANN representations for MLP approximations

In this section we study deep ANN representations for MLP approximations for PDEs of
the form (1.1). Specifically, in Proposition 3.9 below we show that realizations of suitable
deep ANNSs with a given general activation function coincide with appropriate MLP approx-
imations for PDEs of the form (1.1) provided that with the considered general activation
function there exists a shallow ANN representation for the one-dimensional identity function
Ro>zx—2xelR

In the elementary results in Section 3.1 and Section 3.2 we explicitly construct such
shallow ANN representations for the one-dimensional identity function R > x — = € R in
the case of several activation functions such as the ReLU (see Lemma 3.5), the leaky ReLU
(see Lemma 3.5), the rectified power unit (RePU) (see Lemma 3.7), and the softplus (see
Lemma 3.8) activation functions. In the special case of the ReLU activation results similar to
Proposition 3.9 can, e.g., be found in Hutzenthaler et al. [16, Lemma 3.10] and Cioica-Licht
et al. [18, Lemma 3.10].

3.1 Activation functions as ANNs

Definition 3.1 (Activation ANN). Let n € N. Then we denote by i,, € ((R™"™ x R") x
(R™" x R™)) € N the ANN given by i, = ((I,,,0), (I,,0)) (cf. Definitions 2.1, 2.2, and 2.8).

Lemma 3.2. Let n € N. Then

(1) it holds that D(i,) = (n,n,n) € N3,

(ii) it holds for all a € C(R,R) that R,(i,) € C(R™,R"), and
(11i) it holds for all a € C(R,R) that R,(in) = M,
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(cf. Definitions 2.1, 2.5, 2.0, and 5.1).

Proof of Lemma 3.2. Observe that the fact that i, € (R™" x R") x (R™" x R")) C N
proves that D(i,,) = (n,n,n) € N3 (cf. Definitions 2.1 and 3.1). This establishes item (i). In
addition, note that the fact that i, = ((I,,,0), (I,,0)) € ((R™"™ x R") x (R™"™ x R")) and
(2.6) show that for all « € C(R,R), x € R™ it holds that R,(i,) € C(R",R") and

(Ra(in))(z) = Li(Men(Inx +0)) +0 = M, () (3.1)

(cf. Definitions 2.5, 2.6, and 2.8). This establishes items (ii) and (iii). The proof of Lemma 3.2
is thus complete. O

Lemma 3.3. Let ® € N (c¢f. Definition 2.1). Then
(i) it holds that

D(io@) @ @) = (Z(®), D1 (P), Da(®), ..., Dra)-1(P), O(P), O(P)) € NE@+2 - (3.2)

(i) it holds for all a € C(R,R) that R,(io@) ® ®) € C(RE®) RO®),
(iii) it holds for all a € C(R,R), x € RY®) that (Ru(io@) @ ®))(z) = Myo@) ((Ra(P)) (),
(iv) it holds that

D(® o iz@)) = (Z(P),Z(P), Dy (D), Dy(®), . .., Dra)-1(P), O(P)) € N4 (3.3)

(v) it holds for all a € C(R,R) that R,(® eizq)) € C(RT® RO®) and
(vi) it holds for all a € C(R,R), x € REZ®) that (R, (P e i7@)))(2) = (Ra(®)) (M4 z(0)())
(cf. Definitions 2.5, 2.6, 2.7, and 5.1).

Proof of Lemma 3.3. Observe that Lemma 3.2 demonstrates that for alln € N, a € C(R,R),
x € R" it holds that R,(i,) € C(R",R") and

(Ra(in))(2) = Man(x) (3.4)

(cf. Definitions 2.5, 2.6, and 3.1). Combining this and, e.g., Grohs et al. [35, Proposition 2.6]
establishes items (i), (ii), (iii), (iv), (v), and (vi). The proof of Lemma 3.3 is thus complete.
]

3.2 ANN representations for the one-dimensional identity function

Definition 3.4 (RePU monomial ANNs). Let v € Ny. Then we denote by I, € N the ANN
given by

I = <<(_11) <8)) ((1 (—m),o)) € (R x R?) x (R™2 x RY)) (3.5)
(cf. Definitions 2.1 and 2.2).
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Lemma 3.5 (Shallow leaky ReLU ANN representation for the one-dimensional identity
function). Let a € [0,00), a € C(R,R), ¥ € N satisfy for all x € R that a(z) = max{z, az}
and V= (1+ o) ' ®1; (¢f. Definitions 2.1, 2.18, and 3./). Then

(i) it holds for all v € Ny that D(L,) = (1,2,1) € N?,
(i) it holds for all x € R that (R,(I1))(z) = (1 + o)z,
(idi) it holds that D(W) = (1,2,1) € N?,

(iv) it holds that R,(¥) € C(R,R), and
(v) it holds for all z € R that (R.(¥))(z) =
(cf. Definition 2.6).

Proof of Lemma 5.5. Note that (3.5) yields that for all v € Ny it holds that D(IL,) =
(1,2,1) € N®. This establishes item (i). Next, observe that (3.5) establishes that for all
x € R it holds that

(Ro(1))(2) = a(z) — a(—x) = max{z, ax} — max{—z, —azx}

= max{z, ar} + min{z, ar} = (1 + a)x (3:6)

(cf. Definition 2.6). This establishes item (ii). Furthermore, note that item (i) in Lemma 2.19
(applied with u ~ 1, v A 1, by A~ (T +a) ™ t, A1, &, AT, B, » 0, ¥~ U in the
notation of Lemma 2.19) establishes item (iii). Combining (3.6) and item (iii) in Lemma 2.19
(applied with u A1, v 1, hy N (1+a) ™ t, A1, &, AL, B, 0, ¥ AT, anain
the notation of Lemma 2.19) therefore proves items (iv) and (v). The proof of Lemma 3.5
is thus complete. O

Lemma 3.6 (Shallow power ANN representation for the one-dimensional identity function).
Let v € N\{1}, by,bs,...,b, € R, a € C(R,R) satisfy for all x € R that a(z) = 27 and
by <by <...<b,. Then

(i) there exist Zmique €o,Cls - - - ,104, € R which satisfy for allk € {0,1,...,v} that 14y (k) co+
Lici(bi)® = Ty (k)77

(ii) there exists a unique ¥ € N which satisfies

V=A,,e (é (ci ® (iy o ALbi))), (3.7)

=1

(iii) it holds that D(U) = (1,7,1) € N%,
(iv) it holds that R,(¥) € C(R,R), and
(v) it holds for all x € R that (R,(V))(z) ==
(cf. Definitions 2.1, 2.6, 2.7, 2.12, 2.16, 2.18, and 3.1).
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Proof of Lemma 3.6. Throughout this proof let B = (B, ;)i jef1.2,. 4+1) € ROTVXOFD gatisfy
for all 4,5 € {1,2,...,~v} that By,41 =1, B;; =0, B,y11 = 1, and B4 ;41 = (b;)" and let
D = (Dy,Dy,...,D )" € ROFX satisfy forall k € {1,2,...,y+1} that Dy = 13 (k) v~
(cf. Definition 2.14). Observe that the assumption that b; < by < ... < b, and, e.g., Horn
and Johnson [10, Eq. (0.9.11.2)] show that

det(B) = (—=1)*" det ((Bij11)ijeqr2..py) = (—1)7 [Tijei2,. . (bj —bi) | #0. (3.8)
1<)
This demonstrates that there exists a unique C = (cg,cy,...,¢,)* € ROTVX! guch that
BC = D. This establishes item (i). Moreover, note that Lemma 2.19 and item (i) establish
item (ii). In addition, observe that, e.g., Grohs et al. [35, item (i) in Proposition 2.6], item (i)
in Lemma 2.19, and item (i) in Lemma 3.3 yield that

D(W) = (Z(i), 3=y Da(in), O(in)) = (1,7,1) (3.9)
(cf. Definitions 2.1 and 3.1). This establishes item (iii). Next, note that, e.g., Grohs et
al. [35, item (v) in Proposition 2.6|, item (iii) in Lemma 3.2, and item (iii) in Lemma 2.19

establish that for all x € R it holds that
(Ra())(@) = o + (Ra (S (c: ® (i1 0 A1) ) ) )

= ot Ya(Rali)w +b) = co + el )"

i=1 i=1

(3.10)

(cf. Definitions 2.6, 2.7, 2.12, 2.16, and 2.18). This and the binomial theorem imply that for
all x € R it holds that

:%+iQNEQMﬂﬁ1 (3.11)

i=1 |j=0 §=0

(Ro(V))(x) = o + i:ci [i (;)xv—j(bi)j

Combining (3.11) and item (i) hence ensures that for all x € R it holds that

v v , _
(Ra(¥))(z) = co+ 2 (;Y) [ch(bl)]] '
DR (3.12)
=t 2 () [Lo-n)77 ~ Ly () eo]a™™ = .
]:
This establishes items (iv) and (v). The proof of Lemma 3.6 is thus complete. O

Lemma 3.7 (Shallow RePU ANN representation for the one-dimensional identity function).
Let v € N\{1}, by, bo,...,b, € R, a € C(R,R) satisfy for all x € R that a(x) = (max{z,0})”
and by <by <...<b,. Then

(i) it holds for all x € R that (R.(L,))(x) = a7,

(ii) there exist gm’que €Oy Cly - - - ’1&/ € R which satisfy for allk € {0,1,...,~v} that 14y (k) co+
Zzl Cz(bz) = 1{7—1}(]{:) Y,
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(7ii) there exists a unique ¥ € N which satisfies

=1

V=A,e (é <c2- ® (I, o Al,bi))) (3.13)

(iv) it holds that D(¥) = (1,2v,1) € N3,
(v) it holds that R,(V) € C(R,R), and
(vi) it holds for all x € R that (Ra(¥))(z) =
(cf. Definitions 2.1, 2.6, 2.7, 2.12, 2.16, 2.18, and 3./).
Proof of Lemma 3.7. First, observe that (3.5) assures that for all z € R it holds that

(Ra(L,))(z) = a(z) + (—1)"a(—z) = (max{z, 0})7 + (—1)” (max{—=, O})V

3.14

= (max{xz,0})" + (min{z,0})" = 2" (3.14)

(cf. Definitions 2.6 and 3.4). This establishes item (i). Furthermore, note that item (i) in

Lemma 3.6 establishes item (ii). Moreover, observe that Lemma 2.19 and item (ii) establish

item (iii). In addition, note that item (i) in Lemma 2.19 and item (i) in Lemma 3.5 prove
that

D(\D) = (I(L/), Z:l Dl(Iv)a O(Iv» = (172% 1) (3-15)

(cf. Definition 2.1). This establishes item (iv). Next, observe that item (i), e.g., Grohs et
al. [35, item (v) in Proposition 2.6|, and item (iii) in Lemma 2.19 show that for all z € R it
holds that

(Ra(0))(z) = co + (Ra(@;;l (c;® (I, o Alvbi))»(az)

— o+ 2 a(Ra(L)) (@ +b) = co + Yocr(w + br)"

=1 =1

(3.16)

(cf. Definitions 2.7, 2.12, 2.16, and 2.18). This and the binomial theorem demonstrate that
for all z € R it holds that

(Ro(V))(x) = o + ici [i (;)xv—j(bi)j] =co+ (;) Lilcl(bz)i] 27 (3.17)

v
=1 7=0 7=0 =

Combining (3.17) and item (ii) therefore yields that for all z € R it holds that

(Ra(¥))(x) = co +

M=
<3
SN—

l@.—|
R

ci(bi)ﬂ} 7

<.
Il
o

) (3.18)
S ZOQ) (L3 ()7 = Ly () o] = .
‘7:
This establishes items (v) and (vi). The proof of Lemma 3.7 is thus complete. O
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Lemma 3.8 (Shallow softplus ANN representation for the one-dimensional identity func-
tion). Let a € C(R,R) satisfy for all x € R that a(x) = In(1 + exp(z)). Then

(i) it holds that R.(I) € C(R,R) and
(ii) it holds for all x € R that (R.(11))(z) = =
(cf. Definitions 2.6 and 3.4).
Proof of Lemma 3.8. Note that (3.5) establishes that for all z € R it holds that
(Ra(I1))(z) = a(z) — a(—xz) = In(1 + exp(z)) — In(1 + exp(—z))

=1In —1+exp(x) =In(exp(z)) ==z (3.19)
=1 <1+exp(—x)) =1 ( p( ))_

(cf. Definitions 2.6 and 3.4). This establishes items (i) and (ii). The proof of Lemma 3.8 is
thus complete. O

3.3 ANN representations for MLP approximations

Proposition 3.9. Let © = |J, 2", d,M, 0 € N, T € (0,00), a € C(R,R), J,F,G € N
satisfy D(J) = (1,0,1), Ra(J) = idg, Ru(F) € C(R,R), and R.(G) € C(RY,R), for every
0cOletd’: [0, T] — [0,T] and W?: [0,T] — R? be functions, for every 6 € ©, n € Ny let
U?:10,T] x R — R satisfy for allt € [0,T], x € R? that

Un(t2) = 1?4—(71) [Z (RalG))(x + W}H_’i"’”)] (3.20)
k=1

(T'—1t) — i, . —i, i) i,
D | 2 (RalB) o UP) = 1) (Ra(F) 0 UG, o)) @0 o + WG, )

U,
1=0 k=1

and let Ufht eEN,te[0,T],n €Z,0c O, satisfy for all 0 € ©, n € N, t € [0,T] that
U, =((00 ... 0),0) € R x R and

T—t
4. nB_ﬂl ((T—lf)_) ® M7”<(F ° U(G,if)_ X ) o A (6,i,k) ) (3.21)
i=0,3 Mn—i k=13 Lut( ,i,k) Id’Wut(,G,yi,k)it
_TL—l I i Mnfi .
X (=T) 1460 0.ik) |
=05, ( M ) ® (kE%a((F * U ctirpad) ® AId’WzZZJ%t))”

(cf. Definitions 2.1, 2.6, 2.7, 2.8, 2.12, 2.16, 2.17, and 2.18). Then

(i) it holds for all 01,0, € ©, n € Ny, t1,t5 € [0,T] that D(UL, ) = D(UR,),

n,t1

(i1) it holds for all § € ©, n € Ny, t € [0,T] that Ro(UY,,) € C(R%,R),
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(iti) it holds for all§ € ©, n € Ny, t € [0,T] that L(U? ;) < max{0, L(G)} + nH(F),
() it holds for all @ € ©, n € Ny, t € [0,T] that

[P < max{o, IDE)], DG} 3M)", (3.22)
(v) it holds for all§ € ©, n € Ny, t € [0,T], x € R? that Uj(t,z) = (R.(UY,))(z), and
(vi) it holds for all @ € ©, n € Ny, t € [0,T] that
P(UL,) < 2(max{o, £(G))} + n#H(F)) (max{o, [DE)| [DG)I}) (B3> (3.23)

(cf. Definition 2.3).

Proof of Proposition 3.9. Throughout this proof let (I)fm eN,0 e neNtel0T]
satisfy for all 6 € ©, n € N, t € [0, T] that

o, =% (L (GeA 3.24
=@ (We@( . Id,W}g,O,%))), (3.24)
let \Iff/” eN,0e0O,je{0,1},neN,ie{0,1,...,n—1},t € [0,T], satisty for all § € ©,
j€{0,1},neN;ie{0,1,...,n—1}, ¢t € [0,T] that

n—i

M
9 1)74,k)
LA o= H ( Fe U o A (0,4,k) )
O (Fe max{l JO}U(GM)) la W(em) A

(3.25)

let:ejeN 0e€0,je{0,1}, n e N, t € [0,T], satisty for all § € ©, j € {0,1}, n € N,
te[OT]that

=0 = 53 [(( 1)J(TMtLJl§(z g+1)) @\p%’t]’ (3.26)
i=0,3
let L; € N, i € Z, satisty for all 7 € Z that
Li=L£(F e U iin0): (3.27)
let £, € N, n € Ny, satisfy for all n € Ny that

L, = max L, (3.28)
ie{~1,0,...n—1}

and let IL,, € N, n € N satisfy for all n € N that
L, = max{L(G), £,, £, 1} (3.29)

We prove items (i), (ii), (iii), (iv), and (v) by induction on n € Ny. For the base case n =0
observe that the fact for all € ©, t € [0, 7] it holds that Uj, = ((00 ... 0),0) € R™*xR!
implies that for all 01,6, € O, t1,t5 € [0, T] it holds that

D(Ug,) = (d,1) = D(UR,) (3.30)
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and that Ra(Ugftl) € O(R% R). Furthermore, note that the fact that (3.20) implies that for
all@ € ©,t € [0,T], x € R? it holds that UJ(t, ) = 0 and the fact for all § € ©, t € [0,T] it
holds that Uf, = ((00 ... 0),0) € R™* x R" ensure that for all € ©, t € [0,T], z € R? it
holds that

LUs) =1, |[DUG)[|=d, and  (Ru(Ug,))(x) = Ug(t,x) (3.31)

(cf. Definition 2.3). Combining (3.30), (3.31), and the fact that the assumption that R,(G) €
C(R4,R) implies that max{, ||D(F)||, IP(G)||} > d hence proves items (i), (ii), (iii), (iv),
and (v) in the base case n = 0. For the induction step Ny 3 (n—1) --» n € Nlet n € N and
assume that items (i), (ii), (iii), (iv), and (v) hold true for all k£ € {0,1,...,n —1}. Observe
that the hypothesis that for every § € ©, t € [0, 7] it holds that W/ € R? and Lemma 2.19
(applied for every 6 € O, t € [0,T] with

unl, v A M" (hi)kefuutt

U@, (Pe)refuuttnt O (Glrefrz,amy,  (B)kefuutt,.. o O W Ve umy
(3.32)

in the notation of Lemma 2.19) assure that for all § € ©, ¢t € [0,T], x € R? it holds that

D(®,) = (d, M"D1(G), M"Ds(G),..., M"Dgg)-1(G),1) € NAGH (3.33)
and
(Ru(8,))(0) = 775 | 5 (Rat@) o+ W2 ) | (330

Moreover, note that the induction hypothesis and, e.g., Grohs et al. [35, item (ii) in Propo-
sition 2.6] prove that for all @ € ©, j € {0,1}, i € {0,1,...,.n — 1}, k € {1,2,..., M},
t € [0, 7] it holds that

L(FeUCTI ) = £E) +L(UIC )~ 1

max{i—j,0}, max{i—j3,0},
= L(F) + ‘C<Ug’1ax{i—j,0},0) -1 (3.35)
= £<F o U%’lax{i—j,O},O) = L.

This, the induction hypothesis, the hypothesis that for all § € ©, t € [0,7] it holds that
WY € R%, the hypothesis that for all § € ©, ¢ € [0,T] it holds that &{ € [0, T], Lemma 2.20
(applied for every j € {0,1},i€ {0,1,...,n—1}, 0 € ©,t € [0,T] with
U ¥ 1, UV ¥ Mn_i7 3 ¥ 37 (Bk)kie{u,ur‘rl ..... ’U} 2 (Wzi;(le’,lf,k)_t) k€{1,2 ..... Mnfi}7
(hi)kequutt, oy Wieo,. yniy, L Lisj, W07

(07(_1)ji7k)
((I)k)ke{u,u—l—l ..... v} ¥ (F o Umax{i—j,o},ut(e’i’k))kE{l’z ..... Mn—i}

Wip ana (3.36)

in the notation of Lemma 2.20), and, e.g., Grohs et al. [35, Proposition 2.6| show that for
allf€0,;j€{0,1},i€{0,1,...,n—1},t €[0,T], x € R? it holds that

D(v,7%,)
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Mnfi

M7L i
<d Z ]D)1<5L2 m(F e U Jzk)u(e’m)))’ kz ]D)2< (F e U= ljlk)u(e,i,k))>7
=1

max{z 7,0} max{i—7,0}

max{z 7,0}, M(G uk)

M 1)74,k)
Y ]D)LH_1< 13 (FeU )) 1 (3.37)
k=1
_ (d, M"'Dy(Fe Uy, . (i jvo}vo) ,M"'Dy(F o Uglax{,._jvo}vo),
B Mn_i]DLz‘fj—l(F hd U?nax{i—j,O},O)> 1) € NLi7j+1

and

—1

3

M »
(Ra(P o0 )+ W0 )

max{i—j,O},Mt(g’l'k)

3
S|
—~
S
3 “%
=S
o~
S~—
N—
—
&
SN—
Il
el
[N

—1

3

I
N

(R (F) o R, (U '“)Mw,z-,k)))(x Wil _,) (3.38)

max{i—j3,0}
—i

_ (R (F) o U 1)7i,k) )(ut(e k) G(BZZkk) t)

max{z 7,0}

3

B
Il
—

This and (3.28) demonstrate that for all § € ©, n € N, j € {0,1}, t € [0,T] it holds that

max £<<(_1)j(T;2£§(i_j+l)) ® \I’mt> =  max E(Wi]@l)
i€{0,1,...,n—1} i€{0,1,..,n—1}

(3.39)
= max Li—j = Sn—j .
1€{0,1,...,n—1}

Combining (3.37), (3.38), (3.39), e.g., Grohs et al. |35, item (i) in Proposition 2.6|, and
Lemma 2.20 (applied for every j € {0,1}, 8 € ©, t € [0,T] with

o (U0

U N 0’ v n — ]-7 3 ¥ 37 (ék‘)ke{u,u-i-l nzt)ze{o:l _____ 1}?

LA L, (3.40)

-----

(hk)ke{u,u—i-l ..... v} a <(_1)J (Tﬁlﬂ@(i—j—kl))ie{o 1 n—l}’ (Bk)ke{u,u—i-l ..... v} a ((07 07 R 0))k6{0,1 ..... n—1}

in the notation of Lemma 2.20) yields that for all j € {0,1}, 8 € ©, t € [0,T], x € R? it
holds that

' n—1
D (Eflzt) ( Z D, (&:n 5 (\I]fzjz t) ) 3 ;)]Db (gﬂnfj A (\Di]l t))

: Z De, ,-1(Ee ;3 (‘I’i]z i) 1

o (3.41)
— (45D a(8020). S B, (20)
: 20 De, ;-1(Ee,,a(¥07,)), 1) € Nos ™!
and _
(Ra(E2))() = T (SO0 (R, (053 ) () (3.42)
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Mn— max{i—J,0
= {i—4,0} )

Mnfi ;i .
Z( (1) (i~ J+1>> [ > (Ra(F) 0 U N @™ w+ WG ).

In addition, observe that (3.33), (3.41), item (1) in Lemma 2.20 (apphed for every 6 € O,
te0,T)withu 1, v A3, L AL, & AP, & AN O3 AENL T AT, b,
ho ™1, h3 A1, Bi ~ 0, By » 0, B3 v~ 0 in the notation of Lemma 2.20), and, e.g., Grohs
et al. |39, item (1) in Proposition 2.6] establish that for all # € ©, t € [0, 77 it holds that

D(U;,,) = D(®), 8, =% 8, =)
=(daD1(5Lns( )+ Di(E,a(E00) + D (s (E0t).
Dy (€r,.(®0,0)) + D2 (€3 (E00)) + D2 (3 (1)),
D, 1 (83 (90,)) + Dr (E1,3(E0)) + Dr 1 (E,a(200), 1) (343)

= (D1 (En,.a(®5,0)) + D1 (E0,.3(225)) + D1 (€10 (E00)).
D5 (Er,3(Pno)) + D2 (Er,a(Zn)) + D2 (Er,a(00)),
Do, 1 (Eua(®00)) + Do, 1 (6,2(208)) + Dy (E1,3(E00)), 1) € N,
Moreover, it then holds for all § € ©, t € [0,T] that R,(U%,) € C(R% R). Next, note that
(3.24), (3.25), (3.26), (3.34), (3.42), and item (iii) in Lemma 2.20 (applied for every 6 € O,
t € [0, 7] withu 1, v~ 3, LAL, (I>1f\<1>m, ®2f\_it, q)gnufm‘jn‘j, hi 1,

ha ™1, hg N1, By »~ 0, Bob ™0, B3 v 0 in the notation of Lemma 2. 20) imply that for all
0eO, te [O,T], z € R? it holds that

(Ra(U;))(@) = ( « B3 50 85 200)) ()
))( )+ (Ra(E00) (@) + (Ra(E00)) ()

o(®,
Ra(®,
[ x+WT92 k)

M
0,3,k 0.,k 0,k 3.44
[ S (Ra(F) o UL (@) 5+ Wb(ég,i,ﬁ)_t)] (3.44)

k=1

2

Furthermore, observe that (3.43) and Jensen’s inequality ensure that for all § € ©, t € [0, 7]
it holds that

LUl = [Pl

= max{d, max <]Dk(5]LM( 0) +]Dk(5]LM( )) + Dy (€L, 3(2 1)))}

ke{1,2,...Ln—1}

< ke{l’?%ﬁn_l} [max{d, Dy (€L, 3(Pp ) } + max{d, Dy (&L, ‘,(”SL%)) } (3.45)
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+ max{d, Dy (€1,3(206)) } |
< [P (@)l + P En 2 G + [P (En aEro) I

This, (3.33), (3.37), (3.41), Jensen’s inequality, and, e.g., Grohs et al. [35, item (i) in Propo-
sition 2.6] assure that for all § € ©, ¢t € [0, 7] it holds that

[lgxesmill
< max{o, M"||D(G))| D(¥y50) |l D(¥50) I}
< max{o, M"||D(G) |}
S| D(F o UY,) DF e W)} (346)

< max{0o, M"||D(G)|}

+ S0 e 0, D], DU} + masc{o, IDE 1D (1010 1}

The induction hypothesis hence proves that for all § € O, ¢ € [0, 7] it holds that
IR )| < max{o, [ID(G)II, [ID(F)][} 1"

+ gM"_i max{0, | D(G)]|, IP(F)]I} [(3M)" + (3M)max{i—170}}

= wax{o, [ D@L IPE 1+ (£3) + 1+ 455

ﬂmmWGMWFWWP3” =S

(3.47)

— max{o, D@, [DE)}EM) [ + 3]
glﬁax{a,mzxc;»u,MIXPvuu<3ﬂfrﬂ

Moreover, note that the induction hypothesis, (3.29), (3.43), Jensen’s inequality, and, e.g.,
Grohs et al. [35, item (ii) in Proposition 2.6] show that for all 8 € ©, ¢ € [0, 7] it holds that

E(Uit) = E(U%O) =L, = max{E(G), max L(F ° U?nax{i,O},O)}

ie{-1,0,...n—1}

= max{E(G), max (E(F) + E(U&ax{w}’(]) — 1)}

ie{-1,0,...,n—1}

— max{ﬁ Ze{ f%,z?{,n_u ﬁ(U?nax{i,O},O) } (3.48)
<m {E ZG{O 13};_1}(max{b, L(G)} + max{i, O}H(F)) }
- max{c + [max{0, £(G)} + (n — 1)’H(F)]} < max{0, £(G)} + nH(F).
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Combining (3.43), (3.44), (3.47), and (3.48) completes the induction step. Induction hence
establishes items (i), (ii), (iii), (iv), and (v). In addition, observe that item (iii) and item (iv)
demonstrate that for all # € ©, n € Ny, ¢t € [0,77] it holds that

L(U7, ) )
PUL) < 5 (Dl [IPs ol +1) < 22008 ) [Ds |
k=1 (3.49)
< 2(max{o, £(G)} + nH(F)) (max{o, IDE)]|. DG} ) (301
This establishes item (vi). The proof of Proposition 3.9 is thus complete. O

4 ANN approximations for PDEs

In this section we use the ANN representations for MLP approximations from Section 3 to
state and prove in Theorem 4.1 in Section 4.1 below the main ANN approximation result
of this work. In our proof of Theorem 4.1 we employ the error estimates for suitable MLP
approximations from Hutzenthaler et al. [18] while the arguments in our proof of Theorem 4.1
are inspired by the arguments in Hutzenthaler et al. [10].

In the elementary results in Section 4.2 we show that the Lipschitz continuous nonlinearity
of the PDE in (4.5) in Theorem 4.1 can be approximated with suitable convergence rates
by ANNs with ReLLU, leaky ReLU, or softplus activation functions. In the situation of the
ReLU activation function we use a linear interpolation technique similar as, for example, in
Hutzenthaler et al. [16, Section 3.4].

In Section 4.3 below we combine the ANN approximation result in Theorem 4.1 from
Section 4.1 and the ANN approximation results for the Lipschitz continuous PDE nonlin-
earities from Section 4.2 with the ANN presentation results for the one-dimensional identity
function R 3 = — z € R from Section 3.2 to establish the ANN approximation results in
Corollary 4.15 and Corollary 4.16. Theorem 1.1 in the introduction, in turn, is an immediate
consequence of Corollary 4.16 from Section 4.3.

4.1 ANN approximation results with general activation functions

Theorem 4.1. Let L, k, o, a1, Bo, f1,T € (0,00), p,r € N, q € [2,00), a € C(R,R), for
every d € Ny let f; € C(R™4 R), for every d € N let vg: B(RY) — [0, 1] be a probability
measure with
2 2
Jaallyll” va(dy) < kd™, (4.1)
let 3 € N satisfy H(J) = 1 and Rq(J) = idr, let (Fae)ge)enox0,1 € N satisfy for all d € Ny,
x € Rmadl} o ¢ (0,1] that
Ro(Fg.) € C(RoE R) - gfmintan) £(Fy ) + efmintan) | D(Fy.)|| < w(max{d, 1})?, (4.2)
and  €[(Ra(Fae)) (@) + [fa(z) — (Ra(Fae))(@)| < en(max{d, 1})7(1 + [[z[[)F,  (4.3)
and assume for all v,w € R, € € (0,1] that
max{]|fo(v) — fo(w)],[(Ra(Foe))(v) = (Ra(Fo.))(w)]} < Llv — w) (4.4)
(cf. Definitions 2.1, 2.3, and 2.6). Then
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(i) for every d € N there exists a unique at most polynomially growing viscosity solution
ug € C([0,T] x RER) of

(%ud)(t, x) + %(Axud)(t, x) + fo (ud(t, x)) =0 (4.5)
with ug(T,x) = fa(x) for (t,x) € (0,T) x R¢ and

(ii) there exist (Uge)ae)enxo,] € N andn: (0,00) = R such that for alld € N, € € (0, 1],
d € (0,00) it holds that

P(Ugy.) < n(8)d*r+2@+0Crmtp+2ptirptp+p(ma{ao,ar}+2max{fo.f1})

. g~ (2@+9)+max{ag,ar}+2max{fo,61}) (4.6)

Ro(Uqe) € C(RYR),  and [ [alua(0,2) — (Ra(Uqye))(z )|qud(dx)} <e. (47

Proof of Theorem j.1. Throughout this proof let B € [1,00), (my)reny € N satisfy for all
k € N that liminf; ,,om; = oo, limsup,_, (m3)%); < oo, and myy; < Bmy, let 0 € N
satisfy D(J) = (1,0,1), let © = |J,,.yZ", let (Q, F,P) be a probability space, let u’: Q —
[0,1], & € ©, be i.i.d. random variables, assume for all t € (0,1) that P(u® < t) = ¢, let
U [0, T x Q —[0,T], 6 € O, satisfy for all t € [0,T], § € © that U =t + (T — t)u’, let
Wdao: 0, T] x Q@ = R% d € N, § € O, be independent standard Brownian motions, assume
for every d € N that (U9)9€@ and (Wd )oco are independent, let Uiie. 0, 7] x RTx Q — R,
d,jyn € Z, 0 € ©, ¢ € (0,1], satisfy for all € € (0,1}, n € Ny, d,j € N, 0 € ©, ¢t € [0,T],
z € R? that

In(n) | )"
UL () = LTSS (R, (F)) (o + WSO
(mj) k=1
n—1 \n—i
T —1 (mj) ) ) [
" <(m.>nl- S [(RaFo)) (UL U 2+ WA ) (48)
i=0 J =
- HN(i)((Ra(F(Jﬁ))(Uia(LZ{ZZIf()}]a(u(eZk v+ W (99121; t))]]
let Us%5: Q= N, d,jn€Z 00, te(0,T] e (0,1], satisfy for all € € (0,1], § € ©,
d,j,n €N, te[0,T], we Qthat Ugls(w) = ((00 ... 0),0) € R™? x R and

(my)"
UL = [ S (i ® (Faen, ?(3’0"”))]

k=1
_n—l [ (my)n "
(T—t) d (6 i,k)
Hj i:EEIg ((mj)”*i) ® ( k:B%J <(FO5 ° U (9 i k)) ° AId Wd(fgﬂlzkk)) ))]] (4.9)
_n—l [ B (my)n—*
(t—T) 1n(i) d,(0,—i,k),e
Ba) B, < (my)"= ) @ ( W <(FO’E * Unnati 1015 M(e”‘)) A delzivk)) t))]]
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(cf. Proposition 3.9), assume without loss of generality that max{|fy(0)],0,1} < k, let ¢4,¢q €
[1,00), d € N, satisfy for all d € N that

c = K2PTLP (T (T + 1)) (26d?)? + 1)

2

, 1/p2q o p (410)
.G+(4ﬂw“wm@) +@NWfWD/>

and

1 1
- q
g = k22D PLT(T + 1) (/g - 1) 1 + (/ | 2|77 z/d(d:c))q + ( sup E[HWj’OHPq}) ,
]Rd

s€[0,7T

(4.11)

let 72: N x (0,1] — [1, 00] satisfy for all d € N, 6 € (0,1] that

q

(1+2LT) exp (—(m"’j

n

7(d,d) =1inf| < n € N: ¢4 ) <6 pU{oo} |, (4.12)

let kg, 6 € (0,00), satisty for all § € (0, 00) that k5 = 2(2+9) +max{ag, a1 } +2 max{ 5, /1 },
and let 04 € (0,1], d € N, € € (0, 1], satisty for all d € N, € € (0, 1] that dqc = /(ca+1) (cf.
Definitions 2.7, 2.8, 2.12, 2.16, 2.17, and 2.18). Note that the assumption that for all w, z € R,
e € (0,1] it holds that |(Ra(Fo.))(2) — (Ra(Foe))(w)| < L|z — w|, the assumption that for
all d € Ny, x € Rmax{d1} 2 € (0,1] it holds that |(Rq(Fae))(z)| < x(max{d, 1})P(1 + ||z|)?,
and Beck et al. [0, Corollary 3.10] (applied for every d € N, ¢ € (0,1] with d ~ d, m v d,
LALTAT g~ RS2 (0,0,...,0) eRY) 0 Iy, fo (0,T] xREXR S
(t,z,w) = (Ra(Foe))(w) € R), g A Ro(Fae), W o~ W in the notation of Beck et
al. [0, Corollary 3.10]) yield that for every d € N, € € (0, 1] there exists a unique at most
polynomially growing vg. € C([0,7] x R%, R) such that for all ¢ € [0, 7], z € R? it holds that

Wmm=ﬂmmmm+wmh[%WMmM%umwﬂﬂm (4.13)

Next, observe that the triangle inequality and the assumption that for all d € N, 2 € R,
e € (0,1] it holds that e|(Ro(Fac))(z)| + | fa(x) — (Ra(Far))(z)| < erdP(1 + ||x]|)P establish
that for all d € N, z € R? it holds that

[fa(@)] < [fa(z) = (Ra(Fa1))(2)] + [(Ra(Fa1)) ()] < rd? (1 + |[z]])”. (4.14)

Combining this, the assumption that for all w, z € R it holds that | fo(w) — fo(2)| < Ljw — 2],
and Beck et al. [9, Theorem 1.1| (applied for every d € N with d ~ d, m ~ d, L ~ L,
TAT, p~RES 2 (0,0,...,0) €RY), 01y, f o (REXR D (z,w) = fo(w) € R),
g N fo, W W0 in the notation of Beck et al. [9, Theorem 1.1]) establishes item (i).
Furthermore, note that the fact that for all d € N, s € (0, T] the random variable ||W:""/,3||?
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is a chi-squared distributed random variable with d-degrees of freedom, Jensen’s inequality,
and, e.g., Simon [62, Eq. (2.35)] imply that for all v,d € N, s € [0, 7] it holds that

_ sy [ﬁ(g oh))

INC R0

G (4.15)

(E[IW1) < B[IW2>) = s

This ensures that for all d € N it holds that
1/(2p?)
2

(E[HW;’OHPZ})V@ < V2T H (%l + k) < \/2T(%l +p? — 1). (4.16)

Combining this and the assumption that for all d € N it holds that [5, | 2||P°9 vy(da) < kdP*
assures that there exists C' € [1,00) such that for all d € N it holds that

cqg < Cqprirtr’, (4.17)

Moreover, observe that the triangle inequality proves that for all n € No, d € N, § € (0,1] it
holds that

(/RdEUud(o,x) —U295(0.2)|'] Vd(dx))l/q (4.18)

< (/Rd\ud(o,x) — 04(0,2)[° Vd(dx))l/q + (/RdEﬂUvd,a(o,x) —U95(0.2)|'] Vd(dx))l/q.

In addition, note that the assumption that for all x € R, 6 € (0,1] it holds that |fo(x) —
(Ra(Fos))(z)| < k(14 |x|)? shows that for all § € (0, 1] it holds that

|(Ra(Fo,5))(0)] < [(Ra(Fo,5))(0) = fo(0)] + | fo(0)] < 6 + [fo(0)| < &+ [fo(0)] < 2r. (4.19)

Next, observe that the assumption that for all d € N, z € R, w € R, ¢ € (0, 1] it holds
that [fo(w) — (Ra(Fos))(w)| < 6k(1 + [w])? and |fa(z) — (Ra(Fas))(@)] < 0kdP(1 + [|z[])?
demonstrates that for alld € N, w € R, x € R%, § € (O, 1] it holds that

max{|fo(w) — (Ra(Fos))(w)], | fa(z) — (Ra(Fas)) ()|} (4.20)
< max{él-@(l + |w|)P; ordP(1 + ||x])) } § OrdP max{ (T+ ||z|| + |w])?, (1 + ||:E||)p}

< ORd?(1+ ||l + |w])? < 6xd"2 (1 + [|2])? + [w]?) < Srd?2P (1 + [|2])P* + |w]?).

Combining this, (4.14), (4.19), the assumption that for all d € N, w,z € R, z € R4,
d € (0,1] it holds that max{|fo(w) — fo(2)], |(Ra(Fos))(w) — (Ra(Fos))(2)|} < Ljw — 2|
and 0|(Ry(Fas)) (@) + | fa(x) — (Ra(Fas)) ()] < 0kdP(1+||z]|)?, and Hutzenthaler et al. [10,
Lemma 2.3] (applied for every d € N, 6 € (0,1] with fi v fo, fo © Ra(Fos), g1 N fa,
G2 N Ru(Fas), T AT, L~ L, B 2kdP, 6 k2P1dP, W N WSO uy A ug, ug D vgs,
P N\ D, ¢ p in the notation of Hutzenthaler et al. [10, Lemma 2.3]) yield that for all d € N,
d € (0,1] it holds that

l/q
( Rd\ud(O, x) —v46(0,2)| Vd(dx)) < or2PM P (e"(T + 1))p+1((2f<adp)p +1) (4.21)
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l/q

(1l + @) vafae)
(L )

Combining (4.21) and the triangle inequality therefore establishes that for alld € N, ¢ € (0, 1]
it holds that

l/q
( Rd|ud(0, x) — v46(0, )| l/d(d:z)) < ¢q0. (4.22)

Furthermore, note that (4.19) and the assumption that for all d € N, z € R? § € (0,1]
it holds that §[(R.(Fas))(x)| + | fa(x) — (Ra(Fas))(x)| < 0kdP(1 + ||z||)P imply that for all
de N,z e R §e(0,1] it holds that

max{|(Ra(Fos))(0)]:[(Ra(Fas)) ()|} < max{2x, kd”(1+ [[z])"} < 2rd"(1+ [|z[])".
(4.23)

This, the assumption that for all v,w € R, 6 € (0,1] it holds that |(R.(Fos))(v) —
(Ro(Fos))(w)| < Llv — w|, and Hutzenthaler et al. [18, Corollary 3.15] (applied for ev-
ery 0 € (0,1}, d,j e Nwith T ~ T, L ~ L, £ A 2°kd?, p A p, p g, m A my, [N
([0, T) xR xR > (t,2,v) = (Ra(Fos))(v) €ER), g A Ru(Fas), © N O, (u)gco N (1)geo,
(U?)gco N (U)o, W )geo N (W )geo, u - vas, (UL)moezxe N (Ui’?,g)(n,e)em@ in the
notation of Hutzenthaler et al. [18, Corollary 3.15]) assure that for all 6 € (0,1], d,j € N,
n € Ny, € R? it holds that

E | [vas(0,) = U950, 2)|']

2(v/q—1)2Pkd?(T' + 1) exp(LT)(1 + 2LT)" “orona 1/ q
- < (572 exp(—(my )72 ) S L+ W) ) '

(4.24)

It follows from (4.24) for all 6 € (0,1], d,j € N, n € Ny that

(/R E|[eas(0,2) = U9 5(0,2)|] w(dx))l/q
< (Vg —=1)2rkdP(T + 1) exp(LT)(1 4+ 2LT)" </

N (m;)"/2 exp(—(m;)¥?/q)

1/q
sup E[(1+ [l + W0 |7)7] Vd(dl‘)) :

d s€[0,T]

(4.25)

Moreover, note that Jensen’s inequality and the triangle inequality ensure for all x € R,
s € [0,T], d € N that (1 + ||z + WZO|P)? < 2972FP9(1 4 ||z[|P9 + [WEO||P7). This and the
assumption that for all d € N it holds that v, is a probability measure imply for all d € N
that

[, s Bl + o+ WP ) < 208 (1+ [ el vataa) + sEpT]E[nwf’Onpﬂ).
s€|0,

d s€[0,T]

(4.26)
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This, (4.25), and (4.11) ensure for all 6 € (0,1], d,j € N, n € Ny that

[SE=Y

n

(/RdE[}vd,a(O,x) - Ug,’?,&(O,:c)}q} l/d(dx))l/q < " 2L(T;j;lj2((mj) ) @2

Moreover, note that (4.15) assures for all s € [0,7], d € N that

p(a+1)
2

E[|WOm] <1+ (27 +1)"% " (g +p(q+1) — 1) : (4.28)
It follows for all d € N that
q d p
sup E[[|[WHOP] | <1+ (2T + 1)P<5 +plg+1) — 1) : (4.29)
s€[0,7T

Furthermore, the assumptions that for all d € N it holds that ( fRdHpr2q va(dy)) < kdP
and that v, is a probability measure imply for all d € N that

</ alP Vd<dx>)q = (1 i / ] ud<dx>)q <14 rd™. (4.30)
R R

Combining this, (4.29), and (4.11) proves that there exists € € [1,00) such that for all d € N
it holds that
g < EdPHP, (4.31)

The fact that limsup,, . (™#)"?/n < 0o and the fact that liminf,_,o, m, = oo imply that

[SE-Y

(1+2LT)exp (%)
lim sup =0

n—00 (mn)1/2

(4.32)

This, (4.31), and (4.12) show that it holds for all d € N, § € (0, 1] that 7(d, ) < oco. It thus
follows from (4.12) and (4.27) for all § € (0,1], d € N that

7(d,8)
Vg (14 2LT) exp<(mﬁz’?))%)
/ EDUM(O,J?) Ut 5(0,93)}‘*] va(dz)) < ca <4
R ’ ”’( ) )7”’( ) )7 (mn(d75))1/2
(4.33)

Combining this, (4.18), and (4.22) hence ensures that for all d € N, ¢ € (0, 1] it holds that

1/q
( /R E Uud(O, ) = U™ s (O, x)\q] Vd(d:c)) < cgd + 0. (4.34)
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This and Fubini’s theorem assure that for all d € N, ¢ € (0, 1] it holds that

/.

q
N /]Rd . “ud(o’ x) o Uj((il,éd,s),n(dﬁd,s),&d,g (Ov x)‘ :| Vd(dx) < (Cdédvf + 5d75)q = e,

Hence, there exists (Wac)(d,e)enx,1) € €2, which is assumed to be fixed for the remainder of
this proof, such that for all d € N, € € (0, 1] it holds that

/Rd‘ud((), x) — UZ’&%E)’ﬂ(dﬁd’s)’&d’s(O,:E,wd@)}q vg(dz) < & (4.36)
Furthermore, note that (4.9) and items (ii) and (v) in Proposition 3.9 (applied for every
djeNee (0,1, we Qwith® n 0,d ~"d, M ~mj, F ~nFy.,, G~ Fy,

U oeo N (U (W))oeco, (W)pco A~ (WP(w))oco, (UL)mpezxe (Ugfg,s(w))(n,e)er@7
(Uz,t)(n,t,e)er[o,T}X@ Vo (Ui’gi(w))(n,tﬂ)er[O,T]xe in the notation of Proposition 3.9) prove

q
uq(0, ) — Uj(od,adﬁ),n(d,csd,s),(sd,s 0, x)‘ Vd(dx)}
(4.35)

that for all d € N, £ € (0,1], z € R it holds that (Ra(Uye | s o(wae))) € C(RER)
and d,0,0
,0,0d,¢ __ 17d,0
(Ra (Un’(dvgd,s)vﬂ(dvéd,s)vo (Wd’€>) ) (.:C) o Un’(dv(sd,s)vn’(dv(sd,s)76d,s (O’ x’ wd’e). (437)

Combining this and (4.36) establishes (4.7). Moreover, observe that item (vi) in Proposi-
tion 3.9 implies that for all d € N, ¢ € (0, 1] it holds that

d,0,04,¢
P (Uﬂ(dvgd,s)vﬂ(dvéd,s)p (Wd’a))

< 2(max{0, L(Faz,.)} + 7(d, 61 )H(Fos,.)) (max{0, || DFos,. )|, |PFas, )| })
(3 (a5, ) (@0ae)
< 2(max{0, L(Faz,.)} + H(Fos,.)) (max{0, || D(Fos,.)|||; [ DFus,.)||})? (4.38)

1/2 72\ Q04 e 2
[(2(@.000)) " (Bmaasa) "]

In addition, note that the assumption that for all d € N, ¢ € (0,1] it holds that L(Fo.) <
ke~ |ID(Fo. )|l < ke ™, L(Fq.) < kdPe=, and ||D(Fy.)|| < kdPe~P' ensures that for all
de N, € € (0,1] it holds that

(max{d, L(Fys,.)} + H(Fos,.)) (max{o,|||D(Fos,.)
< (,.;dpdczgl + “5;30) <max{f€, /{5;50, /@d”éd_’fl })2

)’

|

D (deéd,s )

/ (4.39)
< 203 max {52, 7 (max{57,07})

< 2/€3d3p5d—(max{ao,a1}+2 max{ﬁo,ﬁl}).
It follows from (4.12) that it holds for all d € N, € € (0, 1] with 7(d, §4.) € NN [2,00) that

( )% (ﬂ(d,5d,s)_1)
Mp(d,sg .)—1
(1+2LT)exp (W)

1/2

Cd > 5d75. (440)

(M (d5g.0)-1)
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This implies for all d € N, ¢ € (0,1], 0 € (0, 00) with 7(d, dqc) € NN [2,00) that

(n(d7 6d,€)) 2 (3mn(d,5d,g))n(d76d’6)

d,5y - 2490
(1 -+ 2LT) exp [ tius e
1/2 w(ddas) | 1 Pl @,
< (n(d,b4.)) (3mn(d,5d,5)) Cady . T T
72(@,0d ¢ ) —
a n(2+4)
246 n+1 g
C m 1 m
< 553 e 1)z [ 3(1+2LT ma
< 52+5 iIEIIN’ mz(1+%)(n+ )2( (1+ ) exp ”
(4.41)

Observe that the fact that it holds for all n € N that m,,,; < 8m,, ensures for all n € N that
(mat1/m, )" < B and mpsq < B my. Therefore, it holds for all n € N that mitl/mr+8 <
B2mi/p®/?. This and (4.41) yield for all d € N, ¢ € (0,1], § € (0,00) with 7(d,d4.) €
NN [2,00) that

2+6
25 (n+1)2 3(1+2LT)‘Bexp
d 5 3 n(dvéd,s) < cd 1
( ( df)) ( My (d,Sa,c )) = T 52 Sup B
de neN m%
(4.42)

Observe that the fact that m; € N, the fact that B € [1,00), the fact that q € [2,00), the
fact that for all d € N it holds that ¢; € [1,00), and the fact that for all d € N, ¢ € (0, 1] it
holds that d,. € (0, 1] show for all d € N, ¢ € (0,1], 6 € (0,00) that

n

246, (n+ 1)%(3(1+2LT)’B exp("%"))
my

Ca
524—6 sup )
de neN m%

(4.43)

2t (301 +2LT)‘Bexp(m§))2+6 .
>my - . > ?ﬂnlquq_§ > 3m;.

my
Combining this and the fact that it holds for all d € N, € € (0, 1] that 72(d, d4.) < oo assures
that (4.42) holds for all d € N, ¢ € (0,1], § € (0,00). This, (4.38), and (4.39) ensure for all
deN, ee(0,1], 6 € (0,00) that

L G T (o) e T A

2n

(n+1)2 (3(1 +2LT)B exp(’”v%))m (4.44)

- sSup 5
neN mg

31



Note that (4.17) establishes for all d € N, ¢ € (0, 1], 6 € (0,00) that

o L orrmadaoca}mactfo f)) (L - 1)H6 < (20)r e s (4.45)
’ 9

Moreover, (4.31) proves for all d € N, 6 € (0, 00) that

c3(2+6) < F2H0) 12(246)(rp*+p). (4.46)

Furthermore, the fact that limsup,, ., ("+)"*/n < 0o, the fact that lim inf, ., m, = oo, and
the fact that lim,_,.(n + 1) = 1 yield for all § € (0, c0) that

q 2445\ 2n
(n+1)2 <3(1 + 2LT)B exp (%))
sup = < 0. (4.47)
neN mg

Combining (4.44), (4.45), (4.46), and (4.47) shows that there exists n: (0, 00) — R such that
forall d € N, e € (0,1], 0 € (0,00) it holds that

d7076d,5

T 2 T 2 K, —K
P(Un(d,éd,s),n(d,éd@),o(wd@)) < (8)d3 2P AP T p)s o= hs, (4.48)

This establishes item (ii). The proof of Theorem 4.1 is thus complete. O

4.2 One-dimensional ANN approximation results
4.2.1 The modulus of continuity

Definition 4.2 (Modulus of continuity). Let A C R be a set and let f: A — R be a function.
Then we denote by wy: [0, 00] — [0, 00] the function which satisfies for all h € [0, co] that

wy(h) = sup<{|f(a?) — f(y)| € [0,00): (z,y € Awith |z —y| < h)}U {0}) (4.49)
and we call wy the modulus of continuity of f.

Lemma 4.3. Let by € [—00,00], by € [by,00] and let f: ([b1,b2) NR) — R be a function.
Then

(i) it holds that wy is non-decreasing,
(i) it holds that f is uniformly continuous if and only if limp\ gwys(h) =0,
(111) it holds that f is globally bounded if and only if ws(co) < oo,
(iv) it holds for all x,y € [b1,bo] "R that |f(z) — f(y)| < wy(lx —y|), and
(v) it holds for all h,b € [0, 00] that we(h +b) < ws(h) + we(h)
(cf. Definition 4.2).
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Proof of Lemma /.3. First, observe that (4.49) implies items (i), (ii), (iii), and (iv). Next,
note that (4.49) ensures that for all h,h € [0,00] and for all z,y € [by, by] N R that satisfy
|z — y| < max{h,b} it holds that |f(x) — f(y)| < wg(h) + ws(h). Furthermore, observe
that (4.49) assures that for all h,h € [0,00] and for all z,y € [by,b] N R that satisfy
max{h, b} < |z—y| < (h+h) it holds that r—hg= € b1, bo] R, that |z — (:c—h‘;:zm = h,
that |(z — hé:z') —y| =z —y| —h <bh, and thus
|f(I) - f(y)| S }f(l’) - f(l’ - h‘i:z‘)} + ‘f(l’ - h|;:z|) - f(y)‘

< w(h) + s (b). (4.50

Combining both cases, (4.49) proves that for all h,h € [0,00] it holds that wg(h + h) <

wy(h)+we(h) (cf. Definition 4.2). This establishes item (v). The proof of Lemma 4.3 is thus
complete. O

Lemma 4.4. Let A C R, L € [0,00), and let f: A — R satisfy for all x,y € A that
|f(z)—f(y)| < Llz—y|. Then it holds for all h € [0,00) that w(h) < Lh (cf. Definition 4.2).

Proof of Lemma 4./. Note that the assumption that for all z,y € A it holds that |f(z) —

f(y)| < L|z — y| and (4.49) show that for all h € [0, 00) it holds that

wy(h) = sup({|f(a:) — ()] €10,00): (z,y € Awith |z —y| <)} U {0}) (4.51)
< sup({L|x —yl €1[0,00): (z,y € A with [z —y| < h)} U {O}) < sup({Lh,0}) = Lh

(cf. Definition 4.2). The proof of Lemma 4.4 is thus complete. O

4.2.2 Linear interpolation of one-dimensional functions

Definition 4.5 (Linear interpolation function). Let K € N, ro,t1,...,2k, fo, f1,---» fx € R
satisfy o <11 < --- < tx. Then we denote by Z/o,/1+/x: R — R the function which satis-

fies forall k € {1,2,..., K}, x € (—00,10), ¥ € [th-1,k), 2 € [tx, 00) that (Lo /1K) (2) =
fos (ZLF1309)(2) = fie, and

L0581, K
(LLoSr T (y) = fr + (%)(fk — fi-1)- (4.52)
Lemma 4.6. Let K € N, ro,11,...,8x, fo, f1,.- -, [k € R satisfy that 1o < 11 < -+ < k.
Then
(i) it holds for all k € {0,1,..., K} that (EFJSO;{l;{(K)(;k) = fu,
(i) it holds for all k € {1,2,..., K}, x € [tx_1, x| that
(Farad @) = fior + (G Ur— i), 459
and

(#3) it holds for all k € {1,2,..., K}, x € [tx_1, x| that
(gfo,fl ..... fK)(x) — ( I—% )fk—l + (x_?k—l )fk (4.54)

L0kl K Yo —tk—1 Yo —tk—1
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(cf. Definition 4.5).

Proof of Lemma /.6. Observe that (4.52) demonstrates items (i) and (ii). Moreover, note
that item (ii) yields that for all k € {1,2,..., K}, € [tx_1, 1] it holds that

e —tk—1 e —Tk—1 e —Tk—1 e —Tk—1

(0 = [t ()] i+ (2= (5 A+ (220 (459
(cf. Definition 4.5). This proves item (iii). The proof of Lemma 4.6 is thus complete. O

Lemma 4.7. Let K € N, ro,11,...,tx € R satisfyro <11 < - - <rx andlet f: [ro,xx] = R
be a function. Then

(i) it holds for all x,y € R that

‘(gf(xo),f(n) ~~~~~ f(m))(x)_(gmo),f(n) ~~~~~ f(xx))(y)‘

Lok 135¢ L0,k1,.s 1314

< max (M) iz — g (4.56)
| ke{1,2,...,K} ek —thk—1] Yy

and
(ii) it holds that sup,cg, 1 |(ZE8T 8T (2) — f(2)| < wy(maxgeqa,.xyler — Tr-1])
(cf. Definitions 4.2 and 4.5).

Proof of Lemma 4.7. Throughout this proof let : R — R satisfy for all x € R that I(z) =
(2;{)(,?1))’]0(“) """ f(;K))(a:) and let L € [0, oo| satisfy

7777 'K

L= max (w) (4.57)

ke(1,2,., K} \  [th—te-1l

(cf. Definitions 4.2 and 4.5). Observe that item (iv) in Lemma 4.3, (4.57), and item (ii) in
Lemma 4.6 establish that for all k € {1,2,..., K}, x,y € [tx_1, £x] it holds that

) = )] = | (E222) () = Fleen) = (252) (Fw) = f ()|
| () = flone) wi(lex = i) (4.58)
_'( Tk — Fh1 )(I_y)‘g( It — Tr1] )|93—y|§L|93—y|-

This, item (iv) in Lemma 4.3, Lemma 4.6, (4.57), and the triangle inequality imply that for
all j,ke{1,2,....,K}, x € [tj_1,84], y € [tr—1, 1] With j < k it holds that

() = 1y)| < 1) = 1e)] + 11x5) = Wew-2) [+ [H(er-1) = U(y)]
= [12) = W)l + 1 () = fler-0)] + [1gx-1) — 1Y)

< li(w) — U(x)| + :zf;\f@»—f@i_l)\ ) — i) (4.59)
< i) — 1(e)] + :zjlwf(m C e i) — 1)
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k—1

Z (ri —xi-1)

i=j+1

§L<(;j—x)+

+ (y — Zﬁk—l)) = Llx —y|.

Combining this and (4.58) ensures that for all z,y € [ro, k] it holds that |[(x) — I(y)| <
L|z — y|. This, the fact that for all z,y € (—o0, o] it holds that |I(x) —(y)| =0 < L|z —y|,
the fact that for all z,y € [rx, 00) it holds that |I(z) —(y)| = 0 < L|z — y|, and the triangle
inequality assure that for all z,y € R it holds that |I(z) — (y)| < L|z — y|. This proves
item (i). In addition, note that (4.49), Lemma 4.3, item (iii) in Lemma 4.6, and the triangle
inequality prove that for all k € {1,2,..., K}, x € [tx—1, 1)) it holds that

o) = 1) = |( 222 ) o) + (2252 ) ) - 1o

L — Lk—1 Ly — Lk—1

:{<££:£>U@Fg_f@»+(ii&i)uaw—f@ﬂ

E— Fk—1 L — k-1

IN

(e = s+ (F=2 i - s oo

k— Lk—1 T — X1
Ik —2 T — Lp_
Swf(|lﬁk—$k—1|)( i + k 1)
e — Yk—1 Tk — Fk—1
= wf(|lﬁk - ?k—ﬂ) < wf(maxje{l,z ..... K}|Zﬁj - Zﬁj—1|)-

This establishes item (ii). The proof of Lemma 4.7 is thus complete. O

Lemma 4.8. Let K € N, L, xo,11,...,tx € R satisfyro <p1 < --- <rx andlet f: [to,tx] —
R satisfy for all x,y € [ro,tx] that |f(z) — f(y)| < Llx —y|. Then

(i) it holds for all x,y € R that
‘(gf(xo),f(n) ----- Te)y () — (L0 w1y f(xx))(y)‘ < L|lz —y| (4.61)

Lok, K Lot K

and

%j;(,i?)’f(“) ----- f(;tx))(x)

7777 K

(i3) it holds that sup,¢|
(cf. Definition 4.5).

Proof of Lemma /.8. First, observe that the assumption that for all z,y € [ro, 1] it holds
that |f(z) — f(y)| < Lz — y|, Lemma 4.4, and item (i) in Lemma 4.7 show that for all
x,y € R it holds that

‘(gf(?o),f(n) ----- f(?K))(I)_(gf(FO)vf(?l) ----- f(xx))(y)‘

Lo k1, 135¢ L0, 81,y 193¢

< [ max <L|?k_xk1):|‘x_y‘ = L|z — |

ke(1,2,. K} \ [t

FO,IK}‘( - f(x)‘ < L(mane{1,2 ..... K}|2Ck - Zﬁk—1|)

(4.62)

(cf. Definition 4.5). This proves item (i). Next, note that the assumption that for all
T,y € [to, rx] it holds that |f(x) — f(y)| < L|z — y|, Lemma 4.4, and item (ii) in Lemma 4.7
demonstrate that

Pl E0),f(F1)nf (tK) _ < T — 111 ]. 4.63
xes[igm‘( et (@) = F@)] < I{ | mx o = g (463)
This establishes item (ii). The proof of Lemma 4.8 is thus complete. O
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4.2.3 Linear interpolation with ANNs

Lemma 4.9. Let K € Ny, f(),C(),Cl, .. ~>CK>507517- .. ,6]{,0&0,0&1, o, € R, a € C(R,R),
F € N satisfy

F=A e (éo(ck ® (i o Aak,ﬁk))) (4.64)
(cf. Definitions 2.1, 2.7, 2.12, 2.16, 2.18, and 3.1). Then
(i) it holds that D(F) = (1, K +1,1) € N3,
(i1) it holds that R.(F) € C(R,R),
(iii) it holds for all x € R that (Ra(F))(z) = fo + Sory cx(alowz + i), and
(i) it holds that P(F) = 3K +4 = 3(Dy(F)) + 1
(cf. Definition 2.6).

Proof of Lemma /.9. Note that, e.g., Grohs et al. [35, item (i) in Proposition 2.6], item (i)
in Lemma 2.19, and item (i) in Lemma 3.2 prove item (i). In addition, e.g., Grohs et
al. [35, item (v) in Proposition 2.6|, item (ii) in Lemma 2.19, and item (ii) in Lemma 3.2
establish item (ii). It follows from, e.g., Grohs et al. [35, item (v) in Proposition 2.6|, item (iii)
in Lemma 2.19, and item (iii) in Lemma 3.2 that for all x € R it holds that

RoE)e) = fo-+ (R £ fcx 0 (10 A0 ) ) @)

K K (4.65)
= fo+ > al(Ra()anz + Br) = fo+ Y cxlalanz + By)).

This shows item (iii). Moreover, note that item (i) implies that
PE)=(K+1)(1+1)+(K+1+1)=3K+4=3(K+1)+1=3Dy(F)) +1. (4.66)

This proves item (iv). The proof of Lemma 4.9 is thus complete. O

Lemma 4.10. Let K € N, fo, f1,..., fx, %0, %1, -, tx € R satisfyro <1 < -+ < rg, let
F € N satisfy

K . _ _
F — Al,fo ® ( @ <(( (fmm{kJrl'K} fk) - (fk fmax{kil’o}) )) ® (11 [ J Al,—Xk)))’ (467)

k=0 Imin{k+1,K} _?min{k,Kfl}) (;max{k:,l}_Fmax{kfl,o}

and let v € C(R,R) satisfy for all x € R that v(x) = max{x,0} (cf. Definitions 2.1, 2.7, 2.12,
2.16, 2.18, and 3.1). Then it holds that R.(F) = FLfo/v-Jx (cf. Definitions 2.6 and 4.5).

L0581, YK

Proof of Lemma 4.10. Throughout this proof let cg, ¢y, ..., cx € R satisfy for all & € {0,1,
..., K} that
(fmin{kt+1,63 — fr) (s = fmaxtr-1,01)

. 4.68
(xmin{k-l-l,K} - Pmin{k,K—l}) (Pmax{k,l} - Fmax{k—l,O}) ( )

C =
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Observe that item (iii) in Lemma 4.9 ensures that for all z € R it holds that
K
(Re(F)) () = fo+ - cx max{z — g, 0}. (4.69)
k=0

This and the fact that Vk € {0,1,..., K}: ro < rx assure that for all x € (—o0, 1o it holds
that

(Re(F))(2) = fo+ 0= fo. (4.70)
Next we claim that for all £ € {1,2,..., K} it holds that
k-1
_ Je=fra
o = ficfe, )

We now prove (4.71) by induction on k € {1,2,..., K}. For the base case k = 1 observe that
(4.68) assures that >0 _ ¢, = ¢o = Q:gg This proves (4.71) in the base case k = 1. For

the induction step from {1,2,... . K —1} 5 (k—1) --» k € {2,3,..., K} note that (4.68)
ensures that for all k € {2,3,..., K} with ZZ;% ¢ = L=12le2 4 1olds that

Te—1—tk—2
= ' pes fea—f fea—f fe—t,
k—JEk—1 k—1—Jk—2 k—1—Jk—2 k—Jk—1
Cp = Ch_ Cp = — = . 4.72
n;(] n k-1 +nZ:0 n Le—rk—1 Te—1—Tk—2 + Le—1—tk—2 e —Tk—1 ( 7 )

Induction thus proves (4.71). In addition, observe that (4.69), (4.71), and the fact that
VEke{l,2,...,K}: tg_1 < 1y show that for all k € {1,2,..., K}, x € [t)_1, L] it holds that

(Re(F))(#) = (Re(F)) (4-1) = écn(max{x = &, 0 — max{gy 1 — &, 0})

k—1 k—1 s (473)
= nz::OCn[(x - xn> - (xk—l - xn>] = nzzjocn(l’ — Ik_l) = (ﬁ)(l’ — Pk—l)-
Next we claim that for all k € {1,2,..., K}, © € [rg_1,¥x) it holds that
(Re(F))(2) = fror + (B2221) (2 — ). (4.74)

We now prove (4.74) by induction on k € {1,2,..., K}. For the base case k = 1 observe
that (4.70) and (4.73) demonstrate that for all = € [ro, r1] it holds that
(Re(F))(2) = (Re(F)) (x0) + (Re(F))(2) — (Re(F))(x0) = fo + (L) (@ —10).  (4.75)

f1—ro
This proves (4.74) in the base case k = 1. For the induction step from {1,2,..., K—1} 5 (k—
1) --» k€ {2,3,..., K} note that (4.73) implies that for all k € {2,3,..., K}, € [rx_1, k]
with Vy € [tx2, 0] (Re(F))(y) = fros + (E2=L22)(y — 1) it holds that

(Re(F))(2) = (Re(F)) (ti-1) + (Re(F))(2) — (Re(F)) (x1-1) (4.76)
= fr—2 + (%)(?k—l - Zﬁk—2) + ({Z:f:j)(x —Lh-1) = fr—1+ (%)(SE — Lh—1)-
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Induction thus proves (4.74). Furthermore, observe that (4.68) and (4.71) ensure that

K K-1
Sen=cx+ > ¢p = _Jr—JK1 + T (4.77)
n=0 n=0

CK—IK-1 CK—tK-1

The fact that Vk € {0,1,..., K}: 1t < rx and (4.69) hence imply that for all € [k, 00) it
holds that

(Re(F)) (@) — (Ra(F))(ex) = | 52 en(max{a — £, 0} — max{ex — £, 0})
o . (4.78)
= gocn{(x - Pn) - (FK - Fn)] = gocn(il? — FK) =0.

This and (4.74) show that for all € [pg, 00) it holds that

(Re(F))(x) = (Re(F))(xx) = fre—1 + ($252) (o — tx1) = fc. (4.79)
Combining this, (4.70), (4.74), and (4.52) establishes that R.(F) = Z/o;/1-2/x The proof
of Lemma 4.10 is thus complete. O

4.2.4 ANN approximations of one-dimensional functions

Lemma 4.11. Let K € N, g € (0,00), L,b1,¥0,%1,---,5x € R, by € (by,00) satisfy for
al k€ {0,1,..., K} that t = by + 222 jet v o € C(R,R) satisfy for all z € R that
t(x) = max{x,0} and a(x) = %ln(l—l—exp(ﬁ:v)), let f: [by,bo] — R satisfy for all z,y € [by, ba)
that | f(z) — f(y)| < Llz —y|, and let F € N satisfy

K K min -2 : max{k— .
F=A e (@ << (fx {k+1,K})(b1i(§;))+f(F (& 1,0}))) ® (i) ‘Al,—xk))> (4.80)

k=0
(cf. Definitions 2.1, 2.7, 2.12, 2.16, 2.18, and 3.1). Then
(i) it holds for all x,y € R that |(R(F))(x) — (R(F))(y)| < L|x — vy,
(i1) it holds that sup,cp, p,)|(Re(F))(x) — f(2)| < L(by — b)) K, and
(111) it holds for all x,y € R that |(Ra(F))(x) — (Ruo(F))(y)| < L|x — y|
(cf. Definition 2.6).

Proof of Lemma 4.11. Note that the fact that V& € {0,1,..., K} tmin{k+1,K} —Emin{k,K—1} =
Emax{k,1} — Emax{k—1,0y = (b2 — b1) K ~! assures that for all k € {0,1,..., K} it holds that

(f()zmin{kﬁ»l,K})_f(?:k)) _ (f(xk)_f(xmax{kfl,()})) o K(f(&nin{k«kl,K})_2f(?:k)+f(xmax{k71,0})) (4 81)
(Imin{k«%l,K}_Fmin{k,Kfl}) (xmax{k,l}_xmax{kfl,O}) B (b2_b1) ’ )

This and Lemma 4.10 demonstrate that

R(F) = P f0)f(®1)s s fexc) (4.82)

L0,81,.s 1314
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Combining this with the assumption that Y,y € [b,bo]: |f(z) — f(y)] < L|x — y| and
item (i) in Lemma 4.8 establishes item (i). Moreover, note that (4.82), the assumption
that Va,y € [b,bo): |f(z) — f(y)| < L|x — y|, item (ii) in Lemma 4.8, and the fact that

Vke{1,2,....K}:tx —tr1 = (bo — by) K~! demonstrate that for all x € [by, by] it holds
that
(RN - 7)) < 2, g =il ) =LK (489
ke{l,2,...K}

This establishes item (ii). Next, observe that item (iii) in Lemma 4.9 and (4.81) imply for
all x € R that

( (f(?min{kH,K})—f(?k)) . (f(xk)_f(?max{kfl,o})) )a(:c o xk)

(Fmin{k:Jrl,K} _?min{k,Kfl}) (?max{k,l} “Imax{k—1,0} )

(Ra(F))(z) = f(xo) +

Nk

T

—0 Ye+1 — Lk Te — Tk—1
K
= fle) + 3 L IO (o) e )
PR 2 S 9 2
Note that a is differentiable and it holds = 1—?[:“' It thus follows

from (4.84) that R,(F) is differentiable and it holds for all x € R that

d(R Z f Pk Pk—l) < eﬁ(m_ﬁk—l) 6ﬁ(m—;k) )
- . (4.8)

Pt Tk — Yh1 1+ eB@—tk-1) 1 + eBl@—tk)

This, the triangle inequality, the assumption that Va,y € [by,bo]: |f(z) — f(y)| < Lz — y|,
and the fact that for all £ € {1,..., K}, x € R it holds that

eB@—rk-1) eBl@—rtk) eBlE—tk-1) _ oBle—rk)
— — >0 (4.86)
14 efl—wm-1) 14 efle-—m) (14 eBlr—t-1))(1 + efle—w))

yield for all x € R that

K - T—1p
ARAO))| = 1F00) = S| (o) o
dx p ‘xk — xk_1| 1 + eB@—rr-1) 1 + eBlz—rk)

K Blz—rk—1) K B(z—rk)

(Y - L e (157
Pt 1+ efla—rr-1) = 1 + ePla—tk)

eﬁ(m—ﬁo) 66(w_$K) Leﬁ(w_xo)
- <1 + eBl—r) 14 eﬁ(x—m)) = 1+ efle—r) —

Hence, it holds for all z,y € R that [(R.(F))(z) — (Ra(F))(y)| < L|z — y|. This establishes
item (iii). The proof of Lemma 4.11 is thus complete.

O

Lemma 4.12. Let € € (0,1], L € [0,00), ¢ € (1,00), let b € [1,00) satisfy max{1,2L} =
eb? 1, let K € N[220 2Lb 4 1] et f: R — R satisfy for all x,y € R that |f(x) — f(y)| <

e’ €
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Llz—vyl|, let xo,t1, ..., Ik, Co,C1, - - -, Cx € R satisfy for allk € {0,1,..., K} that r, = —b+2—f(b
and
o K(f (tmin{r+1,53) — 2f (xr) + f(@maxfe-1,0}))
k 2 )
let ¥ € N satisfy that

(4.88)

K
S ¢ Ty i) (489

and let v € C(R,R) satisfy for all x € R that v(x) = max{xz,0} (c¢f. Definitions 2.1, 2.7,
2.12, 2.16, 2.18, and 3.1). Then

(i) it holds for all x,y € R that |(R(F))(x) — (R(F))(y)| < L|x — vy,
(ii) it holds that sup,e_yyl(Re(F))(z) — f(2)] < 22 <e,
(i11) it holds for all x € R that |(R(F))(x) — f(z)| < emax{l, |z|?},
(iv) it holds that D (F) < 2(max{1,2L})Y@Ve=%@b 4 1 and

(v) it holds that P(F) = 3(Dy(F)) + 1 < 12(max{1,2L})¥« ve=-
(cf. Definition 2.6).

Proof of Lemma /.12. Note that item (i) in Lemma 4.11 yields item (i). Next, observe that
the fact that K € N [2£2 2Lt 4 7] implies that 222 < e. This and item (ii) in Lemma 4.11
establish item (ii). The trlangle inequality, item (i ) the fact that f(—b) = (R.(F))(—b), the
fact that f(b) = (R.(F))(b), and the fact that for all z,y € R it holds that |f(z) — f(y)| <
L|z — y| ensure that for all x € R it holds that

[(Re(F))(z) — f(2)] < [(Re(F))(x) = f(b)] + [£(b) — £(O)] +[£(0) — f ()]
= |(Re(F))(x) = (Re(F))(0)[ + |f(0) = fO) + [£(0) = f(x)]  (4.90)
< L|lx —b| + L|b| + L|x| = L(|x — b| + b+ |z|)

o
=
@
S~—
:
A

[(Re(F)) () = f(=0)[ + [(=b) = F(O)| + [£(0) — f ()]
[(Re(F))(2) = (Re(F))(=0)| + [f(=b) = F(O)[ + [£(0) = f()] (4.91)
< Llz+b| + L|b| + L|x| = L(Jx 4+ b| + b+ |z|).

It follows from (4.90) that for all x € (b, 00) it holds that

(Re(F)) () = f@)] _ L(jz —bl+b+|z]) _ Llx—b+b+a)

max(L ) S macL [ max(L el .
~ 2L|7| < max{1,2L} < max{1,2L} '
- omax{Lfzfr} T fafet T bt
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Moreover, (4.91) demonstrates that for all x € (—oo, —b) it holds that
[(Re(F)) (@) — f(@)| _ Lz +b[+b+[z]) _ L(=(z+b) +b—2)

max (L) S mecL e max(d, [7]7) o)
2Ll < max{1,2L} < max{1,2L} '
- omax{Lfafr} T fafet T bt

Combining this, (4.92), and item (ii) shows that for all x € R it holds that |(R.(F))(z) —
f(z)| < emax{l,|z|?}. This establishes item (iii). In addition, observe that the fact that
max{1,2L} = eb?! and the fact that K <1+ 22 prove that

Ko< 2kt o maxil 2L}
9 9

This and the fact that Dy(F) = K + 1 (cf. item (i) in Lemma 4.9) establish item (iv).
Moreover, observe that item (iv) in Lemma 4.9 and item (iv) ensure that

P(F) = 3(Dy(F)) + 1 < 4(Dy(F)) < 8(max{1,2L})" Ve~ 14 (4.95)
< 12(max{1,2L})"@ Ve~

I ANARE
M) ‘ (4.94)

:1+bq§25q:2< -

This establishes item (v). The proof of Lemma 4.12 is thus complete. O

Corollary 4.13. Let ¢ € (0,1], L € [0,00), ¢ € (1,0), a € [0,00)\{1}, let f: R —- R
satisfy for all x,y € R that | f(x) — f(y)| < Llz—y|, and let a € C(R,R) satisfy for all z € R
that a(x) = max{x,ax}. Then there exists G € N such that

(i) it holds that R.(G) € C(R,R),
(i1) it holds that H(G) =
(i11) it holds for all x,y € R that |(Ra(G))(z) — (Ra(G))(y)| < Llz — 9|,
(iv) it holds for all x € R that |(R.(G))(z) — f(x)] < emax{l, |z|?},
(v) it holds that Dy (G) < 4(max{1,2L})Y« =%V 12 and
(vi) it holds that P(G) = 3(D1(G)) + 1 < 24(max{1,2L})¥ D=
(cf. Definitions 2.1 and 2.0).

Proof of Corollary /4.15. Throughout this proof let b € [1,00) satisfy max{1,2L} = eb?™!,
let K € NN[2£2 2 4 1] xo.11,. .., 2k, Co,C1, .- i, oy, .o hagcin, g, .., Qo
Bo, b1, - -+, Pary1 € R satisty for all & € {0,1,..., K} that t, = —b+ =2 ka

K(f(tminr+1,x3) — 2f (@) + f @max{r—1,01))

_ : 4
C 2 ) ( 96)

o cll—ala o ci|l—af _ —|1—q] _ |1—q] _ |1—afrk
h’k ~ (—a)(1-a?) hk—i—K—i—l = (—a)(1-a?2)’ O = J—5 » Ck+K+1 = 5> /Bk‘ = T1—a and

Brtr41 = & let F € N satisfy that
K .
F= Al,f(lfo) * kEPO(Ck ® (11 i Al,—M)) ) (497)
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let G € N satisfy that

2K+1
G= ALy, ( S e ® (i 0 Au, gm) (4.98)

and let v € C'(R,R) satisfy for all z € R that v(z) = max{z,0} (cf. Definitions 2.1, 2.7, 2.12,
2.16, 2.18, and 3.1). Note that items (i) and (ii) in Lemma 4.9 establish items (i) and (ii).
Furthermore, observe that the fact that for all z € R it holds that a(z) = max{z,az} =
%‘xﬂm implies for all z € R that

(1 —|1a§<?|fa2>“<‘ |11_—Cix) T —|;>_<1a—| a2>“<|11_—oix)

—|1—alz —al|l—alz —|1—alx —a|l—alz
_ |1 B Oé‘Oé l-a + l-a + T—a l1—a ‘
(1—a)(1—a?) 2
[1—alx a|1 oe\x [1— oe\x all—alz
+ ‘1_04 l-a + +‘ T 1-a }
(1—a)(1—a?) 2
11 —a|<—o¢\1 —alz —a?|l—alz+ 1 —alz+all —oz\:c)
= (4.99)
21 —a)(1—a?)(1 - a)
|1 — af (a}—|1 —alz+all — alz| + Hl —alr —all — a|x}>
* 21— a)(1—ad)l—q
_l—al(1-a*)x N al(=1+ )|l = alz| + [(1 — @)[1 — alz]
21— a)2(1 —a?) 2(1 — a)(1 — a?)
r (a+1)[l—qal|ll —al||lz] =+ |z
2 T - —a)i+a) 3~ max{, 0} = ()
Combining this and item (iii) in Lemma 4.9 shows for all x € R that
x|l — o] 1—alz  |1— ol
G)) _
(Ra(@)) (e “”Lzl—a 1—a2)<a< —a @ 1-a
K
|1 — o 1—alz 11— ol
_ 4.100
+201—a 1—a2)<a<1—a 1-a (4.100)

+ Z th(llf - Pk) = (Rt(F))(ZL')
k=0

Therefore, items (i) and (iii) in Lemma 4.12 establish items (iii) and (iv). Note that item (i)
in Lemma 4.9 shows that D, (G) = 2(K + 1) = 2D, (F). Therefore, item (iv) in Lemma 4.12
implies item (v). It follows from item (iv) in Lemma 4.9 that P(G) = 3(D;(G)) + 1 <
2(3(Dy(F)) + 1) = 2P(F). This and item (v) in Lemma 4.12 ensure item (vi). The proof of
Corollary 4.13 is thus complete. O

Corollary 4.14. Let ¢ € (0,1], L € [0,00), ¢ € (1,00), let f: R — R satisfy for all
z,y € R that |f(z) — f(y)| < Llx — y|, and let a € C(R,R) satisfy for all x € R that
a(x) = In(1 + exp(x)). Then there exists G € N such that
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(i) it holds that R.(G) € C(R,R),
(i) it holds that H(G) =
(i11) it holds for all x,y € R that |(Ra(G))(z) — (Ra(G))(y)| < Llz — 9|,
(iv) it holds for all x € R that |(Ra(G))(z) — f(z)] < 2e max{1, |z|7},
(v) it holds that Dy(G) < 2(max{1,2L})¥«De=%aV 1 1 and
(vi) it holds that P(G) = 3(D1(G)) + 1 < 12(max{1,2L})¥- Ve~
(cf. Definitions 2.1 and 2.6).

Proof of Corollary /.14. Throughout this proof let b € [1,00) satisfy max{1,2L} = eb?™!,
let K € NN [2Lb 2Lb 4 1], let xo,x1,- - -, XK, Cos C1, - - -, Cx € R satisfy for all k € {0,1,..., K}
that r, = —b+ =22 zkb and

. K (f (tminfb+1,57) — 22fb(xk) +/ (?max{k—l,o}))’ (4.101)

let F € N satisfy that
K .
F=Aw e | @ (a®ieA,y)) ), (4.102)

let 8 = max{2,2K2LIn(2)e"'}, let v, a € C(R, R) satisfy for all z € R that v(z) = max{z, 0}
and )
a(z) = 3 In(1 + exp(fx)), (4.103)

and let G € N satisfy that

K C .
G =Aisqo) @ (530(% ® (i@ Ag,_g;k))) (4.104)

(cf. Definitions 2.1, 2.7, 2.12, 2.16, 2.18, and 3.1). Note that items (i) and (ii) in Lemma 4.9
establish items (i) and (ii). Moreover item (iii) in Lemma 4.9 implies for all x € R that

(Ra(G))(x a(Bx — Brr)) = f(xo) + Z In(1+ exp(B(z — 1x)))

(4.105)

K

)+ 35
e~
K

)+ ealalr —w)) = (Ra(F))(2).

k=0

This and item (iii) in Lemma 4.11 prove item (iii). Observe that the triangle inequality and

item (iii) in Lemma 4.12 show for all z € R that

[(Ra(G))(2) = f(2)] < [(Ra(G))(2) = (Re(F)) ()| + | (Re(F)) () — f ()]

<|(Ra(G))(x) = (Re(F))(z)| + € max{1, |z]|?}. (4.106)
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Furthermore, (4.105), item (iii) in Lemma 4.9, and the triangle inequality imply for all z € R
that

[(Ra(G)) (@) = (Re(F))(2)| = [(Ra(F))(2) = (Re(F)) ()]

K
(4.107)
<D lerllae =) = e(z —w)l.
k=0
Note that it holds for all z € [0, c0) that |1 In(1+exp(fz)) —z| = |% (%ﬂ <4 51n(2)
and that it holds for all x € (—o0,0) that |ﬁ In(1 + exp(px))| < %1 n(2). This and (4.107)

yield for all x € R that

(Ra(G))(2) — (Ra(F)) ()] < 22

(4.108)

Moreover, (4.101), the triangle inequality, and the assumption that Vz,y € R: |f(z)—f(y)| <
L|z — y| imply for all £ € {0,1,..., K} that

|Ck| < (‘f(xmm{k—l—l K}) (xk)‘ + ‘f(xmax{k—l,O}) - f(xk)‘)

(4.10)
= W(|Fmin{k+1,l<} — 1| + |Emax{r—1,0y — t|) < 2KL.
This, (4.108), and the fact that 8 > 2K?L1In(2)e~! show for all z € R that
(Ra(G)) () — (Re(F)) ()] < 2L < . (4.110)

Combining this and (4.106) proves item (iv). Moreover, observe that items (i) and (iv) in
Lemma 4.9 show that D1(G) = K+1 =D (F) and P(G) = 3(D1(G))+1 =3(Dy(F))+1 =
P(F). Therefore, items (iv) and (v) in Lemma 4.12 establish items (v) and (vi). The proof
of Corollary 4.14 is thus complete. O

4.3 ANN approximation results with specific activation functions

Corollary 4.15. Let v,T,k,¢c € (0,00), r € N, p € N\{1}, q € [2,00), let f: R — R be
Lipschitz continuous, for every d € N let ug € CV2([0,T] x R4, R) satisfy for all t € [0,T],
r € R? that

(Zug)(t,z) + c(Agug)(t, z) + f(ualt,z)) =0, (4.111)
letv € {0,1}, a € [0,00)\{1}, ag, a1 € C(R,R) satisfy for allz € R that ag(x) = max{z, az}
and a;(z) = In(1 + exp(z)), for every d € N let pq: B(R?) — [0,1] be a probability measure
with

2 2
Sl pa(dy) < kd'?, (4.112)
and assume for all d € N, € € (0,1] that there exists G € N such that for all t € [0,T],
x € R4 it holds that
R (G) € C(RLR),  P(G) < kdPe™,  and (4.113)

elua(t, ©)] + [ua(T, ) = (Ra, (G)) ()] < erd? (1 + [|lz))? (4.114)
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(cf. Definitions 2.1, 2.3, and 2.6). Then there ezists ¢ € R such that for alld € N, € € (0, 1]
there exists U € N such that

R, (U) € C(RYR), P(U) < cde™, and (4.115)

SUP ) [ fa (0, ) — (R, (U)) ()| pa(da)] ™ < . (4.116)

Proof of Corollary 4.15. Throughout this proof let £: R — R satisfy for all z € R that
£(2) = (2¢)71f(2) and for every d € N let z4: [0,2¢T] x RY — R satisfy for all z € R,
s €10, 2¢T] that

wa(s,v) = uq((2¢)7's, ). (4.117)

Observe that (4.113) and (4.114) assure that there exist (Fg.)(as)enx(0,1] € N which satisfy
foralld € N, e € (0,1], t € [0,T], € R? that R,, (Fy.) € C(RY, R), P(F4.) < kdPe™?, and

elua(t, 2)| + |ua(T, ) = (Ra, (Fa)) ()] < erd?(1 + [z]])". (4.118)
Note that (4.118) proves that for all d € N, t € [0,7], z € R? it holds that
lua(t, )| < kdP(1+ ||x||)P. (4.119)

This assures that for all d € N it holds that uy is at most polynomially growing. Therefore,
we obtain that for all d € N it holds that # is at most polynomially growing. Furthermore,
observe that it holds for all d € N that =4 € C%?([0,2¢T] x R R). In addition, (4.111)
implies for all d € N, z € R?, s € [0,2¢T that

(2224)(s,) + 2(Dgrea) (s, 7) + £(a(s,)) = 0. (4.120)

Note that the assumption that f is Lipschitz continuous establishes that there exists L €
[0,00) such that for all w,z € R it holds that |f(z) — f(w)| < L|z — w|. This yields for all
w,z € R that |£(2) — £(w)] < (2¢)7'L|z — w]|. Next, observe that (4.118) and the triangle
inequality ensure for all d € N, x € R? ¢ € (0, 1] that

el(Ra, (Fae)) ()] + [e0a(2¢T, #) — (Ra, (Faz)) (@)l

= &|(Ra, (Fae))(2)] + [ua(T, 2) = (Ra, (Fae)) (@) < elua(T, 2)| + 2{ud(T, ) — (Ra, (Fa.))(2)]
< 2erdP(1+ ||z||)*. (4.121)
Furthermore, note that the fact that for all d € N, ¢ € (0, 1] it holds that P(F,.) < kdPe™"
and Lemma 2.4 establish that for all d € N, € € (0, 1] it holds that e L(Fy.)+"||D(Fae) || <

kdP. Moreover, observe that it follows from Corollaries 4.13 and 4.14 that there exists
(Fo,)ee0,) € N such that for all € € (0,1] the following properties hold true:

(I) it holds that R, (Fo.) € C(R,R),

(I1) it holds for all 2, € R that |(Re, (Fo.))(z) — (Re, (o)) (9)] < Ll — yl.
(IIT) it holds for all z € R that (R4, (Fo.))(z) — £(x)| < 2e max{1, |z|*},
(IV) it holds that P(Fy.) < 24(max{1l,c'L})%~2.
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Note that item (IV) and Lemma 2.4 prove for all ¢ € (0,1] that e2L(Fy.) + &2||D(Fo.)|| <
24(max{1, ¢ 'L})%c72. Furthermore, observe that items (II) and (III) and the triangle in-
equality imply for all € € (0,1], z € R that

[(Ra, (Foe)) ()] < [(Ra, (Foe))(2) = (Ra, (Fo.e))(0)] + | (Ra, (Fo,))(0) = £(0)] + | £(0)]
selel +2e + | £(0)] < (2+ (20) (L + [F(O))) (1 + |])*. (4.122)

C

<
<

This, item (III), the fact that Vo € R: 1 + |z|*> < (1 + |#])?, and the assumption that p > 2
demonstrate for all ¢ € (0,1], € R that

el(Ra, (Fo)) (@) + [£(2) = (Ra, (Fo.))(2)]

<e((2+ o) N L+[F0))) (1 + [x])* + 2max{1, |z[*})

< e(d+ (207 L+ [F0))(1 + |=])". (4.123)
Moreover, items (i), (iii), and (v) in Lemma 3.5 and item (ii) in Lemma 3.8 ensure that
there exists J € N such that H(J) = 1 and R, (J) = idg. Theorem 4.1 (applied with
Kk max{2xk, 24(max{1, ¢ 'L})2 4 4+ (2¢) 1 (L + | f(0)))}, (wq)aen v (#d)aen, L (2¢) 7L,
Oé(]f\z, Bof\Q, a1 N, ﬁlmfy,Tm2cT,ama,,, fo\f\/, (fd)deNm(RdeH
ug(T,x) € R)gen, (Va)aen v (fa)aen in the notation of Theorem 4.1) establishes that there
exist (Uge)(de)enxo,) € N and ¢ € (0,00) which satisfy for all d € N, ¢ € (0,1] that
Ra, (Ug.) € C(RER), P(Ugy,) < cde™¢, and

l/q
</Rd}ud(0,x) — (RaV(Ud@))(x)}q,ud(dx)) <e. (4.124)

The fact that for all d € N, z € R? it holds that «4(0,z) = u4(0,z) and Jensen’s inequality
hence imply (4.116). The proof of Corollary 4.15 is thus complete. O

Corollary 4.16. Let T,k,¢c,p € (0,00), a € R, b € (a,00), let f: R — R be Lipschitz
continuous, for every d € N let ug € C12([0,T] x R, R) satisfy for allt € [0,T], x € R? that

(Zug)(t,z) = c(Apug)(t,z) + f(ua(t, z)), (4.125)
letv € {0,1}, a € [0,00)\{1}, ag, a1 € C(R,R) satisfy for allz € R that ag(x) = max{z, az}
and a;(z) = In(1 + exp(z)), and assume for all d € N, ¢ € (0,1] that there ezxists G € N
such that for all t € [0,T], x € R? it holds that

Ra, (G) € C(RY R), P(G) < kdfe™", and (4.126)

elug(t, )| + |uq(0, ) — (Rq, (G))(2)| < erd®(1 + ||z||)" (4.127)

(cf. Definitions 2.1, 2.3, and 2.6). Then there ezists ¢ € R such that for alld € N, € € (0, 1]
there exists U € N such that

Ra, (U) € C(RL R), P(U) < cde™, and (4.128)
[ Siapelua(T, @) = (Re, (U) (@) da] ™ < e. (4.129)
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Proof of Corollary 4.16. Let p = inf{k € N: k > max{k,2}} and q = max{p,2}. For every
d € Nlet vg: [0,T] x RY — R satisfy for all x € R, ¢t € [0, T] that vy(t,z) = ug(T — ¢, z).
Note that (4.125) shows that it holds for all d € N, z € R¢, ¢ € [0, T that

(Zvg)(t,z) = —c(Agvg)(t, ) — f(valt, x)). (4.130)
Observe that (4.127) implies for all d € N, € € (0,1], ¢ € [0,T], x € R? that
elva(t, 2)| + |va(T', ) = (Ra, (G)) ()] < erd™ (1 + |[]])". (4.131)

For all d € N let ug: B(R?) — [0,1] be the uniform distribution on [a,b]? and note that
there exists K € [1,00) such that for all d € N it holds that fRdHprzqud(dy) < Kvagp’a,
Corollary 4.15 (applied with p  ~p, g © q, v N K, 7~ 1, K max{k, K"Qq}, (Ug)den N
(va)aen in the notation of Corollary 4.15) establishes that there exists ¢ € R such that for
all d € N, € € (0,1] there exists U € N such that R,, (U) € C(R% R), P(U) < cd’c~¢, and

1/q
sup (/ |v4(0, ) — (RaV(U))(:L’)‘qud(dx)) <e. (4.132)
qe(ovq} R4

This, the definition of (ug)qen, the fact that p € (0,q], and the fact that for all d € N,
r € R? it holds that v4(0,z) = ug(T, x) prove (4.129). The proof of Corollary 4.16 is thus
complete. O
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