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1 Euler’s method and beyond

The following questions are meant to help ensure you have a solid conceptual understanding
of the material from Chapter 1 of Iserles’ textbook.

Setting 1.1. Let T € (0,00), d € N = {1,2,3,...}, let |-||: R? — [0,00) be a function
which satisfies for all u,v € R, s € R that ||u+ov|| < ||ul| + [[v|], [|sul| = |s||ju|, and ||jul| =0
if and only if u = 0, let |-|,: [0,7] — [0,T7], h € (0, 00), be the functions which satisfy for all
h € (0,00), t € [0,7] that [t|, = max([0,¢] N {0,h,2h,...}), let f: R? — R? be a function
which satisfies that

- nﬂm—fwm]<m% 12)

o] +

v,wER VAW ||U - w”

let y: [0, 7] — R? be a measurable function which satisfies for all ¢ € [0, T that

y@=M®+Af@®M& (1.3)

and for every h € (0,00) let Yo 5, Yip, ..., Yir/nn € R satisty for alln € {0,1,..., |T/n] —1}
that Yy, = y(0) and
Yn-i-l,h = Yn,h + h’f (Yn,h)- (14)

Problem 1.5. Do you understand Setting 1.1 above? Do you understand what each in-
dividual component means and do you see why each component is necessary to present a
well-defined numerical method (i.e., the method in Eq. (1.4))7

Proof of Problem 1.5.

The proof of Problem 1.5 is thus complete. [
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Definition 1.6. Assume Setting 1.1. We say that Eq. (1.4) is a convergent numerical method
for Eq. (1.3) if and only if it holds that

hlgél+ ne{O,??}L(T/hJ}Hy(nh) —Yunl]] =0 (L.7)

Problem 1.8. Do you understand conceptually what the notion of convergence is implying?
Can you see how the topology of the problem would come into play if we were not considering
a problem posed in a finite-dimensional space?

Proof of Problem 1.8.

The proof of Problem 1.8 is thus complete. O]

Lemma 1.9. Let a € [0,00) and let ag, aq,aq, ... € [0,00) and by, by, bs, ... € [0,00) satisfy
for all n € Ny = NU {0} that

n—1

a, < a—i—Zbkak. (1.10)

k=0
Then it holds for all n € Ny that

n—1
a, < aexp (Z bk). (1.11)
k=0

Proof of Lemma 1.9. First, we claim that for all n € Ny it holds that

n—1

anﬁa[H(l—i—bk)

k=0

. (1.12)

We now prove Eq. (1.12) by mathematical induction on n € Ny. For the base case n = 0,
note that Eq. (1.10) ensures that

-1
a0§a+2bkak:a+0:a. (1.13)
k=0
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Combining this and the fact that H;:lo(l + b)) = 1 establishes Eq. (1.12) in the base case
n = 0. For the induction step Ny 3 (n — 1) --» n € N, let n € N and assume that for every
m € {0,1,...,n — 1} it holds that

(1.14)

m—1
Ck[II -+bk
k=0

This and Eq. (1.10) assure that

n—1 n—1 k—1 n—1 k-1
a, < oz—i—Zbkak < oz—i—Zbk(a[H(l—l—b]) ) = a(l—i— (1+bj) bk>. (1.15)
k=0 k=0 7=0 k=0 Lj=0
Next, observe that
n—1 [k—1 n—1 [k-1
1+ (L+b;) [be =1+ [T +0) [ (Q+b)—1)
k=0 Lj=0 k=0 Lj=0
n—1[ k k—1
=1+> |[J(1+2) —H(1+bj)] (1.16)
k=0 Lj=0 §=0
n—1 —1 n—1
=1+ [J(t+0) =[] +0) =[] +0))
j=0 j=0 Jj=0

Combining this, Eq. (1.16), and mathematical induction establishes Eq. (1.12). Moreover,
note that the fact that for all z € [0, 00) it holds that 1 4+ 2 < exp(z), the assumption that
bo, b1, b, ... € [0,00), and Eq. (1.12) imply that for all n € Ny it holds that

a, < o lh(l + bk) <« lh exp(bk)] < aexp (”Z bk>. (1.17)

k=0
This establishes Eq. (1.11). The proof of Lemma 1.9 is thus complete. O

Problem 1.18. Assume Setting 1.1. Using Lemma 1.9 above, prove that there exists C' €
[0, 00) such that for all h € (0,00) it holds that

nefo, ??..,LT/hJ}Hy a anhH < Ch. (1.19)

Explain how proving Eq. (1.19) holds would relate to the notion of convergence (cf. Defini-
tion 1.6).

Proof of Problem 1.18.
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The proof of Problem 1.18 is thus complete. n

Problem 1.20. Can you present the theta method from the textbook in the rigorous format
used in Setting 1.1 above?

Proof of Problem 1.20.

The proof of Problem 1.20 is thus complete. O

Setting 1.21. Let Thew,p € (0,00), d € N, let [|-]|: RY — [0, 00) be a function which satisfies
for all u,v € R, s € R that ||u+v|| < ||ul| + ||v||, ||su| = |s|||u||, and [Ju]| = 0 if and only
if u=0,let |-|n:[0,Thew] — [0, Thew), B € (0,00), be the functions which satisfy for all

DISSEMINATION PROHIBITED. MARCH 14, 2022 5)



h € (0,00), t € [0, Thew] that [t], = max([0,#]N{0, h,2h,...}), let g: R? — R? be a function
which satisfies that
. lo(v) — o(w)]

vaweRdwzw (14 0[P+ [[w]P) [lv — wl]
let z: [0, Thew] — R? be a measurable function which satisfies for all ¢ € [0, They] that

< 00, (1.22)

z(t) = 2(0) +/0 g(z(s)) ds, (1.23)

and for every h € (0,00) let Zop, Zip, .-, Zi1pensnn € R satisfy for all n € {0,1,..
| Toew/n| — 1} that Zy, = 2(0) and

Zypiih = Znp+ hg(Znp). (1.24)

*

Problem 1.25. Can we prove a result similar to that in Problem 1.18 under the assumptions
outline in Setting 1.21 above? If not, can we prove a result that is “similar” to the result in
Problem 1.187 What additional assumptions (if any) are needed to prove either of the above
results?

Proof of Problem 1.25.

The proof of Problem 1.25 is thus complete. O]
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1.1 An exploration of the linear case
Definition 1.26. We denote by exp: (UgenC?™%) — (UgenC?*9) the function which satisfies
for all d € N, A € C™? that exp(A4) = > oo, (I/r) A"

Definition 1.27. For every d € Nlet M; = {1,2,...,d}, forevery d € Nlet Sy = {(o: My —
M,): o is a bijection}, let p: (UgenSqs) — Ny be the function which satisfies for all d € N,
o € Sy that p(o) = 20 529 . Lioeo)(0i — 05), and let sgn: (UgenSa) — {—1,1} be the
function which satisfies for all d € N, o € Sy that sgn(c) = (—1)*®). Then we denote by
det: (UgenR**?) — R the function which satisfies for all d € N, A = (a;;)ije(1,2,..ay € R

that det(A) = > _c[sgn(o) H?Zl Qio,s -

Definition 1.28. We denote by tr: (UdgNRdXd) — R the function which satisfies for all
d c N, A = (ai,j>i,j6{l,2 ,,,,, d} - RdXd that tI‘(A) = Zj:l CLZ'J‘.

Lemma 1.29. Let d € N, A, B € R¥>? and let ||-]|: R? — [0, 00) be a function which satisfies
for all u,v € R%, s € R that ||[u+v|| < |lull + ||v||, [|sull = |s]||u]|, and |Ju]| = 0 if and only if
u = 0. Then

(i) it holds that ||exp(A)|| < exp(||A]]) < oo,
(ii) it holds for all s,¢ € R that exp(sA + tA) = exp(sA) exp(tA),

(iii) it holds that exp(A)exp(—A) = idgaxa,

(iv) it holds that exp(A + B) = exp(A) exp(B) if and only if it holds that AB = BA, and
(v) it holds that det(exp(A)) = exp(tr(A))

(cf. Definitions 1.26, 1.27, and 1.28).

Proof of Lemma 1.29.
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The proof of Lemma 1.29 is thus complete. [

Problem 1.30. Let A € R?*? satisfy

A= (:; _14). (1.31)

(i) Show that there exist D = (d;;)ijeq1,2y € R*?, P € R¥? with det(P) # 0, d1o =
dy1 =0, and A= PDP~! (cf. Definition 1.27).

(ii) Use the results from item (i) to show that

~( 2exp(—2) —exp(—3) exp(—2) —exp(—3)
exp(A) = (2 exp(—3) — 2exp(—2) 2exp(—3) — exp(—Q)) (1.32)

(cf. Definition 1.26).

Proof of Problem 1.30.
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The proof of Problem 1.30 is thus complete. O

Problem 1.33. Let T € (0,00), let ||-|]: R? — [0, 00) be the function which satisfies for all
u = (u,up) € R% that |lul| = [Jur]® + |ua|]¥2, let |-|n: [0,T] — [0,T], h € (0,00), be the
functions which satisfy for all h € (0,00), t € [0,T] that [t|, = max([0,¢] N {0, h,2h,...}),
let A € R*2 y e C([0,T],R?) satisfy for all ¢ € [0, 7] that

A:(:; _14> and y(t):(l,l)*—i—/OtAy(s)ds, (1.34)

and for every h € (0,00) let Yo 5, Yip, ..., Yir/n)n € R? satisty for alln € {0,1,..., [T/n] —1}
that Yy, = y(0) and
Yoiin = Yop + hAY, . (1.35)

(i) Prove that for all ¢ € [0, 7] it holds that y(t) = exp(tA)y(0) (cf. Definition 1.26).

(ii) Prove that for all A € (0,00), n € {0,1,...,|7/n]|} it holds that

Y, n = (idgexz +hA)"y(0). (1.36)
(iii) Prove that for all A € (0, 00) it holds that

h
Hexp(hA)y(O) — (idgex +hA)y(O)H = ‘ /0 (h— s)A%exp(sA)y(0) ds

i Jexp(sA)] A
< —| sup sup 1expPO2)00 | A%y (0)]| < V1T h?
2 |he(on) \vernr\foy ]|
(cf. Definition 1.26).
(iv) Prove that for all h € (0,00), n € {0,1,...,|%/r]} it holds that
y(nh) — Y,
n—1
ek 1.38
= " exp (k) [exp(hA) — (dgovs )] (idgs +04) " Vo) Y
k=0

(cf. Definition 1.26).
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(v) Prove that

|y(nh) = Youl[| < Texp(9T/2)\/3_4h. (1.39)

sup max
he(0,00) [P€{0,L,...,[T/n]}

Proof of Problem 1.35.

The proof of Problem 1.33 is thus complete. n

2 Multistep methods

Setting 2.1. Let T € (0,00), d,s € N, ag,a,...,a; € R, by, b1,...,bs € R, let ||-||: R —
[0,00) be a function which satisfies for all u,v € R? s € R that |lu + v| < |lul| + ||v|,
|lsul| = |s|||u||, and [Ju|| = 0 if and only if u = 0, let |-]5: [0,7] — [0,T], h € (0,00), be the
functions which satisfy for all h € (0, 00), t € [0, T] that [¢]; = max([0,¢]N{0, h,2h,...}), let
A={g:[0,T] = R%: f is analytic in [0, 7]}, for every h € (0,00), n € {0,1,...,|T/n| — 1},
geAlet D: A — A and &,: A — A satisfy

(Dg)(nh) = (Lg)(nh) and (&ng)(nh) = g((n+ 1)h), (2.2)
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let f: R? — R? be a function which satisfies that

flv)— f(w
{Supr(v)”} + sup I/ () (w)] < 00, (2.3)
vERY v,wER AW ||U - IUH
let y: [0,7] — R? be a measurable function which satisfies for all ¢ € [0, 7] that
t
o) =9(0)+ [ F(u(s))ds (2.4)
0

and for every h € (0,00) let Yo, Y1, ..., Y7/ 0 € R? satisfy for all n € {0,1,...,|7/n] —s}
that Yy, = y(0) and

s

> tnYnsmn =h > b f (Yaemn)- (2.5)
m=0

m=0
Definition 2.6. Assume Setting 2.1. We say that Eq. (2.5) is a numerical method of order

p € Ny if and only if there exists C' € (0, 00) such that for all h € (0,00), n € {0,1,...,|T/n]}
with A sufficiently close to zero it holds that

Han:o amy((n+m)h) = B35 b f (y((n + m)h)) H < Chrtt, (2.7)

Lemma 2.8. Assume Setting 2.1 and let p € N. Then Eq. (2.5) is of order p if and only if
there exists C' € (0, 00) such that for all z € R with z sufficiently close to one it holds that

|30 g amz™ = In(2) 35 bn2™| < CJz — 1[P*! (2.9)
(cf. Definition 2.6).

Proof of Lemma 2.8. Throughout this proof let h € (0,00) be sufficiently small, let p: R —
R and 0: R — R be the functions which satisfy for all z € R that

p(z) = Z A 2" and o(z) = Z by 2™, (2.10)
m=0 m=0

and without loss of generality assume that y € A. Note that Taylor’s theorem guarantees
that for all n € {0,1,...,|7/a]}, k € Ny it holds that

(6 (dw))uh) = () ((n+ 1) = D2 2 () k)

S P e
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Combining this and the fact that D is a bounded linear operator (something we have not
shown, but which can be shown) ensures that

& = exp(hD). (2.12)
Next, observe that Eq. (2.4) assures that for all n € {0,1,...,[%/n] — s} it holds that

> amy((n +m)h —thmf ((n +m)h))

= any((n+mh) — thm(%y)«Hm)h) (2.13)

m=0

= > anlEy)nh) = b Y b (5 (Dy) ) (nh).

This, the fact that Eq. (2.12) implies that for all g € A it holds that (D(&Erg)) = (En(Dyg)),
the fact that D is a linear operator, and the so-called Borel functional calculus guarantee
that for all n € {0,1,...,|%7/n] — s} it holds that

S

Zamy(n—i-m hzbmf ((n +m)h))

m=0

—Zam Ey)(nh) (DZb 5hy> h) (2.14)
_ ((Z €™ — hD Z bmg;f) y> (nh) = ((p(gh) - hDa(é‘h))y> (nh).

m=0
This shows that for all n € {0,1,...,[%/n] — s} it holds that

S

Zamy(n+m hzbmf ((n +m)h))

_ ‘((p(gh) —hpa(gh))y)mh)‘ < [ sup \((p(é:h)—hpa(sh))g)(nh)}] .

(2.15)

geA\{0} |9 (nh)|

In addition, note that Eq. (2.12), the fact that for all ¢ € A, t € [0,7] it holds that
lim, ,o+(&.9)(t) = g(t) (can you see that this is true?), and the implicit function theorem
demonstrate that for all g € A, t € [0,7] it holds that

(hDg)(t) = (In(&)g)(t) = (Z (/<+1)1 (& —id)"g )(t). (2.16)

This and the Borel functional calculus yield that there exists v, C C (with the spectrum of
& contained inside of 7,—we can discuss this, if desired) such that for all g € A, t € [0,T]
it holds that
1 . -
<(p(5h) — (&) (En)) g)(t) S / [p(2) — In(2)0(2)] ((zid —&) "g)(t) dz.  (2.17)
T

21
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Combining Eqs. (2.15) and (2.17) hence proves Eq. (2.9). The proof of Lemma 2.8 is thus
complete. [

3 Runge-Kutta methods

4 Stiff equations

Definition 4.1. Let y,: [0,00) — C, A € C, be measurable functions which satisfy for all
AeC, te|0,00) that

ya(t) =1+ )\/Oty(s) ds, (4.2)

let h € (0,00), for every A € C let Yy 5, Y1, Y2,n, ... € R satisfy Y, = 1, and assume there
exists p, C' € (0, 00) such that for all A € C with A + X € (—00,0) it holds that

sup [ya(nh) — Yo | < CRP. (4.3)
n€eNy
Then the set
D={hAeC: limy, Y,n =0} CC (4.4)

is the linear stability domain of the numerical method {Y;, \}m renoxc. Moreover, we say
that the numerical method {Y, x} @ enyxc is A-stable if it holds that

{zeC:z+z€(~-00,0)} CD. (4.5)

Problem 4.6. Let T € (0,00), d € N, let ||-||: R? — [0, 00) be a function which satisfies for
all u,v € R% s € R that ||u+v| < ||ul| + |||, ||sul] = |s|||u]|, and ||u|] = 0 if and only if
u=0,let |-|n:[0,T] = [0,T], h € (0,00), be the functions which satisfy for all h € (0, c0),
t € [0,T] that |t], = max([0,#] N {0, h,2h,...}), let f € CH(R? R?) satisfy

. Hﬂw—fwm]<m% wn

v,wER AW ||U - w”

] +

let y: [0,7] — R? be a measurable function which satisfies for all ¢ € [0, 7] that

ywzmm+4f@@wa (48)

and for every h € (0,00) let Yy, Yip, ..., Yz € R satisfy for all n € {0,1,..., [T/n] —1}
that Yy, = y(0) and

Yn-i—l,h = Yn,h + % [f (Yn,h) + 3f<Yn+1,h>] : (49)

a. Determine whether or not Eq. (4.9) is consistent (cf. Definition 2.6). If Eq. (4.9) is
consistent, determine its order.

b. Determine whether or not Eq. (4.9) is convergent (cf. Definition 1.6).
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c. Determine whether or not Eq. (4.9) is A-stable (cf. Definition 4.1).

Proof of Problem 4.6.

The proof of Problem 4.6 is thus complete. [

5 Geometric numerical integration
6 Error control

7 Nonlinear algebraic systems

8

Finite difference schemes

Problem 8.1. Let N € Ny, a, 3 € R, let f € C(R,R) and u € C*([0,1],R) satisfy for all
x € [0, 1] that u(0) = a, u(l) = B, and

(iu)(z) = f(2), (8.2)
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and let hg, by, ..., hn, 2o, T1, ..., xn41 € [0, 1] satisfy for all n € {0,1,..., N} that
O=ag<aT1 <oy <...<aNy<Tnyi1=1 and Ry = Tpy1 — Tp. (8.3)

a. Construct a three-point finite difference scheme for approximating the solution to
Eq. (8.2) on the non-uniform grid {z,}nefo1,...v+13 € [0,1] given by Eq. (8.3).

b. Determine the order of the method constructed in item a. above. Determine what
additional assumptions are necessary (if any) for guaranteeing this order. Compare

these results with the case from Section 8.2 of the textbook (i.e., the case when hy =

c. Write the finite difference scheme constructed in item a. above in the form of a linear
system (i.e., as a matrix-vector equation).

d. Determine whether the linear system obtained in item c. is always nonsingular. If the
linear system is not always nonsingular, provide sufficient conditions to guarantee that
the linear system is nonsingular.

e. Implement your finite difference scheme (i.e., the difference equations from item a.
above or the linear system from item c. above) in Python. Numerically compare the
approximate solution with the true solution for some “test case.”

Proof of Problem 8.1.
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The proof of Problem 8.1 is thus complete.
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