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Abstract We obtain precise constants in the Marcinkiewicz-Zygmund inequality for
martingales in .” for p > 2 and a new Rosenthal type inequality for stationary mar-
tingale differences for p in ]2, 3]. The Rosenthal inequality is then extended to sta-
tionary and adapted sequences. As in Peligrad et al. (Proc. Am. Math. Soc. 135:541-
550, 2007), the bounds are expressed in terms of L”-norms of conditional expecta-
tions with respect to an increasing field of sigma algebras. Some applications to a
particular Markov chain are given.
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1 Introduction

In this paper we give new moment inequalities for partial sums of dependent se-
quences. For p > 1, let L? be the space of real-valued random variables with finite
absolute moment of order p. || Z||, denotes the L”-norm of Z. Let p > 2 and (X;);cz
be a sequence of real-valued random variables in L”. Set S, = X| + X2 +--- + X,,.
Our aim is to provide the best possible bounds on || Sy, || ,. under various dependence
assumptions.

The first part of the paper will be devoted to martingale difference sequences.
These sequences play an important role in establishing moment inequalities for par-
tial sums of stationary sequences, as shown by Peligrad, Utev and Wu [13]. Let us
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recall the classical results on this subject. Burkholder [3] proved that, for any p > 1,
1Sallp < Cpll (XT+ X3 4+ X)) (1.1

In his paper in Astérisque, Burkholder [4] obtains (1.1) with C, = p — 1 for p > 2
and C, =1/(p — 1) for p < 2. He also proves that this constant is optimal for p > 2.
From (1.1), for any p > 2 the following Marcinkiewicz-Zygmund type inequality
holds:

1S 112 < cp (1 X115 + 1 X215+ + [ Xall3). (1.2)

with ¢, = (p — 2. Recently, Nagaev [10] obtains (1.2) with the improved constant
¢p = p(p — 1)/2. However the dependence in p is suboptimal as p tends to oo as
shown in [15] in the stationary case and in [16]. In Sect. 2 we prove that (1.2) holds
with ¢, = p — 1 and that this constant cannot be improved. We also give an applica-
tion of this inequality to deviation inequalities for sequences of martingale differences
with subgaussian tails.

For p > 2, Peligrad, Utev and Wu [13] generalize the Marcinkiewicz-Zygmund
inequality to stationary weakly dependent sequences. In order to state their inequal-
ity, we need further notation and definitions. Let (2, A, P) be a probability space
and T : 2 — Q be a bijective bi-measurable transformation preserving IP. Let F be
a o-algebra of A satisfying Fy C T—1(Fo) and define the nondecreasing filtration
(Fi)iez by Fi = T—(Fp). Let X be an integrable and centered Fy-measurable real-
valued random variable. Define the sequence (X;);cz by Xi = X o T!. Then (X;)icz
is a strictly stationary sequence adapted to the filtration (F;);cz. From now on we
denote by E;(Z) the conditional expectation of Z with respect to ;.

From Proposition 2.1, in [12, p. 800], for stationary sequences,

N-1
. 1 .
ISullz < on/n forany n<2%, with oy = Xolla+ 5 3 2721 Eo(S,0) 2.
L=0
(1.3)
Peligrad, Utev and Wu [13] extend this bound has been to the case p > 2. Let S =
max(|S], |21, ..., |Sul|): they prove that

N—-1
||S;‘||psc«/_pn<||xl||p+22L/2||Eo<szL>||p) foranyn <2V, (14)
L=0

for some explicit universal constant C. The case p < 2 is studied in [18], who prove
that

N-1

1S5l <n'/? (B,,nxl lp+B,> 2—L/”||Eo<szL>||p>, (1.5)
L=0

with B, = 18p>%(p — 1)™¥/% and B}, =27/ + B,(1 + 2(r=D/7_ Although the

constant B, appearing in (1.5) may be improved, the optimal constant tends to co

as p decreases to 1, due to the fact that the proof needs a maximal version of the

Marcinkiewicz-Zygmund inequality.
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Inequality (1.4) can be applied to get exponential inequalities for partial sums of
weakly dependent sequences, as in [13]. Nevertheless the variance of S, does not
appear in the right hand side of the inequality. This is the reason why we will try to
get Rosenthal type inequalities for martingale difference sequences. For independent
random variables in IL”, Rosenthal’s inequality has the following formulation: there
exists positive constants a, and b, such that

n
E(1Sa1”) < apllSalls +bp Y E(IX:1P).

i=1

For p in ]2, 4] and independent symmetric random variables, Rosenthal’s inequality
holds with b, =1 and a, = E(|Y|?), where Y has the standard normal distribution
(confer Figiel et al. [8] for more about the constants). These inequalities have appli-
cations in nonparametric statistics, as proved in [2]. Some extensions of Rosenthal’s
inequality to absolutely regular sequences with applications to nonparametric statis-
tics may be found in [16]. For strongly mixing sequences, we refer to [6] and [15] for
more about moment inequalities for partial sums.

For p in ]2, 4] and stationary sequences (X;);cz of martingale differences in L.”
with Var Xo = o2, (1.4) may be used to prove a Rosenthal type inequality in the
following way. Starting from (1.1) and applying (1.5) with the exponent p/2,

1811 < (p = D*(no® + |1 X7 + X5 4+ + X, — 10>l p2)
< (p— D*(no® +n*P(Bppl X7 — 0%l pj2+ B),AN)),  (1.6)

for any n < 2N where

N-1

Ay =Y 2P E(S3) = E(S3) llpja- (1.7)
L=0

The constants appearing in (1.6) are far from being optimal. Moreover it seems dif-
ficult to extend the method of [13] to get a Rosenthal type inequality for general
stationary sequences. This is the reason why we will use a direct approach to get
Rosenthal type inequalities. In order to avoid some technical difficulties, we will re-
strict our attention to exponents p in ]2, 3]. In Sect. 3, we will prove that, for any
positive integer N and any n in [2VV, 2N +1[

E(|S,|7) < apn?>l + b,nE(|Xo|?) + c,nAY* + d,nD?, (1.8)
for some explicit constants ap, by, ¢, and d,, where

N—-1

Dy =Y 27HP|Eg(Su)llp. (1.9)
L=0

Inequality (1.8) is an extension of Rosenthal’s inequality if the sequences (Ay) and
(Dp) are convergent. In Sect. 4, we apply these inequalities to additive functionals
of some Harris recurrent irreducible Markov chain and we compare the results with
previous inequalities in this particular setting.
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2 A Marcinkiewicz-Zygmund Type Inequality for Martingales

In this section, we prove inequality (1.2) with ¢, = p — 1. The main step of the proof
is Proposition 2.1 below. Throughout this section E(Y | X) denotes the conditional
expectation of Y conditionally to X.

Proposition 2.1 Let p > 2 and X and Y be random variables in ILP such that E(Y |
X) =0 almost surely. Then | X + Y% < | X[3 + (p — D[IY[|3.

Remark 2.1 The constant p — 1 cannot be improved, at least for products of inde-
pendent random variables. Actually, let € be a symmetric sign, independent of X, and
Yo =aeX. Then E(Y, | X) =0 and
X Yol = IX15 _
a\0 I1Yell2

We refer to [10, pp. 155-157] for more about moment inequalities for products of
independent random variables and for a survey of previous results

Proof of Proposition 2.1 Obviously Proposition 2.1 holds true ifa.s. X =0or ¥ =0.
Hence we may assume that || X||, > 0 and ||Y||, > 0. Next, dividing the random
variables by || X ||, if necessary, we may assume that || X||, = 1. Let ¢ be defined on
[0, 00[ by @(t) = || X + tY||§. We have to prove that

@) < (1+(p = DIY[53)P2.
By the Taylor integral formula at order two applied to ¢,

t
X+ 1Y |5 =|X|"+ pt|X|P2XY + p(p — 1)/ (t —$)Y2|X 4 sY|P~2ds.
0

Since E(Y | X) =0, we infer that

t
o) =1+pp— 1)/ (t — )E(Y?|X +sY|P2)ds.
0

Now, by the Holder inequality,

_ -2
E(Y2 X +sY[P7) < X +sY 5|73,

whence
t
o) <1+ p(p— 1)||Y||f,/0 (1 —5)(g(s))' /P ds. 2.1)

Let v be defined on [0, oo[ by
t
0 =14 p(p=DIYE [« =)' ras
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Then ¥ is a positive, convex and increasing function with

t
v (@)= p(p=DIYI /0 (p(s)'™Pds and Y1) = p(p—DIY 15 (0(1)' =7,

Now, by (2.1),
Y1) < pp = DIY IS a)' /7.
Multiplying this inequality by the positive function ', we obtain
20/ (Y (1) <2p(p— DIY 59 (W @) /7.

Since v'(0) = 0, integrating this inequality between 0 and x and taking the square

root, we get that
¥ () < plIYllpy ( (x))2=2/P — 1. 2.2)

In order to get a tractable differential inequality, we will need the elementary lemma
below.

Lemma 2.1 Let p > 2. Then /y2=2/P — 1 < y'=2/7/(p — 1)(y2/P — 1) for any
y>1

Proof of Lemma 2.1 We may assume y > 1. Let « =2/p. Lemma 2.1 holds true if
Y-l (p = DYTHEON - D),

which is equivalent to 1 — y~ 2= < (p — 1)(1 — y~*). Now, from the convexity of
themapa — 1 — y~“ for y > 1 and the fact that 2 — « > «,

1=y ¥ <a'@-a)1 -y,
which completes the proof of Lemma 2.1, since 2 —a)/a =p — 1. U

From (2.2) and Lemma 2.1 applied to y = v (x),
v =pV(p =Dy TPy — L

Hence, setting z = 1/>/7, we get the differential inequality

=D <2/ (p=DIY|p. (23)

Integrating this differential inequality between 0 and ¢ and taking the squares, we get
the upper bound z(¥) — 1 < (p — 1)||Y||§,t2, whence

2
po = (1+ @ =Dy Ee)”

Proposition 2.1 follows then from (2.1), which tells that ¢ (x) < ¥ (x). Il
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From Proposition 2.1, we get immediately the Marcinkiewicz-Zygmund type in-
equality below by induction on n.

Theorem 2.1 Let p > 2 and (S,)n>0 be a sequence of random variables in ILP. Set
Xx = Sk — Sk—1. Assume that E(Xy | Sxk—1) = 0 a.s. for any positive k. Then

1Su 115 < 15015 + (p = D(IX1 15 + 1 X205 + -+ + 1 Xall3).

Remark 2.2 In the independent case, Whittle [17] obtained inequality (1.2) with
cp= 8n’1/p(F(pT+l))2/p. Whittle’s constant is equivalent to 4p/e as p tends to co.
Nagaev [10] obtains (1.2) with ¢, = p(p — 1)/2, which improves on Whittle’s con-
stant for small values of p. Rio [15] obtained (1.2) in the stationary case with 2p
instead of p — 1. In the non stationary case, Ren and Liang [14] obtained the constant
18p in a slightly different form of inequality (1.1). Note that Theorem 2.1 may be
used to improve the numerical constants in the inequalities of [13].

We now give an application of Theorem 2.1 to exponential inequalities. We em-
phasize that, for dependent sequences, the classical Hoeffding inequality may fail to
hold for sums of random variables with subgaussian tails. We refer to [9] for more
about lower bounds in the exponential inequalities for stationary sequences of mar-
tingale differences.

Corollary 2.2 Let (S,),>0 be a sequence of random variables with Sy = 0, adapted
to some nondecreasing filtration (Fy)n>0. Set Xy = Sk — Sk—1. Assume that E(X |
Fi—1) =0and ]E(exp(X,%)) < 1+ ¢ for any positive k, for some positive ¢ . Let S =
max(|Si], 1821, ..., |Su]). Then, for any positive x,

P(S} > (ne/2)'?x) < £ (2e)™"?(cosh(x) — 1)~

Proof Let f(t) = E(cosh(rn~1/2S,)) — 1. By Theorem 2.1, for any positive inte-
ger p,

nPE(S,") < 2p = DPnT Y E(X).

i=1

It follows that

p! 1 o
EX;").

fO<n7Y N (1 -1/2p)P2p)” Zol ol

i=1 p=I

Now, recall that the sequence (n=12(e/n)" exp(—1/(12n))n!), is nondecreasing.
Consequently

|
(2”—]9'), <27 2exp(1/(24p))(p/e)’ 2p/e) 2.
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Hence

fiy<—— f 33 exp(plog(2p — 1)/2p) + 1/(241,))LE( ).

i=1 p=1

Now plog(2p —1)/2p) < —(1/2) — 1/(8p), whence

oo 2
1 )P
Xp(‘—> R
1 12p ) 2Pp!

Selw(")) s

From (2.4) and the assumption that E(exp(X 12) — 1) <¢, we get that

£ < —
n

I A

f(2/e)Y? <c@e)~ 12 2.5)

Corollary 2.2 follows then from both (2.5) and Doob’s maximal inequality applied to
the nonnegative submartingale (cosh((2/ en)'/28,) — 1),. O

3 Rosenthal Type Inequalities under Projective Conditions

In this section, we will restrict our attention to upper bounds on ||.S, |, for p in ]2, 3]
and stationary sequences. The main result is Theorem 3.1 below.

Theorem 3.1 Let p be any real in 12, 3] and (X;);cz be a stationary sequence of
real-valued random variables in 1.”. Then, for any positive integer N and any n in
[2N , 2N+l [

E(IS41”) <k max(apn??af +2nE(|Xo|”), n(cp AN)P'?, n(d, Dy)P),

where k = (1—=2"YP)"P forn £2N k=1 ifn=2N,ap =2(p—1D,cp=pp—1)
and d, =2p.

Proof The main step is to bound up || S, ||, forn = 2N This will be done by induction
on N. Set Sop = 0. Clearly

1SvlP =Y (USul? = 185117 3.1)

nell,2V]

‘We now introduce further notation and definitions.

Notation 3.1 Let i be defined by ¥ (x) = |x|”. Let S denote the sign function, which
is defined by S(x) =1 forx > 0, S(0) =0and S(x) = —
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With these notations, ¥/ (x) = p|x|P~'S(x) and ¥"(x) = p(p — 1)|x|?~2. By the
Taylor integral formula at order two,

1
Y(x+h) —Yx) =y ()h+ Ew”mhz
1
+ p(p — Dh? f (1= )(Jx +th|P72 — |x|P"%)dt.  (3.2)
0

Now, from the subadditivity of u — uP=2 on [0, oo[ for p in ]2, 3], we get that
x + th|P™2 — |x|P72 < (Ix| + [th])P 72 — |x|P7% < |th|P 72,
whence
1 1
p(p— 1)h2/ (1= 0)(lx +1[P7% = [x|??)dt < |h|”/ (P2 — 1Pyt
0 0
It follows that
1
V(x+h) —yx) <y’ (x)h+ 51//”()6)/12 +|h|". (3.3)

Starting from (3.1), applying (3.3) and taking the expectation, we get that

E(|S,n7) < 2VE(1Xo|P) + A1 + (A2/2) (3.4)
where
2N N
A=) EW/'(Sa-DXn). and Ay=3) E(Y"(Su-DX;).
n=1 n=1

In order to continue the decomposition , we will introduce a dyadic decomposition.
Here we need further notation.

Notation 3.2 We set ngp =n — 1 and we write ng in basis 2:
no=>bn2N +by_12V T+ 4+ bp2°  with b; € {0, 1}
(note that by = 0). Set np, =by2N + by_12¥" 1+ ... 4 ;2L sothatny = 0. Let

Ie=tk2t (k+ 021, U =3 x, wP =3 x? and

i€l k ielp k

k k
VO = B ),

where E;(Z) =E(Z | F;). For sake of brevity write Uéo) = UL (thus S,y = Uy),
vV = v and M, = E(1Xo|?).
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From the elementary identity

N
f(Sn-)=f0)+ Z(f(SnL_l) = f(Sn)) (3.5

L=1
applied to f =/, we have

2NN

A=Y B Sapy) = ¥ (Su ) Xa).

n=1L=1

For k in Iy_y 0, we now sum on the integers n such that n; = (k — 1)2L. Note that
np—1 # np only if by_1 = 1, which means that n belongs to ](2k — 1)2L_1, k2L7.
Hence, interchanging the sum on n and the sums on k, we get that

2N—L

N
Al = Z Z <w (S(Zk 1)2L l) - w (S(k 1)2L)E(2k 1)2L I(U _1))>. (36)
L=1 k=1

Next, from the elementary inequality

[/ (x + 1) — ¢ (x) — hyy" (x)] < plh|P™! (3.7)

apphed tox = S(k 1)2L and h = S(Zk 1)2L 1 — S(k 1)2L — U£2k1 2)

, we infer that
k—2 2k—2
@ Srnor-1) = ¥ Sgor) =¥ Saeno) UL < plu T2,

Multiplying the above inequality by |VL(2_kl_ b |, we obtain

N 2N—L
Ap < A} +pZ Z E(| U@k 2)|p 1|V(2k 1>|)
L=1 k=1
where
N 2N-L
2%—2) y,(2k—1
=> > E<W(S<k—1>2L)U2_1 v ))- (3.8)
L=1 k=1

From the stationarity of the sequence (X;);ez,

N-1
IE( Z Z |U(2k 2)|p 1|V(k) )ZZZN—L—IE(|UL|p—l|VL|)_

Le[1,N]keln_p 0 L=0

Together with the Holder inequality
_ —1
EQULIPMVL) < 101 1VL
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it ensures that
N-—1
_ _ —1
A< AL+ p2Y Y 2T oIS T VL. (3.9)
L=0

From (3.4) and (3.9), we now have to bound up 2A’1 + Aj. Let

N 2N-L
2k—2 2k—1
Ay=23" 3" Cov(¥ Sy, UL VD)
L=1 k=1

and A} = A| — A3. We start by noting that

N
2k—2 2k—1
Ay=Y" 3 Cov(W S, U PURY).

Next, writing ko = k — 1 in basis 2 and using the same notations as for np =n — 1
(refer to Notation 3.2),

N-L

W Sura) = D @ Sy i2t) = ¥ (Spya)-

M=1

Setting K = L + M and changing the order of summation, we then get

N 2N7K
202 2[—1
Az=>" 3 Cov(W(S(zk_mm) — " Sg_nar). P USTPUR ’>,
K=2 k=1

(LD
(3.10)
where the sum on (L, /) ranges over all indices (L, /) such that I, ;_11/x_1 2¢. Now

(2k—1) (21-2) ;,(21—1) (k—1)\2
[ +2ZUL—1 U—y =W
(L,D)

which ensures that

N 2N-K
24— 2%—1
23=) )" COV(W”(S(zk—mel) — ¥ (Sgnox), U = Wi )>-
K=1 k=1

We now decompose Aj in the same way: Ay = A4 + A}, with

2N
As=)  Cov(y" (Sum1). Xp).

n=1

Proceeding exactly as in the proof of (3.6), we get that

N
A4=Z

K=1 k=

oN-K

COV(I/fN(S(zk_l)zK—I) - w//(s(k—l)ZK)’ W[gfIl))
1
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Hence
N 2N-K
2A3+ Ay = Z Z COV(@ﬁ//(S(Zkfl)ZK—l)_w (Sk—1)2%), (U(Zk D)2 )
K=1 k=1
N 2N-K
(k—
= Z Z ((W (Sk—1y2k-1) = ¥" (Sgi— 1)2K))Z 1)), (3.11)
K=1 k=1
where
Z0 = Epxa (UL )P —EUP ). (3.12)

Next, using the subadditivity of ¥” and applying the Holder inequality,

oN-K

N
2434+ A4 < Z Z (Il//”(U(Zk 2))Z(2k 1)|)
K=1

N2NK

<pp-DY S WPz e 313)

K=1 k=1
Setting L = K — 1, from the stationarity of (X;);cz it follows that

N—-1
—L— -2
245+ As < p(p— 1) Y 2V ETNULIS N ZLN o, where Zp = 217, (3.14)
L=0

It remains to bound up 2A’3 + AJ,. From the stationarity of (X;);ez,

2N N 2N-L
245+ Ay =Y EW Si-D)EXD +2D > B (Sp1y2))EWUL-1 VL)
n=1 L=1 k=1

Next, by the Cauchy-Schwarz inequality, E(Uyp—1 Vi —1) < [|[Ur-1l|2I|VL-1ll2- Hence,
by (1.3),

E(Up_1Vi—1) <25 D261 4|1Vl
with the convention that oy = || Xp||2. Since " is nonnegative, it follows that

oN

245+ Ay <Y E(Y(Su-1)og

n=1

N 2N-L
+2Z Z E(w”(s(k—l)ﬂ))Z(L_l)/ZULfl||VL71||2. (3.15)
L=1 k=1
Now, for any m < 2V,
E(y"(Sm) < p(p = DISHIY ™" < p(p — Dol >m =272,
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Hence

N

2N 5
Y E(W"(Si—1) < p(p — Dol / xP=DRax <2(p — 1)af 22NP?
0

n=1
and, in the same way,

2N7L N

2
> B Sy i) = plp = D2 [ 50D
k=1

<2(p— Dol 22 LHNP2,

Setting K = L — 1, we then infer from the above inequalities that

N-—1
244 + Ay <2(p — 1ol 22Ne/2 (ag + > o2 K2 vk ||2>. (3.16)
K=0

Now
ok 27X 2|V ll2 = 20k (0k +1 — 0k) S 0% — Ok -
Hence, from (3.16),
244+ A <2(p — Do f2VP/2, (3.17)
Both (3.4), (3.9), (3.14) and (3.17) then yield the induction inequality below:

2NMUNIL < (p— D2V P22 4y,

N—-1

- -1 (p—1 )
+py 27! L(||UL||§ IVLllp+ =——ULl; ||ZL||p/z),
L=0

(3.18)

where the random variables Z; are defined in (3.12) and (3.14).

Starting from (3.18), we now prove Theorem 3.1. Let ¢y =2~ N/P| Uy ll,. Since
27HPVllp = Dyt — Dr and 272HP|| Z |l o = Apy1 — Ar (here Do = Ag =0),
(3.18) is equivalent to

oy < (p— o2V 4y,

(p—1
2

N—1
+ g I;)(Cf_l(DLH —-Dp)+ 45_2(AL+1 — AL)>. (3.19)

From (3.19), we get immediately, by induction on N, that { < xu for any natural N,
where (xn)n is the sequence of positive reals defined by yo = ¢o and
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xh=(p—Dol2Nr=212 4y,

N—-1
p -1 -0 ,.0
T3 LX%(Xf (Dry1= D)+ — X, (Apyr— Am). (3.20)

It follows from (3.20) that, for any natural integer, x ]{j =X 1’\} Hence the sequence
(x1) is nondecreasing. Thus we have y; < xy for any L in [0, N — 1]. Since the
reals Dy 41 — D and Ap 41 — A are nonnegative, it implies that

N-1 N—-1
-1 -1 -2 -2

E x{ (Dpy1—Dr)<xy Dy and E xp (Apy1—AL) < xy A

L=0 L=0

(3.21)
Hence

(17_1) p
2

Xn < (p=Dog2N0P2 L m, g(x};IDN + xNzAN) (3.22)

Now, if Dy < xn/(2p) and Ay < x3/(p* — p), then, by (3.22),
xb <2(p — Dof2NP=22 Loy,
Hence
XN <max2(p — Doy2V P2 1 oM, 2pDN)P. (p(p — AN/,

which implies Theorem 3.1 in the case n = 2% .
If n > 2V, then n = Zf:o by 2L with by =0 or by =1, and by = 1. Then, by
stationarity of (X;);ez,

N
120, < 3 brliULl
L=0

N
<Y br2"P max(apo 2N PP £ 2M,, (cp An)P/?, (dpDy)P)
L=0

using Theorem 3.1 in the case n = 2 and the monotonicity of the above sequences.
Theorem 3.1 follows then from the fact that

N
D bp2tr <Ny —27lpy, 0
L=0

4 Application to an Example of Irreducible Markov Chain

In this section we apply the results of Sect. 3 to a Markov chain which is a sym-
metrized version of the Harris recurrent Markov chain defined in [7]. Let E =[—1, 1]
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and v be a symmetric atomless law on E. The Markov kernel K is defined by
K(x,.) = —Ixdx + |x|v,

where &, denotes the Dirac measure at point x. If

/ Ix| " 'dv(x) < oo, @.1)
E

then there exists an unique invariant probability measure 7 and

-1
T = </ |x|1dv(x)> |x|71v.
E

Then the stationary chain (&;);cz with kernel K is positively recurrent. We refer to
Lemma 2, in [7, p. 75] or to [1] for estimates of the absolute regularity coefficients
of the stationary chain with kernel K (see also [11] for more about the connections
between regularity and ergodicity).

Let f be a measurable function on E and X; = f(§;). We denote by S, (f) the
partial sum S, attached to the r.v.’s X;. Our aim is to apply the moment inequalities of
Sect. 3 to S, (f). In order to get more tractable estimates, we will assume throughout
Sect. 4 that the function f is odd.

Proposition 4.1 Let f be a function satisfying f(—x) = —f(x) for any x in E.

(a) Let & be some real in 10, 1] and p be any real in [1, 0o]. Assume that, for some
positive t, | f| < g on [—t, t] for some even function g on E such that g is non-
decreasing on [0, 1] and x_lg is nonincreasing on [0, 1] and

1
/ x_2+8g(x)dx < 00. “4.2)
0

If f belongs to LP (1), then' " y- o2 V| Eo (S, (f))l p < 00.

(b) Let p be any real in 12,3]. Assume that | f(x)| < Cx'/? for any x in E and
that the measure v satisfies v([0, 1]) < ct®*! for some a > (p — 2)/2 and some
positive constant c. Then

S 2 NP Eg(Su(f )l <00 and
N>0

32 NP Eg(S2(£)) — B2/l ps2 < 0o

N>0

Remark 4.1 Applying (a) with 6 = 1/2 and p > 2 we get that S,(f) satisfies the
Marcinkiewicz-Zygmund inequality of [12] for any f in L?(x) verifying (4.2)
and the above local monotonicity conditions Furthermore, for bounded functions
f satisfying these monotonicity conditions, the Hoeffding inequality in [12] holds
true under (4.2) with § = 1/2. In particular if f is bounded and satisfies f(x) =
O (x'/*(log(e/x))~'7%) as x tends to 0, then the Hoeffding inequality holds. By con-
trast the charge condition in [5] needs the too restrictive condition f(x) = O (x).
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For p in ]2, 3], Theorem 3.1 applies under the conditions of Proposition 4.1(b).
if v has the density (a + 1)|x|%/2 with respect to the Lebesgue measure, then the
absolute regularity coefficients 8, (they are defined in (4.8) below) of the chain (&;);
are exactly of the order of n™¢, as shown by Lemma 2, in [7, p. 75]. Consequently
the Rosenthal inequality holds for functions f satisfying the condition of Proposition
4.1(b), even if the Markov chain does not satisfy the condition Zn Bn < 0o, which
corresponds to the ergodicity of degree two, as described in [11].

Proof of Proposition 4.1 Throughout the proof, E, denotes the probability of the
chain with kernel K starting from &) = x. Let T = inf{k > 0: & # &p}. Now

Ex(Sn(f)) =Ex (nf(x)]]-r>n + D (Bu(fG0) + Suk () + (k — l)f(x))]lr:k>-
k=1

From the definition of K and the symmetry of v we easily get that vK' is a sym-
metric law for any positive integer /, whence E, ( f (&9) + S,—x(f)) = 0 for any odd
function f. Now E,(g(&,)) = (1 — |x|)"g(x) for any odd function g, which implies
that

Ex(Sa(f)) =By (min(z — 1,n)) f(x) = (1 = [x[)(1 — (1 = [x)")|x| 7' f(x). (4.3)
Since 1 — (1 — |x|)" < min(n|x|, 1), it follows that
n~ B (Sp(f))| < (max(n|x|, 1))""| f(x)| foranyx € E. 4.4)
Hence, for any n > 1/1,
(max(n|x|, )" f(x)| <g(1/n) forany x € [—t,1]. (4.5)
From (4.4) and (4.5) we get that, for n > 1/1,
B (Sa(f)] <ng(1/m)+17"|f(x)] foranyx € [—1,1]. (4.6)

Hence, for any 8 in ]0, 1[ and any p in [0, oo], the series ) _ 2’N8||E0(SZN)||,, is
convergent if f belongs to L (7) and
Z NU=9 27Ny < 0, 4.7
N>0
(here log, denotes the logarithm in basis 2), which is equivalent to (4.2).
We now prove Proposition 4.1(b). Since (p —2)/2 < 1/2 we may assume a < 1.
By Lemma 2, in [7, p. 75],
By = / 16, K" —m||dr(x)=0(®n™%) asn— oo, 4.8)
E

where | || denotes the total variation of the signed measure 1. We now give estimates
of the LP/2-norm of the random variables EO(S,%) — E(S,%). Writing

Sa(f) = Zf(s»(f@n +2 ) f(Em)), 4.9)
=1

m=Il+1
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we get that
E.(S;(f)) = iaxK’ <f2 +2f i K’"f>. (4.10)
Hence . "
253 = [ Ed(sinco) = S x (f2 s K""f), @11
= =

using the fact that 7 K/ = 7. From the above equalities, we infer that

1Eo(S3) — ESD /2 < Z( /
=1

Now, by (4.3),

p/2 2/p
dn(x)) .

(4.12)

n—I
6K — 1) (f2 +21 ) K’"f)

m=1

n—l
<f2 +21 ) K’"f) @) =201 +200 = A =[x H(x|7 = D),  (4.13)

m=1

which ensures that

n—I
sup| f2(x) +2£(x) Y K™ f(x)| <2suplx|~! f2(x) <2C?
xeE m=1 xeE

under the assumptions of Proposition 4.1(b). Hence

r/2

n—I
(G K' — n)(f2 +2r > K’”f)

m=1

n—I
<(20)"?|(8: K" - n)(ﬂ +21 > K’”f) ‘
m=1
<2r-lers K — . (4.14)

Both (4.12) and (4.14) imply that

n 2/p
1E0(S2) — E(SD)l /2 < 4C? Z( /E 18K =7 ||dn(x))
=1

n
<C'y e (4.15)
=1

by (4.8). Since 2a/p < 1, (4.15) entails that

272N Eo(S3y) — E(S30)llpja = 0@V 72NN as N — oo,
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Therefrom A y converges to some finite A as N tends to oo as soonasa > (p —2)/2.
It remains to prove that Dy converges to some finite real as soonasa > (p —2)/2.
By (4.3)

1/n 1
I Eo(Sn)Ilh < 2CP (/ nPxP2dm (x) +/ x_”/zdrr(x)>.
0 1/n
Recall that 7 = ¢/x~!'v for some positive constant ¢’. Hence

1/n 1/n
/ nPxPdm(x) = c’/ nPx P22 g (x)
0 0

< n'tP2y([0, 1/n]) < en~4tP2,

In the same way, integrating by parts, we get that

1 1
/ xPPdn(x) = c’/ x PPy (x) < C'n /2
1/n 1/n

for some positive constant C’. Hence
2 NP Eg(Syn) |l = 0Q@NPT220/20) - a3 N — oo,
which implies the convergence of Dy as soonas a > (p —2)/2. g
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