
Reformulation without f

Shakil Rafi

May 25, 2023



Lemma 0.0.1. Let Θ =


n∈N, d,m, d ∈ N, T ∈ (0,∞), Act ∈ C (R,R), I,F,G ∈ NN satisfy

Lay (I) = (1, d, 1), RlzAct (I) = I1, RlzAct (F) ∈ C (R,R), and RlzAct (G) ∈ C

Rd,R


, for every

θ ∈ Θ let Uθ : [0, T ] → [0, T ] and Wθ : [0, T ] → Rd, be functions, for every θ ∈ Θ, n ∈ N0 let

U θ
n : [0, T ]× Rd → R satisfy for all t ∈ [0, T ], x ∈ Rd, that:

U θ
n(t, x) =

1N(n)

Mn


mn

k=1

(RlzAct (G))

x+W(θ,0,−k)

T−t



+

n−1

i=1

T − t

Mn−i




Mn−i

k=1


RlzAct (F) ◦ U (θ,i,k)

i


− 1N (i)


RlzAct (F) ◦ U (θ,−i,k)


U (θ,i,k)
t , x+W(θ,i,k)

U(θ,i,k)
t −t





and let Uθ
n,t ∈ NN, t ∈ [0, T ], n ∈ Z, θ ∈ Θ, satisfy for all θ ∈ Θ, n ∈ N, t ∈ [0, T ] that

Uθ
0,t = ((0 0 · · · 0) , 0) ∈ R1×d × R and:

Uθ
n,t =


⊕Mn

k=1


1

Mn
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G •AffId,W

(θ,0,−k)
T−t



⊞I


⊞i=0,I


T − t
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⊞Mn−i

k=1,I


F •U(θ,i,k)

i,U(θ,i,k)
t


•AffId,W

(θ,i,k)

U(θ,i,k)−t



⊞I


⊞n−1

i=0,I


(t− T )1N (i)

Mn−i


⊛


⊞Mn−i

k=1,I


F •U(θ,−i,k)

max{i−1,0},U(θ,i,k)
t


•AffId,W

(θ,i,k)

U(θ,i,k)
t −t



Theorem 0.0.2. Let p, q, r, L, C,α0,α1,β0,β1, T ∈ [0,∞), q ∈ [2,∞), Act ∈ C(R,R), I ∈

NN. (Fd,ε)(d,ε)∈N0×(0,1] ⊊ NN. For every d ∈ N0 let fd ∈ C

Rmax{d,1},R


, for every d ∈

N let νd : B

Rd


→ [0, 1] be a probability measure, and assume for all d ∈ N0, v, w ∈ R,

x ∈ Rmax{d,1}, ε ∈ (0, 1] that


Rd ypqq νd (dy)
 1

pqq  Cdr, Hid (I) = 1, RlzAct (I) = IdR,

RlzAct (Fd,ε) ∈ C

Rmax{d,1},R


, max{|f0(v)− f0(w)| , |(RlzAct (F0,ε)) (x)− (RlzAct (F0,ε)) (x)|} 

L |v − w|, εαmin{d,1} Dep (F)d,ε + εβmin{d,1} Lay (Fd,ε)max  C (max{x, 1}p), and:

ε |(RlzAct (Fd,ε)) (x)|+ |fd (x)− (RlzAct (Fd,ε)) (x)|  εC (max{x, 1})p (1 + x)pq (0.0.1)

It is then the case that for every d ∈ N, there exists a ud ∈ C

[0, T ] ∈ Rd,R


with the following

properties:

(i) ud is polynomially growing.

(ii) ud is a viscosity solution.
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(iii) ud is a solution to:


∂

∂t
ud


(t, x) +

1

2
Trace (σd (x) [σd (x)]

∗ (Hessx ud) (t, x)) + 〈ud (x) , (∇xud) (t, x)〉+ αd(x)ud(t, x) = 0

with ud (T, x) = gd (x) for (t, x) ∈ (0, T )× Rd, and

(iv) there exist (Ud,t,ε)(d,t,ε)∈N×[0,T ]×(0,1] and η ∈ (ηδ)δ∈(0,∞) : R → R such that for all d ∈ N,

t ∈ [0, T ], ε ∈ (0, 1], δ ∈ (0,∞) it holds that RlzAct (Ud,t,ε) ∈ C

Rd,R


, Param (Ud,t,ε) 

ηδd
p(7+4q+(2+q)δ)ε−(4+2δ+max{α0,α1}+2max{β0,β1}) and:



Rd

|ud (t, x)− (RlzAct (Ud,t,ε)) (x)|q νd (dx)
 1

q

 ε (0.0.2)

Proof. The proof of Theorem 0.0.2 is thus complete
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