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Artificial neural networks (ANNs) have become a very powerful
tool in the approximation of high-dimensional functions. Especially,
deep ANNSs, consisting of a large number of hidden layers, have
been very successfully used in a series of practical relevant
computational problems involving high-dimensional input data
ranging from classification tasks in supervised learning to optimal
decision problems in reinforcement learning. There are also a
number of mathematical results in the scientific literature which
study the approximation capacities of ANNs in the context of
high-dimensional target functions. In particular, there are a series
of mathematical results in the scientific literature which show
that sufficiently deep ANNs have the capacity to overcome the
curse of dimensionality in the approximation of certain target
function classes in the sense that the number of parameters of the
approximating ANNs grows at most polynomially in the dimension
d € N of the target functions under considerations. In the proofs
of several of such high-dimensional approximation results it is
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crucial that the involved ANNs are sufficiently deep and consist
a sufficiently large number of hidden layers which grows in the
dimension of the considered target functions. It is the topic of this
work to look a bit more detailed to the deepness of the involved
ANNs in the approximation of high-dimensional target functions.
In particular, the main result of this work proves that there
exists a concretely specified sequence of functions which can be
approximated without the curse of dimensionality by sufficiently
deep ANNs but which cannot be approximated without the curse
of dimensionality if the involved ANNs are shallow or not deep

enough.
© 2023 Elsevier Inc. All rights reserved.
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1. Introduction

Artificial neural networks (ANNs) have become a very powerful tool in the approximation of high-
dimensional functions. Especially, deep ANNs, consisting of a large number of hidden layers, have
been very successfully used in a series of practical relevant computational problems involving high-
dimensional input data ranging from classification tasks in supervised learning to optimal decision
problems in reinforcement learning.

There are also a large number of mathematical results in the scientific literature which study
the approximation capacities of ANNs; see, e.g., Cybenko [13], Funahashi [20], Hornik et al. [31,32],
Leshno et al. [46], Bianchini & Scarselli [10], Mhaskar et al. [49,50], Guliyev & Ismailov [29], El-
brachter et al. [18], and the references mentioned therein. Moreover, in the recent years a series
of articles have appeared in the scientific literature which study the approximation capacities of
ANNs in the context of high-dimensional target functions. In particular, the results in such articles
show that deep ANNs have the capacity to overcome the curse of dimensionality' (cf., e.g., Bellman [7]
and Novak & Wozniakowski [51, Chapter 1]) in the approximation of certain target function classes
in the sense that the number of parameters of the approximating ANNs grows at most polynomi-
ally in the dimension d € N of the target functions under considerations. For example, we refer to
Elbrachter et al. [17], Jentzen et al. [35], Gonon et al. [22,23], Grohs et al. [24,25,27], Kutyniok et
al. [45], Reisinger & Zhang [55], Beneventano et al. [8], Berner et al. [9], Hornung et al. [33], Hutzen-
thaler et al. [34], and the overview articles Beck et al. [5] and E et al. [16] for such high-dimensional
ANN approximation results in the numerical approximation of solutions of PDEs and we refer to Bar-
ron [2-4], Jones [36], Girosi & Anzellotti [21], Donahue et al. [15], Gurvits & Koiran [30], Karkova
et al. [41-44], Kainen et al. [37,38], Klusowski & Barron [40], Li et al. [47], and Cheridito et al. [12]
for such high-dimensional ANN approximation results in the numerical approximation of certain spe-
cific target function classes independent of solutions of PDEs (cf, e.g., also Maiorov & Pinkus [48],
Pinkus [54], Guliyev & Ismailov [28], Petersen & Voigtlaender [53], and Bolcskei et al. [11] for related
results). In the proofs of several of the above named high-dimensional approximation results it is
crucial that the involved ANNs are sufficiently deep and consist a sufficiently large number of hidden
layers which grows in the dimension of the considered target functions.

It is the key topic of this work to look a bit more detailed to the deepness of the involved ANNs
in the approximation of high-dimensional target functions. More specifically, Theorem 6.1 in Section 6
below, which is the main result of this work, proves that there exists a concretely specified sequence
of high-dimensional functions which can be approximated without the curse of dimensionality by
sufficiently deep ANNs but which cannot be approximated without the curse of dimensionality if the
involved ANNs are shallow or not deep enough. In the scientific literature related ANN approximation
results can also be found in Daniely [14], Eldan & Shamir [19], and Safran & Shamir [57]. One of the
differences between the results in the above named references and the results in this work is, roughly
speaking, that the considered target functions in the above named references can be approximated
by ANNs with two hidden layers without the curse of dimensionality but not with ANNs with one
hidden layer while in this work the considered target functions can only be approximated without
the curse of dimensionality if the number of the hidden layers of the approximating ANN grows like
the dimensions of the target functions.

To illustrate the findings of this work in more detail, we now present in the following result,
Theorem 1.1 below, a special case of Theorem 6.1. Below Theorem 1.1 we also add some explanatory
comments regarding the mathematical objects appearing in Theorem 1.1 and regarding the statement
of Theorem 1.1.

1 In the literature one usually says that ANN approximations suffer under the curse of dimensionality if the number of
parameters of the approximating ANN grows at least exponentially in the dimension of the target functions under considerations
(cf., e.g., Bellman [7] and Novak & WoZniakowski [51, Chapter 1]) and one usually speaks of polynomial tractability if the
number of ANN parameters grows at most polynomially in the dimension of the target functions under considerations and the
inverse of the prescribed approximation accuracy (cf., e.g., Novak & Wozniakowski [51, Chapter 1] and Novak & WoZniakowski
[52, Section 9.1]).
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Theorem 1.1.Let ¢: (UsenRY) — R and R: (UgenRY) — (UgenRY) satisfy for all d € N,
x=(x1,...,xg) € R that p(x) = 27) > exp(—%(zj?:1 x12)) and R(x) = (max{x1, 0}, ..., max{xg, 0}),
let N=ULen Upg ity eN (xE_ (RI*Ie1 5 Rl and let R: N — (Uy ey C(R¥,RY), H: N — N,
P:N—> N, and ||: N > R satisfy for all L € N, Ip,l1,...,I; € N, vg € Rlo,y; e R, ...,
vi € Rty @ = (W1, B1),..., (WL BL) = (Wi )i jyeltonti)x(odo)s (BLOie{1dy))s -+ s
(WLi djyetdix (i) BLidien..)) € (xp_y (RE=1 x Rlkyy with Vi € {1,2,...,L}: v =
R(Wivi—1 + By) that R(®) € C(RP, RM), (R(®)(vo) = Wivi1 + B, H(®) =L — 1, P(P) =
Z,L] lg(Ig—1 + 1), and || P || = max|<p<; Maxq<j<j, MaXi<j<|,_, Max{|Wy; jl, |Bn,il}. Then there exist con-
tinuously differentiable f4: R? — R, d € N, such that for all § € (0, 1], & € (0, 1/2] there exists € € (0, o)
such that

(i) it holds for all ¢ € [€, 00), d € N that
3P eN: p=P(®), ||l < cdf,
mind pe N: d < H(®) <cd, R(P) € C(RY, R), <cd? (11)
/Rl (R(P) ) — fa®) () dx]"* < ¢

and
(ii) it holds for all ¢ € [€, 00), d € N that

3P eN: p="P(®), [Pl < cdf,
min{ p e N: H(D) < ed'?, R(d) € C(RY, R), > (14 H@, (12)
Rl (R(®) (%) — fa)P@(x)dx]"* < &

Theorem 1.1 is an immediate consequence of Theorem 6.1, respectively Corollary 6.2, the main
results of this paper. They combine the results of Corollary 5.12 and Corollary 4.9, which establish
items (i) and (ii), respectively.

In the following we provide some explanatory comments regarding the statement of and math-
ematical objects appearing in Theorem 1.1. In Theorem 1.1 we measure the error between the
target function and the realization of the approximating ANN in the L?-sense on the whole RY,
d € N, with respect to standard normal distribution. In particular, we observe that the function
@: (UgenyRY) — R in Theorem 1.1 appears in the L2-errors in items (i) and (ii) in Theorem 1.1 and
describes the densities of the standard normal distribution. More formally, note that for all d € N
it holds that the function RY 5 x > X)) = m)™ %2 exp(—%(Z‘;:] |xj|2)) € R is nothing else but the
density of the d-dimensional standard normal distribution.

Theorem 1.1 is an approximation result for ANNs with the rectifier function as the activation
function and the function :R: (UgenyRY) — (UgenyRY) in Theorem 1.1 describes multidimensional
versions of the rectifier function. More specifically, observe that for all d € N it holds that the func-
tion RY 5 x > R(x) = (max{x1, O}, ..., max{x4, 0}) € R is the d-dimensional version of the rectifier
activation function R > x > max{x, 0} € R.

The set N=UjeN Uiy, eN (><,€:1 (Ri*k-1 % RHk)) in Theorem 1.1 represents the set of all
ANNs and the function R: N — (Uk’,ENC(R",RI)) in Theorem 1.1 assigns to each ANN in N its
realization function. More formally, note that for every ANN & € N it holds that the function
R(®) € (UkjeN C(R¥,RY) is the realization function associated to the ANN ®.

The function H: N — Np in Theorem 1.1 describes the number of hidden layers of the consid-
ered ANN, the function P: N — N in Theorem 1.1 counts the number of parameters (the number
of weights and biases) used to describe the considered ANN, and the function |||-||: N— R in The-
orem 1.1 specifies the size of the absolute values of the parameters of the considered ANN. More
specificially, observe that for every ANN & € N it holds that 7 (®) is the number of hidden layers of
the ANN @, that P(®) is the number of real parameters used to describe the ANN ®, and that ||®|||
is the maximum of the absolute values of the real parameters used to describe the ANN &.

4
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It is well-known that shallow ANNs with the rectifier function as activation function can approx-
imate any continuous function uniformly on compacta, see, e.g., Pinkus [54]. But this is a qualitative
result and gives no information on the required number of ANN parameters for a given approximation
error. Roughly speaking, Theorem 1.1 asserts that there exists a sequence of continuously differentiable
target functions f;: R? — R, d € N, such that for every arbitrarily small prescribed approximation
accuracy ¢ € (0, 1/2] it holds that the class of all sufficiently deep ANNs can approximate the target
functions f;: R? — R, d € N, without the curse of dimensionality (with the number of ANN param-
eters growing at most cubically in the dimension d € N; see (1.1) in item (i) in Theorem 1.1) and
that the class of all shallow ANNs (with the absolute values of the parameters of the considered ANN
growing at most polynomially in the dimension d € N) can only approximate the target functions
fg: R - R, d € N, with the curse of dimensionality (with the number of ANN parameters growing
at least exponentially in the dimension d € N; see (1.2) in item (ii) in Theorem 1.1). In that sense
Theorem 1.1 shows for a specific class of target functions that sufficiently deep ANNs can overcome
the curse of dimensionality but shallow ANNs fail to do so. Let us also point out that for this specific
class of target functions Theorem 1.1 does not only show that shallow ANNs fail to overcome the
curse of dimensionality in the sense of (1.2) but also that all deep ANNs with the number of hidden
layers growing less or equal than ¢d'~%, with an arbitrarily small § € (0,1) and a sufficiently large
¢ € (0, 00), fail to overcome the curse of dimensionality; see item (ii) in Theorem 1.1 for details.

The target functions fq: R? — R, d € N, mentioned in Theorem 1.1 will be constructed explic-
itly in Corollary 6.2 and can be chosen as fq(x) = fa(X)[[ralfa(¥)1*@a(y)dyl "2, where fy(x) =

Z?:] [max{|x;| — V/2d, 0}12. The proof of Theorem 1.1 exploits the fact that the values of the func-
tions f4 grow at least exponentially in d € N (cf. Lemma 5.9 below for details) as well as the fact that
the efficient and accurate approximation of such functions by non-sufficiently deep ANNs requires
the weights of the approximating ANNs to grow at least exponentially in d € N. A weakness of the
statement of Theorem 1.1 is that there is no growth restriction on the values of the target functions
fa: R? > R, d € N, appearing in Theorem 1.1. In particular, beyond Theorem 1.1, an interesting topic
of future research is to prove or disprove a statement of the type of Theorem 1.1 but for target func-
tions which do not grow at least exponentially but which may only grow at most polynomially in the
dimension d € N instead.

Let us give some intuition why ANNs with the number of hidden layers growing at most like d'~¢,
with an arbitrarily small § € (0, 1), can not approximate the target functions fs: R? - R, d € N,
without the curse of dimensionality but ANNs with the number of hidden layers growing at least like
d can approximate the target functions fg: R? - R, d € N, without the curse of dimensionality. Very
roughly speaking, only through the deepness of ANNs an exponential growth can be created. More
specifically, if the parameters of the ANNs are assumed to be at most polynomially growing as in
item (ii) (and item (i)) in Theorem 1.1, then an exponential growth in the approximating realization
functions of the ANNs can only be generated through multiple compositions coming from deep ANNs
(cf. Lemma 5.10). The absolute values of our target functions grow like e? (cf. Lemma 5.9) and, as a
consequence of this, only ANNs whose number of compositions (number of layers) growing of order
d can approximate functions growing like e? without the curse of dimensionality but those ANNs
having polynomially strictly less than d compositions can not approximate functions growing like e
without the curse of dimensionality.

The statement of Theorem 1.1 holds subject to the constraint that absolute values of the parameters
of the considered ANNs grow at most polynomially in the dimension d € N. The question whether
Theorem 1.1 still holds without this constraint is open and might require different tools than used in
the present paper.

The remainder of this article is organized as follows: In Section 2 we briefly recall a few gen-
eral concepts and results for ANNs. We proceed to collect some technical results on weighted and
unweighted Gaussian tails in Section 3. The main work for proving item (ii) of Theorem 1.1 is done
in Section 4 culminating in Corollary 4.9. Section 5 essentially establishes item (i) of Theorem 1.1
with Corollary 5.12. In Section 6 we combine those two results and obtain Theorem 6.1, respectively
Corollary 6.2, the main ANN approximation results of this work with Theorem 1.1 as an immediate
consequence.
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2. Basics on artificial neural networks (ANNs)

In this section we briefly recall a few general well-known concepts and well-known results for ar-
tificial neural networks (ANNs), which can mostly be found, e.g., in [26, Section 2] and [27, Section 3].
For the vectorized description of ANNs, i.e. Definition 2.22, we refer, e.g., to [6, Definition 2.11].

2.1. Structured description of ANNs

Definition 2.1. We denote by :%: (UjenyRY) — (UgenyRY) the function which satisfies for all d € N,
X=(X1,X2,...,X4) € RY that R(x) = (max{xq, 0}, max{xy, 0}, ..., max{xgq, 0}).

Definition 2.2. We denote by N the set given by

L
N=ULen Uipty...pen (Xiiog RE=1 x Rl)) (21)

and we denote by R: N — (Ugeny C(RK,RY), P: N> N, L:N—-> N, Z: N> N, O: N— N,
H:N— Ny, D: N— (UX,N), and D,: N — Ny, n € Ny, the functions which satisfy for all L €
N, lo.l1,....IL € N, ® = (W1, B1), (W2, Ba), ..., (W, By)) € (xf_,(RW¥h-1 x Rk)), vo e Rlo, vy €
RO, ...,vp e Rt ne Ng with Vk e {1,2,...,L}: vg = R(Wyve_q + By) that R(d) € C(RD, RL),
(R(®))(vo) = Wivi—1+Br, P(®) =Y lkllx—1+1), L(®) =L, T(®) =lo, O(®) =1, H(P) =L—1,
'D(@) = (10,11, e ,lL), and
I, :n<L
Dp(P) = {o ol (2.2)

(cf. Definition 2.1).

Definition 2.3 (Neural network). We say that @ is a neural network if and only if it holds that ® € N
(cf. Definition 2.2).

2.2. Compositions of ANNs

Definition 2.4 (Compositions of ANNs). We denote by (-) e (-): {(®1, ®2) e NxN: Z(P1) = O(P3)} - N
the function which satisfies for all L, £ e N, lo,l1,...,11, {0, l1,...,lg € N, ®1 = (W1, B1), (W3, By),
o (Wi, Bp) € (xb_ (RIh-1 xRi)), @y = (W1, B1), (W, Ba). ..., We, Be)) € (xj, RIxH-1 x
R%)) with lg = Z(®1) = O(d;) = [¢ that

CD]QCI)z:

(201, B1), (W2, B2), ..., We_1,Be_1), (W12¢, W1B¢ + By), Le1<g

(W2, By), (W3, B3), ..., (WL, Bp))
((W1201, W1B1 + B1), (W2, B2), (W3, B3), ..., (W, Br)) L>1=£ (23)
(W1, B1), (W2, Ba), ..., (We—1,Be1), Wi1We, W1Be +B1)) :L=1<2
(W1201, W1B1 + By)) L=1=£

(cf. Definition 2.2).
Proposition 2.5. Let ®1, &, € N satisfy Z(®1) = O(d,) (cf. Definition 2.2). Then
(i) it holds that

D(P1 0 P3) = (Do(P2), D1(P2), ..., Dy, (P2), D1(P1), D2(P1), ..., Deay) (P1)),
(2.4)
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(ii) it holds that H(®q e ®3) = H(P1) + H(D2),
(iii) it holds that R(®; e ®3) € C(RT(®2) RO®D) gnd
(iv) it holds that R(®1 e ®3) = [R(P1)] o [R(P2)]

(cf. Definition 2.4).
A proof of Proposition 2.5 can be found, e.g., in [26, Proposition 2.6].

Lemma 2.6. Let 1, &;, 3 € Nsatisfy Z(P1) = O(dy) and Z(Dy) = O(P3) (cf. Definition 2.2). Then (P o
D)) @ O3 = D1 o (P e O3) (cf. Definition 2.4).

A proof of Lemma 2.6 can be found, e.g., in [26, Lemma 2.8].

2.3. Powers of ANNs
Definition 2.7. Let n € N. Then we denote by I, € R™" the identity matrix in R™"*",

Definition 2.8. We denote by (-)*": {® € N: Z(®) = O(®)} — N, n € Ny, the functions which satisfy
for all n € Ng, ® € N with Z(®) = O(®) that

o — (Io(@). (0,0,...,0)) e RO@*O@ y RO® :p=0
| ©e (D) :neN

(cf. Definitions 2.2, 2.4, and 2.7).

Lemma 2.9. Let d,i € N, ¥ € N satisfy D(¥) = (d, i, d) (cf. Definition 2.2). Then it holds for all n € N that
H(¥*™) =n, D(¥*") e N2 and

oy | @) n=0
b )_{(d,i,i,...,i,d) ‘neN (26)

(cf. Definition 2.8).
A proof of Lemma 2.9 can be found, e.g., in [26, Lemma 2.13].

2.4. Parallelizations of ANNs
Definition 2.10 (Parallelization of ANNs with the same length). Let n € N. Then we denote by

Pp: (@1, @2,..., D) eN": L(P) =L(P2) =...=L(Pn)} > N (2.7)

the function which satisfies for all L e N, (l1,0,11,1,...,11,1), (2.0, 12,1, - 12,1), - oo s Um0y In1s - InL) €
NI @1 = (Wh,1, B11), (W12, B12). ..., (Wi, Brp)) € (xE_ (Rl x Ry, @y = (Wa,1,
B2.1). (W22, B22). ... (Wa 1, Bap)) € (xf_y R0 x RE2K)) . @ = (Wi,1, Bn1). (Wn 2, Br2),
coes (Wi, Brp)) € (xE_ (RInexti-1 x Rlnk)) that
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W1'] 0 0 0 31,]
0 W31 0 0 By
Pr(®1, @2, ..., Pp) = 0 0 Wsp - 0B ]
0 0 0 - Whn Bn.1
Wi 0 0 0 Bi2
0 Wy 0 0 By
0 0 Wi - 0 | fBs2f] (2.8)
0 0 0 Wh,2 Bn.2
Wit -0 Bi1.L
0 Wy 0 0 By
0 0 Wsp --- 0 B3|
0 0 0 Wn,L Bn,L
(cf. Definition 2.2).
Proposition 2.11. Letn € N, ® = (1, Py, ..., Py) € N satisfy L(D1) = L(Py) = ... = L(Py) (cf. Defini-

tion 2.2). Then

(i) it holds that R(Py(®)) € C(RIZ5=1 Z(®)) RIEj= O@ply gng
(ii) it holds for all x; € RT(®1) x, e RT(®2) x, e RZ(®n) that

(R(Pa(®))) (X1, X2, ..., Xn)

n _ (2.9)
= (R(®1)(x1), (R(D2))(X2), - .., (R(P)) (Xn)) € RIZj=1 Q@]
(cf. Definition 2.10).
A proof of Proposition 2.11 can be found, e.g., in [26, Proposition 2.19].
Proposition 212. Letn € N, &1, ®, ..., ®, € Nsatisfy L(P1) = L(D2) = ... = L(Py) (¢f. Definition 2.2).
Then
D(Pn(q)l , @2, ., CI),.,)) = (ZI]L] DO(CDJ‘)’ ZI}=1 D1 (cpj), cees 2?21 DL(q)j)) (2.10)
(cf. Definition 2.10).

A proof of Proposition 2.12 can be found, e.g., in [26, Proposition 2.20].
Definition 2.13. We denote by J = (J4)4ernv : N — N the function which satisfies for all d € N that
~ 1 0 2x1 2 1x2 1
3= (((_]),<0>>,((1 —1),0)) e (R xR?) x (R x R1)) (2.11)
and

Jg=Py(J1,71,....,T1) (212)
(cf. Definitions 2.2 and 2.10).



P. Grohs, S. Ibragimov, A. Jentzen et al. Journal of Complexity 77 (2023) 101746

Lemma 2.14. Let d € N. Then
(i) it holds that D(Jg) = (d, 2d, d) € N3,
(ii) it holds that R(J4) € C(RY, R?), and
(iii) it holds for all x € RY that (R(Jg))(x) = x
(cf. Definitions 2.2 and 2.13).
A proof of Lemma 2.14 can be found, e.g., in [27, Lemma 3.16].

2.5. Linear transformations as ANNs

Definition 2.15 (Affine linear transformation NN). Let m,n € N, W ¢ R™*" B € R™. Then we denote by
Aw.p € R™" x R™) C N the neural network given by Aw g = (W, B) (cf. Definitions 2.2 and 2.3).

Lemma 2.16.Let m,n e N, W ¢ R™" B ¢ R™ Then
(i) it holds that D(Aw ) = (n,m) € N2,
(ii) it holds that R(Aw g) € C(R",R™), and
(iii) it holds for all x € R" that (R(Aw p))(x) = Wx + B
(cf. Definitions 2.2 and 2.15).
The proof of Lemma 2.16 is clear and therefore is omitted.

2.6. Scalar multiplications of ANNs

Definition 2.17 (Scalar multiplications of ANNs). We denote by (-) ® (-): R x N— N the function which
satisfies for all L € R, ® eN that A ® ® =AM@(¢),0 o & (cf. Definitions 2.2, 2.4, 2.7, and 2.15).

Lemma 2.18. Let .. € R, ® € N (c¢f. Definition 2.2). Then
(i) it holds that D(x ® @) = D(D),
(ii) it holds that R(» ® ®) € C(RZ(® RO®) and
(iii) it holds for all x e RT(®) that (R(A ® ®))(x) = A((R(P))(x))
(cf. Definition 2.17).
A proof of Lemma 2.18 can be found, e.g., in [27, Lemma 3.14].

2.7. Sums of ANNs

Definition 2.19. Let m,n € N. Then we denote by &, € (R™< ™ » R™) the neural network given
by &Sm.n = Aq, I),0 (cf. Definitions 2.3, 2.7, and 2.15).

In ...
Lemma 2.20. Let m,n € N. Then
(i) it holds that D(&y, ) = (mn, m) € N2,
(ii) it holds that R(Gy n) € CAR™, R™), and
(iii) it holds for all X1, X2, . .., X, € R™ that (R(Gm,n)) (X1, X2, ..., Xp) = Z;}:] Xk
(cf. Definitions 2.2 and 2.19).
A proof of Lemma 2.20 can be found, e.g., in [27, Lemma 3.18].

9
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2.8. On the connection to the vectorized description of ANNs

Definition 2.21 (p-norm). We denote by |-, (3= R?) — [0, 00), p € [1, cc], the functions which

satisfy for all p € [1,00), de N, 6 = (61,6,,....600) € RY that [|0]|, = ( ?:1|9i|p)1/P and [|0]00 =
MaXie(1,2,....d}10il-

Definition 2.22. We denote by 7: N — (Ugeny RY) the function which satisfies for all L,d € N,
lo.l1,....IL €N, ® = (W1, B1), (W2, B2)..... (Wi, BD)) € (xf_ RImIm1 x RIm)), 6 = (61,63,
6a) eRY, ke {1,2,...,L} with T(d) =6 that

O S oy 1)l 41
O ST 1)l +2
d=P(D), By = 9(21‘;} i+ D)+, +3 |, and

9(2?;3 Ll 1+ 1)+l 1+

Oy 141 Ot 142 O )

O ity 1)+ 41 Ot vtz O b )2,

Wi=| Oina+man i+ Otttz O a3

O )+ 11 O bt 2 Y b 1)t
(213)

(cf. Definition 2.2).

Lemma 2.23.let L, £ € N, lg,l1,...,11, 00, l1,...,lg € N, &1 = (W1, B1), (W2, B>), ..., (W, B)) €
(xp_y (REXl1  RE)), @y = (W1, B1), (W, Ba). ... We. Be)) € (xR x R%)). Then

[T(P1 @ P2)lloo < Max{||T(P1)lloos | T(P2) oo, 1T ((W12e, W1Be + B1))lloo} (2.14)
(cf. Definitions 2.4, 2.21, and 2.22).

Proof of Lemma 2.23. Observe that (2.3) and (2.13) establish (2.14). The proof of Lemma 2.23 is thus
complete. O

3. Upper bounds for weighted Gaussian tails

In this section we establish suitable upper bounds for certain weighted Gaussian tail integrals
in Lemma 3.9. Furthermore, we collect some upper and lower bounds for the Gamma function and
unweighted Gaussian tail estimates needed in the subsequent sections.

3.1. Lower and upper bounds for evaluations of the Gamma function
Lemma 3.1. Let I': (0, 00) — (0, 00) satisfy for all x € (0, 00) that I'(x) = [;° t*" e~ dt. Then

(i) it holds that T'(1) =1 and
(ii) it holds for alld € N that

p (¢-1) :4eN
F<5>: W-DVT L d g,

(d%])!zd—l 2

(3.1)

10



P. Grohs, S. Ibragimov, A. Jentzen et al. Journal of Complexity 77 (2023) 101746

Lemma 3.1 collects some basic well-known results of the Gamma function found, e.g., in Whittaker
& Watson [58, Chapter XII] or Andrews et al. [1, Chapter 1].

Lemma 3.2. Let n € N. Then

n n
Znn[g] e TR <n!<v2nn[g] e . (3.2)

The well-known Stirling inequalities of Lemma 3.2 are proved, e.g., in Robbins [56].

Corollary 3.3. Let m € N N [2, 00). Then

(i) it holds that

m—1 m—1
\/27r(m—1)|:mT_1] 5(m—1)!§,/3n(m—1)[m7_1] (3.3)

and
(ii) it holds that

ﬁ[ —1}‘“1 Qm—2)\J/T J_[ —1] _ (3.4)

e T4m-Tm—1)! T

Proof of Corollary 3.3. Note that Lemma 3.2 (applied with n .~ m — 1 in the notation of Lemma 3.2)
implies that

m—1 m—1
\/2n(m—1)|:mT_1i| emrwlifﬂf(m—l)!sy/zyr(m—l)[mT_l] e, (3.5)

)(6m76)

The fact that e < (% therefore assures that

m—1 m—1
Varm=1| " | <¢m[—‘“el} e < (m 1)
m—1
<J2mr(m-1) |: :| elZml—IZ 5\/377(,“7_])[“17_1} )

This establishes item (i). Moreover, observe that Lemma 3.2 (applied with n+~2m — 2 in the notation
of Lemma 3.2) ensures that

(3.6)

2m—2 2m—2 T 2m—2 2m—2 1
V2 (2m —2) exdm-3 < (2m—2)! </2mr(2m—2) e2dm-24,
e e

(3.7)
Combining this with (3.5) demonstrates that
_qm-1 | _ -1 —12m
V2 Ll em< @m —2)ly7 <27 m-2 em.
e T 4m- 1(m— n =
(3.8)

The fact that e(11-12m) > 224m—23)(6-6m) 5 the fact that for all x € [1, co) it holds that x(—12m+13) <
1 hence ensure that

11
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_ m—1 _ m—1 _ '
ﬁ[m_l} - ,/—Zn[m_l] TR < Gm = DT
e e

= 4m-Tm—1)! !
e e
This establishes item (ii). The proof of Corollary 3.3 is thus complete. O
Corollary 3.4. Let I': (0, 00) — (0, 00) satisfy for all x € (0, 00) that I'(x) = [ t*~'e~" dt. Then
(i) it holds for all m € N N [2, co) that
vt " < v = v " 310

and
(ii) it holds for allm € N N[2, oo) that

ﬁ[n:l]mlsr<m—;)§m[m_l]ml. (311)

Proof of Corollary 3.4. Note that Corollary 3.3 and item (ii) in Lemma 3.1 establish items (i) and (ii).
The proof of Corollary 3.4 is thus complete. O

3.2. Lower and upper bounds for Gaussian tails
Lemma 3.5. Let 0, s € (0, c0). Then

(i) it holds that f;°e~ox" dx = L,
(ii) it holds that

o0
T
/e“”z dx < [L]e_‘”z, (3.12)
2J0
N
and
(iii) it holds that
N
T
/e_”"z dx > [i](l - e—“sz). (3.13)
2J0
0
Proof of Lemma 3.5. Observe that the integral transformation theorem shows that

/e‘”"z dx:%fexp(—%)dx— f/ exp(—— dx = 2\\//_7;. (3.14)
0 0

This establishes item (i). Next note that the integral transformation theorem and (3.14) ensure that

S 0 IS
/e—axz dx = /e—(f(x+s)2 dx:/(e—oxz—Zasx—asz)dx
s 0 0
IS 00 (3.15)
=e—(752 /e—ax ~205% gy <e —os? /e—ax2 dx | = VT e—(rsz.
2o
0 0

12
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This establishes item (ii). Next we combine (3.14) and (3.15) to obtain that

S

o0 o0 o0
fe_(’xz dx = / e=o% dx — / e=o% dx = % — [ e dx> [%] (1- e“”z). (3.16)
N N g

0 0

This establishes item (iii). The proof of Lemma 3.5 is thus complete. O

Corollary 3.6. Letd € N, 0,5 € (0, 00). Then
(i) it holds that

/ [%]d/ze*o I dx = [ 1 - e-“sz/d]d (317)

{yeR4: |ly|2<s}

and
(ii) it holds that

d
/ [%] 2 e=0 I3 gy < e (3.18)

{yeR4: |ly|2=s}

(cf. Definition 2.21).

Proof of Corollary 3.6. Observe that item (i) in Lemma 3.5 implies that

/e—UHX\@ dxsz.._/e—ff(l)qI2+|xz\2+‘..+|xdlz)dxd.__d,de1
R4 R R R
o0
7T 192
= /e"”‘z dx | = 2/6"’" dx :[—]
o
0

(cf. Definition 2.21). Next note that item (iii) in Lemma 3.5 (applied with o o, s~ d™"/2s in the
notation of Lemma 3.5) and the fact that

(3.19)

Y=01,Y2, ...y eR: (Vje{1,2,....d): lyjl<d s)} S {yeR%: |yl <s} (3.20)

ensure that

d a2
/ o0 lIXI3 gy > 1—[ / e gy,
{yeR®: |lyl2<s} = g
? ’ ; (3.21)
a2
=12 / e~ M” gy >[£]d/2[1—e’”52/‘1]d.
Lo

0

This immediately establishes item (i). For item (ii), we combine (3.19) and (3.21) with Bernoulli’s
inequality, i.e., the well-known fact that for all « € R\(0,1) and for all x € (—1, 0c0) it holds that
(1+x)% > 1+ ax, to obtain

13



P. Grohs, S. Ibragimov, A. Jentzen et al.

[ Eleme |

{yeR4: |y[l2=s}
<1 —[1

The proof of Corollary 3.6 is thus complete. O
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(2] eomé ax
T

{yeR4: ||yl2<s}

d
- e_asz/d] <1- [1 - de"“sz/“] —de "/,

(3.22)

Lemma3.7.letd € N, 0 € (0, 00), o, s € [0, 00) and let T": (0, 00) — (0, o0) satisfy for all x € (0, co) that

I'(x)= [y~ t*"Te~"dt. Then

d/z

d,
[ o] meia= 2"
2

{yeR4: ||lyl2=s)
(cf. Definition 2.21).

00
_or? _
/e O’rrOH-d ]dr

N

Lemma 3.7 is a direct consequence of the integral transformation theorem.

Lemma3.8.Letd e N N[3, ), B,0 € (0, 00). Then

[ e
SR

d. Yd(ad+p) d/1+B
[yeR C Y ae syl==5E0 }

(cf. Definition 2.21).

1+ 817
1%]

(3.23)

(3.24)

Proof of Lemma 3.8. Throughout this proof let I': (0, 00) — (0, 00) satisfy for all x € (0,00) that
I'(x) = [y~ t*"le~"dt. Observe that Lemma 3.7 (applied with d ~d, 0 ~ o, @ N 0, s~ (20)2(d(1 +

B))"2 in the notation of Lemma 3.7) implies that

a ip T
/‘ [g] /2 o lXI2 gy 20 / o1 d-1 g,
T
F
{yeRd Iyllp> YOOI } V‘L(%’S

(3.25)

(cf. Definition 2.21). Next note that Lemma 3.7 (applied with d ~d, 0 ~ o, a A0, s~ 20)2d(1 +

B)"2 in the notation of Lemma 3.7) shows that

dn

[O ]d/ze_"”"”ﬁ ax= 22"
d

r(4)

o0
2
/ e o -1 gr,

d. dJ/1+8 dJ/1+8
{yere: 1yip= 4022 | e
Combining this with (3.25) ensures that
o 1Y2 2
/ [_] o= I3 gy
T
{yeRd S <ny||2<"j‘fﬂ}
20
d d
T T
d(1+p) d. 1+8
{yeRd: nynzz_vmﬂ} [yerd: Iylp= 472 )

14
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Zo’d/z T 2 d—1 ZJd/Z T 2 d—1
=—— / e " dr — / e " dr
dyTTB

() ()

2092

ﬁ
7
=

§

V20
1

a
T
sy

o
= ortpd=1gpr,

e

—5

M(4) e
2 ) Jaa+p

V20

Next observe that the chain rule ensures that for all x € [(20))"/2d"/2, o0) it holds that
[e7o%x8 1] =e ¥ x82(d —1-20%%) <e "X 2(d - 1—d) <0. (3.28)

This ensures that the function [(20) 2d"?2, 00) 5 x> e 9%’ x4~1 ¢ R is strictly decreasing. Hence, we
obtain that

dJT1B dJ/T+B
a2 V20 a2 V20 d-1
20 / e ldr < 20 f [e_d(l;ﬁ)’][di(l +ﬁ)] "
0(4) s 0(4) s 2
2) Jaa+p) 2 ) Jaa+p)

ﬁ
ﬁ

20 20

o

_ 202 [ _d<1+ﬁ>][d(l —i—ﬁ)]d21 |:(d—«/a)«/1 +,3:|

© ’ 20
o B N G

d
2

—
Nl

—
Nl

(3.29)

Next note that item (i) in Corollary 3.4 and the fact that for all m € N N[2, c0) it holds that

1 m—1 %rmn%% 1 m—1 ﬁ 1 12 3e
1+ — <e|l|[14+ —— =e|l+ —— <e[2V2]1 <=
|:[ +m—1] :| - |:[+m—l] :| [+m—l] _[ ]_2

(3.30)
assure that for all k,m € N with k =2m > 4 it holds that
k/2 m
L[e—@][k’%‘] 1+ 17 _ L[e—maw)][(z,ﬂ)m%] 1+4
k 2 I'(m) 2
I'(3
m—1 m
- 2 e I:efm(Hﬁ)] [(Zm)””%] 1+8
T 2rm—-1)Lm—1 2 (331)

2m—1
2 1 m—1"]2m—2 2 3
- %[e—l—mﬁ][[1 + ﬁ} } A+p)" < \/—";[e—l—mﬁ][;}a ik
3k [1+ﬂ}"”<k[1+ﬂ]"”
N2 =7 ef '

Next observe that item (ii) in Corollary 3.4 and the fact that for all m € N N [2,00) it holds that
(14 2m —2)~1)2m=2 < ¢ show that for all k,m € N with k=2m — 1 > 3 it holds that

15
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Fz) [e k“mlk“][lzﬂ]m [ } ( m+5)+8) (9 — 1) ][#r—%

NI

1

m—1 >
R [<m+ DA+ (om — 1)m 1+ 2
T J/rlm-1 2
27" B_1
== 2m—1 *m/”f*z] 1 -3
[n] [@m = e +—s ( +B)"
27" 277 11 ¥ o2
<|= (2m—1)e‘mﬁ+§_%e%(l+ﬁ)m_%= —| k +h 1+5
T T ef ef
(3.32)
Combining this with (3.29) and (3.31) assures that
MJ@
20
20 1 92
Ud / e~ -1 drsd[:—ﬁﬂ] . (3.33)
F(i) JATTH
V2o
This and (3.27) imply that
df2 a2
[3]/ e~ 113 g <d[ +5] . (3.34)
T eB

[yeRd NCGET)

LD <yl < SR }

The proof of Lemma 3.8 is thus complete. O
3.3. Upper bounds for weighted Gaussian tails

Lemma 3.9. Letd e NN[3,00), 8,0 € (0,00), k€ NgandletT': (0, 00) — (0, 00) satisfy for all x € (0, co)
that T'(x) = [;° t*e~"dt. Then

d
[ [Tt

{yeRd Iyl Y222 }
(3.35)

(=%
95

k/z

d1+k 1+ﬂ kj2 148 d/2+ F(
20 ef 1"(

2
) Bl

Nl

)

(cf. Definition 2.21).

Proof of Lemma 3.9. Note that Lemma 3.8 (applied with d ~d, 8 ~ B8, 0 v~ o in the notation of
Lemma 3.8) ensures that

d

d. \/'i(H—ﬁ dJ/1+B
{y R: =lIyll==75" }

16
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1 d/2
d"[ ;ﬂ] / [3] e~ XI5 gx (3.36)
o b
{yeRd LD <)yla= VJ%'“}

- i 1+877°T1+87"
20 ef
(cf. Definition 2.21). Moreover, observe that Lemma 3.7 (applied with d ~nd+k, 0 ~ o, ¢ N0,

s (20)72d(1 + )2 in the notation of Lemma 3.7) and item (ii) in Corollary 3.6 (applied with
dnd+k oo, s (o) 2d(1 + B)Y? in the notation of Corollary 3.6) assure that

d+k S

d+k d2(148)
—20 ’ / e*arzrd+’<*] dr = / I:g] : 670”)‘“% dx < (d—l—k)e_z(d—i’g.
p(w> i1
2
diot [yerask: y)p= 4022 )
(3.37)

Lemma 3.7 (applied with d ~d, 0 ~ o, @ ~k, s~ (20)/2d(1 + 8)"/? in the notation of Lemma 3.7)
hence shows that

e} d/2 k 2 ZO'd/Z T 2 d+k—1
/ [—] [lx][% e=OlIxll2 dx:—d / e ot gr
/4
()
[yere: 1ylz= 272 2/ i
(3.38)
d+k o0 d+k
— F<T<> 207 / e—0T k=1 g <F T) [d+k] —dzz(ﬂi;fi)
ToR(dY Lk d+k = d k2 :
r(8)o™ | r(*4*) ot (9
V2o
Combining this with (3.36) demonstrates that
o 192
[ (2] e ax
b4
{yeRd IIyIIz>Vd¢“—:ﬂ]
d
= / [g] /2||x||’§ e~ I3 gy
b1
VT dy/THF
{yeRd. 7 <Iyl2< J—*} (3.39)
o 192 2
v [ (2] e ax
[yer: 1ylo=z 472 )
k/2 2 r(&) 2
<"k 1+8 148 2 ) [d+k] _&ap
+ e d+k) |
20 ef I‘(%) o*

The proof of Lemma 3.9 is thus complete. O

4. Lower bounds for the number of ANN parameters in the approximation of high-dimensional
functions

This section compiles the main work for proving item (ii) in Theorem 1.1. The key result is The-
orem 4.1, which establishes a lower bound for the depth, number and size of parameters of the

17
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approximating ANN in terms of the approximation error and the concentration of the target function
around the origin.

Theorem 4.1. Let d € N N [4, 00), B, 0 € (0, 00), € N satisfy Z(d) =d and O(®) =1, let ¢: R - R,
g: R — R, and g: R? — R be measurable, and assume for all x € R? that ¢ (x) = (¢/x)"* exp(—o |Ix]3).,

[ralEW Py dy € (0,00), [Ral(R(®)(¥)|dy >0, and g(x) = [ [ra Ig(y)lzw(y)dy]q/zg(X) (¢f. Defini-
tions 2.2 and 2.21). Then

ﬁ((b)‘mb)max{l,||T(d>)||oo}]“‘1’>>[ ef T/G 270 [ [l (R(®)) (0 2p(x) dx]"*
L 2L(P) REY: d2(6 + 4B + 0)')2

— 1/2

1- / laPe(dx | — /l(R(CD))(X) — g Pp(0 dx
yert: Iyl <0 | R

(4.1)
(cf. Definition 2.22).

The idea of this theorem is as follows: Given a measurable target function g: RY — R with
fRdlg(y)|2<p(y) dy =1, the approximation error can be estimated by

/|(R(d>))(x) — g0 PeXdx>1-Co fI(R(d)))(X)I lg(x)] @ (x) dx
Rd RY

=1-Co fI(R@))(X)I lg(X)| p(x)dx — Co /|(R(d>))(x)| [g(X)] @(x) dx,
{yeR4: ||yl2<2} {yeR4: |lyl2>2}

where Co = [fRdl(R(CD))(x)lzw(x) dx]fl/2 appears as a normalization term. Inequality (4.2) is already
quite similar to (4.1) up to some rearranging, that is bringing the approximation error and the integral
over {y e R%: |y|l2 = %} to their respective other side.

The main work of this section will be to bound the integral over {y € R9: ||yl > %} in terms
of ANN parameters. This will be done in Subsection 4.1 and Subsection 4.2. In Subsection 4.3 we
verify the first inequality of (4.2). We then have all the technical tools to give a formal proof of
Theorem 4.1 in Subsection 4.4. Finally in Subsection 4.5, we apply Theorem 4.1 to the functions
g4: RY — R defined by taking g4: RY — R with gg(x) = Z‘;:][maxﬂle — /2d,0}]% and setting
9d(X) = [ [ralga(W)?¢(y)dy]l 2gq(x). The result is Corollary 4.9, which establishes item (ii) of Theo-
rem 1.1.

4.1. Upper bounds for realizations of ANNs

Lemma 4.2. let m,n € N, A= (Ai,j)(i,j)e{l,2,..4,m}><{1,2,..4,n} € Rmxn, B= (B] ,By, ..., Bm) € Rm, x e R,
Then

(i) it holds that
JAx+Blloo = /[ max  max |4 1]Ixlz + 1Bllo (43)
i€{1,2,....m} je{1,2,...,n}

and

18
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(ii) it holds that

|Ax+Blloo<n| max  max [Agl]IXloc + 1Bl (44)
i€{1,2,....m} je{1,2,...,n}

(cf. Definition 2.21).

Proof of Lemma 4.2. Throughout this proof let o € R satisfy o = maxic1,2,....m) MaXjeq1,2,....ny | Ai
and let B € R satisfy B = ||B|lc (cf. Definition 2.21). Note that the triangle inequality and the
fact that for all v = (vq,va,...,vy) € R™ it holds that Z'}:llvjl < /n|lv| ensure that for all
v =(v1,Va,...,Vv;) € R" it holds that

) Bi+ZAi,jVj

[|[Av + Bllco = max
ie(1,2 s

sLyeny

n
< max Bi| + Ai Vi
_ie{1,2,...,m}<| il ]Z]] ij ]|>
- ) (4.5)
<B+a) |vil<B+avilv.

j=1

This establishes item (i). Moreover, observe that the fact that for all v € R" it holds that \/n|v|; <
n||v|]le and item (i) demonstrate that for all v € R" it holds that

AV + Blloo < B+ a/n[|v]l2 < B+ an||V]|so. (4.6)
This establishes item (ii). The proof of Lemma 4.2 is thus complete. 0O
Lemma 43.let L € N N [2,00), lo,l],...,lL € N, ¢ = ((W],B]),(Wz,Bz),...,(WL,BL)) S

(X,€:1(R’N’<*1 x Rl)), xo € R, xy e R, ...,x, € Rt satisfy for all k € {1,2,...,L} that x, =
R(Wixk_1 + By) (cf. Definition 2.1). Then

(i) it holds forallk € {1,2,...,L}, j€{1,2,...,k} that

IXklloo < lk—1le—2 - -l (Max{1, [ T(D) lloo D’ (IXk_jlloo + J) (4.7)
and
(ii) it holds that
I(R(®)) (x0)lloo < li—1l1—2 - -l1(max{1, | T(®)llooD " (Ix1lloc + L — 1) (4.8)

(cf. Definitions 2.2, 2.21, and 2.22).

Proof of Lemma 4.3. Throughout this proof let & = max{1, |7 (®)||c} (cf. Definitions 2.21 and 2.22).
Note that the fact that for all x € R it holds that |max{x, 0}| < |x| and item (ii) in Lemma 4.2 (ap-
plied for every k € {1,2,...,L} with m ~ I, n ~I,_1, A~ Wy, B Bg, X X,_1 in the notation of
Lemma 4.2) imply that for all k € {1,2,..., L} it holds that
IXklloo = IR(Wixk—1 + Bi) lloo < IWkXk—1 + Billoo
<ol qllxe—1lloo +@ <@l 1(IXk—1llc +1).

This demonstrates that for all k € {2,3,...,L}, i € {1,2,....k—1} with |IxXklloo < lk—1lk—2 "Ik
o' (||xk—illoo + 1) it holds that

(4.9)

I%elloo < Ik—1lk—2 - le—ier (1Xe—illoc + i)
<lg—1lk—2-- 'lk—ial(alk—i—l(”xk—i—] loo +1) +1) (4.10)
<l Ieilkimro T (it lloo + 1+ 1).
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This, (4.9), and induction show that for all k€ {1,2,...,L}, j€{1,2,...,k} it holds that

1% lloo < h—tli—2 -+l j (Max{1, | T(®) oo ) (1% lloo + - (411)

This establishes item (i). Next observe that item (ii) in Lemma 4.2 (applied with m ~ I, n ~ 11,
A Wi, BB, X\ xr—1 in the notation of Lemma 4.2) ensures that

I(R(®)) (x0)lloo = IWrxL—1 + Brlloo S @li—1lX1-1llc + & <@lp—1(llX-1llcc +1)  (412)
(cf. Definition 2.2). This and item (i) demonstrate that

I(R(®)(x0) oo < alp—1([IXp—1llcc + 1)
<ali (23 ---hat 2 (%1 lle + L —2)1+ 1) (4.13)
<Ip—1lp—2---lor (X1 oo + L — 1).

This establishes item (ii). The proof of Lemma 4.3 is thus complete. O

Corollary 4.4. It holds for all ® € N, x € RZ(® that

P (@) max{1, |7(P)lloo}
2L(P)

L(DP)
[(R(P) M) loo = [ ] (Ixll2 + L£(®)) (4.14)

(cf. Definitions 2.2, 2.21, and 2.22).

Proof of Corollary 4.4. Throughout this proof let L € N, lp, l1,...,l; € N, ® = (W1, By), (W3, By), ...,
(Wi, B) € (><,€:1 RUxh-1 x Ry, o = max{1, | T(®)|loo}, X0 € R, x; € RI satisfy x; = R(W1xg +
B1) (cf. Definitions 2.1, 2.21, and 2.22). Note that item (i) in Lemma 4.2 (applied with m ~\[;, n~ I,
AWy, BBy, X\ Xp in the notation of Lemma 4.2) ensures that

IW1x0 + Billoo < avlolXoll2 + & < av/lo(lIXoll2 + 1). (4.15)

In the following we distinguish between the case £(®) =1 and the case L£(®) > 1. We first prove
(4.14) in the case £(®) = 1. Observe that (4.15) demonstrates that

I(R(®)X0) oo = W1X0 + Billoo < a/lo(lIXoll2 + 1)

o+ 1 Lo +1

< B0F D (gl 1) < POFDE gy 11y (416)
P(P 1, T(® 00 L@

:[ ( )ma;({c(q!)( il }} (I¥oll2 + £(®)).

This proves (4.14) in case £(®) = 1. We now prove (4.14) in the case £(®P) > 1. Note that (4.15) and
the fact that for all x € R it holds that |max{x, 0}| < |x| show that

X1 lloe = [R(W1xo + B1)lloe < [W1X0 + B1lleo < &y/lo(lIXoll2 + 1). (4.17)
This and item (ii) in Lemma 4.3 (applied with L ~ L, lop Iy, 1 N1, ..., I A1, &~ D, xg M X,

X1 v\ X1 in the notation of Lemma 4.3) ensure that
IR(@) X0)lloo < l—1l—2--- " (Ix1flog +L = 1)
<lql—z--lieteylo(Ixollz + 1) + L — 1) (4.18)
<li—ali—2---livloat (Ixoll2 + L).

In the next step observe that the inequality of arithmetic and geometric means assures that
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L
P(P) = Zlk(lk—1 +)=h+Lh+...+L+loh +hlbh+...+14]
k=1

1/ 419
> 20[(hly 1) olilihy -+l 1l = 2L [lo @ )* - Ay 1 (?] (419)

1/2L
ZZL[lo(h)z(lz)z"'(IL—1)2] .
Hence, we obtain that
P(@) 1"
sl hilo s[T] | (420)
Combining this and (4.18) shows that

[(R(®)) (x0)lloo <lp-1li—2---hivlo o (Ixoll2 + L)

|:P(<D)a
2L

_ [ P(®@)max{1, | T(P) o}
2L(D)
This proves (4.14) in the case £(®) > 1. The proof of Corollary 4.4 is thus complete. O

<

L
] (Ixoll2 + L) (4.21)

L(DP)
] (lIxoll2 + L(P)).

Lemma 4.5. Let d € N N[4, 00), B, 0 € (0, 00), ® € Nsatisfy Z(®) =d and O(®) =1 and let ¢ : R - R
satisfy for all x e RY that ¢ (x) = (¢/x)"? exp(—0o |1 X|13) (cf. Definitions 2.2 and 2.21). Then

/ [(R(®) (%29 (x) dx
[yere iyizz 1522 | (4.22)
2L(D) d/3 3
5 |£(q))|2|:77(d>)max{l, ||7'(<I>)||OO}] [1 +ﬂ] [d (6 +4pB +o~)}
2L(D) ef 4o
(cf. Definition 2.22).

Proof of Lemma 4.5. Throughout this proof let % € R satisfy /20 % = ,/d(1 + B). Note that the fact
that for all a, b € R it holds that (a + b)2 < 2(a? + b2) and Corollary 4.4 imply that for all x € R? it
holds that

(Ixll2 + L(®))?

P(®) max{l, ||T<<1>>||oo}]2“¢’)
2L(D)
- 2[77(@ max(1, ||’r<<1>>||oo}]2““’)
- 2L(D)

(cf. Definition 2.22). Observe that Lemma 3.1 ensures that I'(d/2 + 1) = [d/2]T"(d/2). Combining this

with Lemma 3.9 (applied with d ~d, 8 ~ B, 0 ~ 0o, k0, k2 in the notation of Lemma 3.9)
assures that

[(R(®)(®) > = [[(R(®)X)[1Z, 5[
(4.23)

UIxl13 + 1£(®)1%)

[1£(®) + [Ix113] (x) dx
{yeRe: ||yl =2}
=|L(®)? / @ (x) dx + / X113 ¢ (x) dx
{yeRa: |lyl.>2} {yeRY: |yl,>%)
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o 92 o 192
= |£((D)|2 f I:;jl e*O’HX”% dx + / I:;:I ”X”%efo’”xl\% dx

{yeRa: |lyl2>2} {yeR: |yl>2%}
d/z
1
§|£(<b)|2[d[:/;ﬂ] +ded(lz+ﬁ):| (4.24)

Ba+p1+p1" F(%“) d+27 _2ap
+ e_ 2(d+2)

20 ef (4 o

2

42 3 d/2 2
—1L(®)? d[ﬂ] +de 2 | 1| @ (1”’)[”’3] +[d<d+2>}e—%$:£>
ef 20 ef 20

42 3 d/2 2
< |L(®)2 d[ﬂ] +de*d(127+’5)+[d (1+ﬁ)] [14-,3} +|:d(d—i—2)] dzi}rﬁ’
ef 20 ef 20

This, the fact that d*(1+ g) +d(d +2) + 4do <d3(3 + B+ %), and the fact that

-~ @2 d/2 d/3
max{e d(12+ﬁ)’e7 2((;:2‘? ,[ﬂ] ] <|:‘l +ﬁ] (425)

ef | ef

imply that

d/3
[1£(®) + 113 ]p(x) dx < |c(d>>|2[le+ﬂﬁ} [
{yeR4: ||yl >2}

(1 +p)+dd+2) +4do}
20

J[14+8]7[P6+48+0)
<|1L(®)] [ X } :

8o
(4.26)
Combining this with (4.23) demonstrates that
/ |(R(¢))(X)|2§0(X) dx = / |(R(¢'))(X)|2(p(x) dx
{yeRd Iyll2 >@] (yeR?: yl2=%)
(427)

[1£(®) 1% + [1xX113] (x) dx
yeRe: |ylo>2%)

P(®) max{1, ||T(c1>)||oo}]2““’>[1 + ,B]d/3[d3(6 + 48 + o)]
2L(®) eP 40

The proof of Lemma 4.5 is thus complete. O

- Z[P@) max{1, ||T<d>)||oo}]2“‘1’)
- 2L(D)

< |L(D)] [

4.2. Upper bounds for scalar products involving realizations of ANNs

Lemma 4.6. Let d € N N [4, 00), 8,0 € (0, 00), ® € N satisfy Z(P) =d and O(d) =1, let ¢: R? — R,
f: R4 — R, and g: R — R be measurable, and assume for all x € RY that ¢(x) = (¢/x)"* exp(—c'||x]|3),
Jral(R(@)(y)|dy >0, [ralg(y)[*dy =1, and

100 =[ fral (R@) WP dy] " (R(@) (0 [0 (0] (4.28)
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(cf. Definitions 2.2 and 2.21). Then

1/2
/ f(0a00] dx < / 180 dx
R yeR¢: nynzs@}
P(@) max{1, | T(®)lloo} <P [1+ 577 d*(6+ 48 +0)"?
+ L(D) B 172
2L(®) e 270 [ Jra (R(@) (1) Pe(y) dy]
(4.29)
(cf. Definition 2.22).

Proof of Lemma 4.6. Throughout this proof let I': (0, 00) — (0, 00) satisfy for all x € (0,00) that

F(x) = [ t*"le7tdt, let a € R satisfy a :[fRd|(R(<I>))(y)|2go(y)dy]l/2, and let # € R satisfy
V20% = ./d(1 + B). Note that a € (0, c0) and

-1

/If(X)I2 dx = /I(R(q)))(y)lzf/)(wdy /I(R(q)))(x)lzf/)(x)d?f:l. (4.30)
R R R

Combining this with the Holder inequality shows that

/ [F(xX)gx)|dx = / [Fx)gx)|dx + / [fx)gx)| dx
R {yeR: |yl <%} {yeR: |lyl,>2%}
1/2 1/2

/ [5G0 1> dx / lg(x)|? dx

yeR4: |ylla<2) yeR4: |yll<2)
1/2 1/2

IA

+ f 10 2 dx / 0G0 2 dx
yeRY: |yl>%} yeRY: |yl>%}
1/2 1/2 (4.31)

< / If(x)| dx / lg(x)|? dx
Rd

yeR4: |lylla<2)

1/2 1/2
N Y R

yeR4: |ylla>2) Rd
]/2 1/2
=1 [ wwia] o+ [ icora
yeR4: |ylla<2) yeR4: |lyll2>2)
Next we obtain that Lemma 4.5 (applied with d ~d, 8 ~ B8, 0 ~ o, & A D, ¢ ~ @ in the notation

of Lemma 4.5) implies that
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/ Fo P dx = a2 / (R(@)(020(x) dx

yeR?: |yl2=2) (yeR%: |yl2>%) (4.32)
- a2y POMAL T @)oo T4V 1+ 17 (6 +48 + 0)
- 2L(D) ef 40 ’
This and (4.31) imply that
1/2 1/2
/ IF0g 0 dx < [ awi2dx| + f |Feol dx
R4 yeR: ||y|l2 <2} yeRd: ||y|2>2)
1/2
(4.33)
< / 106G dx
yeR: |yl <%}
a2y | PO AL I T (@)} O+ BT d2(6+ 4B + 0) 2
2L(P) ef N/ ’

The proof of Lemma 4.6 is thus complete. O
4.3. On the connection of distances and scalar products

Lemma4.7.letd e N, € R, let f: R? - R and g: R?Y — R be measurable, and assume [4|f(x)|? dx =
Jralg@)? dx = 1. Then

[1ait0 —awidx= 1 [liogooldx. (434)
Rd R4
Proof of Lemma 4.7. Observe that the Holder inequality implies that
1/2 1/2
[iwgcordx=| [ricorax| | [laewizar| =1 (435)
Rd Rd Rd
Next note that
/ loaf(x) — g P dx=0a® +1 -2« / f(x)a(x) dx
Rd Rd
2 2
=|a— / f(X)g(X) dx | +1-— ff(x)g(x) dx (436)
R4 Rd
— 2 2

>1- /f(x)g(X)dx >1- /If(X)g(X)Idx
Rd R4

This and (4.35) ensure that
- 2

/ () — g(02dx = 1— f foaoldx | =1- / F0a00] dx. (437)
R R Rd
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The proof of Lemma 4.7 is thus complete. O
4.4. ANN approximations for a class of general high-dimensional functions

Proof of Theorem 4.1. Throughout this proof let f: R? - R and g: R? — R satisfy for all x € R? that
-1 .

g0 = gW[p®]” and £(x) =[ fal (R@N ) Pe(y)dy] " (R(@)0)[9x)]" and let Z € R satisfy

V20 % = \/d(1+ B) (cf. Definition 2.22). Observe that [ralf(x)[>dx = [r4lg(x)|*dx = 1. Lemma 4.7

(applied with d ~d, o n[/Rd\(R(@))(y)|2(p(y)dy]l/2, f~f, g g in the notation of Lemma 4.7)
hence ensures that

]/2 2
/ [(R(®))(X) — g(x)[*@(x) dx = / f(x) / (R@)YWIPe(y)dy | —g®)| dx
Rd Rd Rd (438)
~1- / F(0Z() | dx.
]Rd

Combining this with Lemma 4.6 (applied with d ~d, 8~ B8, 0 no, DD, o N, A ggin
the notation of Lemma 4.6) demonstrates that

1/2

f [(R(®)(x) — g®)[Po(x)dx > 1— f fxg)|dx > 1— f |g(x)|* dx

R4 Rd yeRY: ||ylla <2}

_ £(<I>)[P((D) max(1, ||T(<I>>||OO}T<‘I’>[1 + ﬂ]d/ﬁ[ 026+ 4 + o) }
2L(®) ef 275 [ e (RE@)H 2oy dy]”?

1/2
=1- [ lg() @ (x) dx
yeRY: |yl <2}

_ ,c@)[%) max{1, ||T<c1>>||oo}]““’>[1 + ﬁT/G[ 6 +4p+0)" } .

2L(®) ef 25 [ fod (R@)W) 2o () dy]”

(4.39)

This implies that

E@)[P(cb)max{l,||T<<I>)||oo}]“‘1’)>[ e’ T/G 20 [ fral RE@) 0P dx] "
2L(D) “L1+8 d¥2(6+4p + o)
12
1- [ sPp@dx | — / ((R(@)(X) — g Pp0dx | (440)
yeR?: |lyl2=2} R¢

The proof of Theorem 4.1 is thus complete. O
4.5. ANN approximations for certain specific high-dimensional functions

Corollary 4.8.1let d € N N [4,00), € € (0,1/4], let ¢: RY - R and g: RY — R satisfy for all x =
(X1.X2, ..., %) € RY that p(x) = 2m)~"exp(—3[x]3) and gx) = 2?21 [max{|x;| — +/2d, 0}]?, let
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g: R?Y — R satisfy for all x e RY that g(x) = [ [ral€(¥) @ (y) dy] 2g(x), and let @ € N satisfy Z(®) =,
O(®) =1, and fRd|(R(d>))(x) — g(x)[>0(x) dx < ¢ (cf. Definitions 2.2 and 2.21). Then

P(®) max{1, [|T(®) oo} > [3]d"* exp(5557) (4.41)
(cf. Definition 2.22).

Proof of Corollary 4.8. Note that the triangle inequality ensures that
1/2
/ [(R(®)X) e (x) dx
R
1/2 1/2

> [Ig(X)Izso(X)dx - /l(R(q>))(X)—g(X)|2§0(X)dX
e - (4.42)

12
=1- /I(R(¢))(X) —gPpdx| =1-¢"
Rd

31—4’1/2:1>0.
2

Hence, we obtain that fRdl(R(®))(x)|dx > 0. Next observe that for all x = (x1,x2,...,%9) € {y €
R%: |yl < +/2d}, je{1,2,...,d} it holds that |x;| < ||x||l2 < +/2d. This ensures that for all x =
(X1,%2, ..., xg) € {y € R?: ||lyl2 < +/2d} it holds that g(x) = g(x) = 0. Combining Theorem 4.1 (ap-
plied withd ~nd, B 1,0 n1)2, DD, o N, g g, g g in the notation of Theorem 4.1), the
fact that /2> e*/1°, the fact that [q|(R(®))(x)|dx > 0, and (4.42) therefore implies that

ﬁ(q))[P(CD)maX{l,IIT(CI’)IIoo}T@)>[E]d/6 V2 [ faal RE@) P dx]”
2L(D) =12 d*2(6+4+1/2)'72
1/2
1- / l9(0) 2@ (x) dx —/I(R(GD))(X)—g(X)Izw(X)dx
yeRd: |lyl2<v2d} Rd (4.43)
e 15[ V2 [ fpal (R(@) X120 dx] X
=[] [ e a 1= [IR@)0 - a0g 00y
]Rd
» eqi6 ed/zo
= (@) [5] d -z
(cf. Definition 2.22). Hence, we obtain that
e%/20 YL@ 2
- S 4732
P(P)max{1, |7 (P)|lco} > 2£(<I>)|:7d3/2£(¢)i| > [7]d exP(ZOL(d)))' (4.44)

The proof of Corollary 4.8 is thus complete. O

Corollary4.9. Let ¢g: R? > R, d e N,and g4: R? - R, d e N, satisfy foralld € N, x = (x1, %2, ..., Xq) €
RY that 4(x) = (27) %% exp(— 3 (X9 1%j1%)) and gg(x) = Y9_ [max{|x;| — ~/2d, 0}]?, let gg: R? — R,
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d e N, satisfy for all d € N, x € R? that gq(x) = [ [ra|8a(¥)|?@a(y) dy]~1/2g4(x), and let § € (0, 1], € €
[100(8 In(1.03))~2, 0o) satisfy 2¢%* < (1.03)"€. Then it holds for all ¢ € [€, 00), d € N, £ € (0, 1/2], ® € N
with Z(®) =d, O(®) =1, H(®) = ed' =, [ T(®)lloo = ed, and [ | (R(®)() — ga(0) a0 dx] " < ¢

that P(®) > (1 + ¢3)@) (¢f Definitions 2.2, 2.21, and 2.22).

Proof of Corollary 4.9. Note that the assumption that € €[100(§ In(1.03))~2, 00) and the chain rule
ensure that for all x € [€, co) it holds that

-1 VEy5Y VR LI T VRl 2|
[271(1.03)V*x 7°] = (1.03) 1n(1.03)[4ﬁ]x (1.03) [2&]"

=(1. oa)f[ ]ln(l 03)[v/x — 108 In(1.03)) '] (4.45)

> (1. oa)f[ ]ln(l 03)[v€—10(51n(1.03)) '] >0

This implies that the function [¢, 00) 3 x — 2-1(1.03)¥*x~%* ¢ R is non-decreasing. The assumption
that € €[100(5 In(1.03))~2, 00) and the assumption that 2¢%* <(1.03)Y< therefore assure that for all
¢ €€, 00) it holds that ¢ > 100(5In(1.03))~2 and

271(1.03)V ¢ > 271(1.03)V¢ ¢ ¥ > 1. (4.46)
The fact that for all x € (0, oo) it holds that (1+x~1)* < e hence ensures that for all ¢ € [¢, 00), d € N,
& N with d < ¢¥/@% it holds that

—3\(d®) —3y(c?) BT < o7t
14D <A+ ) =[A+ )]V <evE <2<P(P) (4.47)

(cf. Definition 2.2). Moreover, observe that the chain rule and (4.46) show that for all ¢ € [€, 0c0),
x €[> o) it holds that

1)
[(1'03)(X5)/cx—2c]/ _ (1.03)(,(6)/: ln(1.03)|:—}x_2c_1+8 _ 2C(1.03)(X§)/CX_2C_1
¥

8
— (1.03)" Ve =21 [—]1n(1.03)[x‘S —2¢%(8In(1.03)71]
o
, 5 . (4.48)
> (1.03)" e x~2c1 [7]ln(1.03)[c /2 _2¢2(81n(1.03)) 1]
C
= (1.03)7 x2"15¢In(1.03)[/< — 2(5 In(1.03)) 1]
> (1.03)" x2¢-18¢ = .
This implies for all ¢ € [€, 00) that the function [¢>/?Y,00) 3 x > (1.03)*/<x~2¢ ¢ R is strictly in-

creasing. The fact that e'3° > 1.03, (4.46), and the fact that for all ¢ € [€, o0) it holds that 2¢t1 > 7¢
therefore demonstrate that for all ¢ € [€, 00), d € N with d > ¢°/29 it holds that

e@)/309g=2¢ > (1,03)@/eq=2¢ > (1.03)( )¢5 =[(1.03)VEe ] > 2¢ > [ﬂc (4.49)

The fact that for all ¢ € [€, 00) it holds that (25¢)~! > (30¢)~! + ¢=3, the fact that for all x €
R it holds that e¥ > 1 + x, and Corollary 4.8 hence ensure that for all ¢ € [€,00), d € N,
g€ (0,12], ® € N with d > ¢&/@ T(®) =d, O@) =1, H(®) < d' =, |T(®)]ee < ¢d, and
[ firal (R(®)) (%) — ga () 2pa(x)dx]"”* < & it holds that
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P(@) = max(1, I T(@®) o))" [3]d 7 exp () = [3 |exp(sh)d 2!

= [2]exp( )2 exp(%) = exp(%) = (1 4+

(cf. Definitions 2.21 and 2.22). Combining this with (4.47) assures that for all ¢ € [€,00), d € N,
£ €(0,1/2], ® € N with Z(®) =d, O(®) =1, H(®) < «d'™?, | T(®)|l0o < ¢df, and [fRd|(R(d>))(x) —

(4.50)

840 12@q(%) clx]l/2 < & it holds that P(®) > (1 + ¢3)@). The proof of Corollary 4.9 is thus com-
plete. O

5. Upper bounds for the number of ANN parameters in the approximation of high-dimensional
functions

Recall the sequence of functions gg: R? — R satisfying Corollary 4.9, ie., item (ii) of Theo-
rem 11: Let gg: R? = R be defined by g4(x) = Z?Zl[maxﬂxj\ — +/2d,0}]%, then we set gy(x) =
[frel€a DN Pp(y) dyl gy (x).

The goal of this section is to approximate g4 by a suitably deep ANN satisfying the conditions
in item (i) of Theorem 1.1. This approximation is done in Theorem 5.11 employing (i) the ele-
mentary ANN approximation result for shifted squared rectifier functions established throughout
Subsections 5.1, 5.2, and 5.3, (ii) the lower and upper bounds for Gaussian integrals presented in
Subsection 5.4, and (iii) the elementary ANN representation result for multiplications with powers
of real numbers established in Subsection 5.5. We conclude this section with Corollary 5.12, which
establishes item (i) of Theorem 1.1.

5.1. ANN approximations for the square function

The approximations of the square function presented in Lemma 5.1 and Lemma 5.2 are based on
the well-known result in Yarotsky [59, Proposition 2]. In the current form Lemma 5.1 and Lemma 5.2
are slight extensions of, e.g., [17, Lemma 6.1] and [26, Proposition 3.3].

Lemma 5.1. Let (Ap)kerny € R**4, B € R**1 (cp)rery € R satisfy for all k € N that

2 —4 2 0 0
2 -4 2 0 -1 1-2k
_ 2 _
> —a4 2 ol B = 1l and k=2 , (5.1)

—Cx 2¢cx —¢, 1 0
let g,: R — [0, 1], n € N, satisfy foralln € N, x € R that

Ag =

2x 1xel0, 1)
Six)=12-2x :xe[3.1] (52)
0 :xeR\[0,1]

and gp1(x) = g1(gn(x)), let fn: [0,1] — [0, 1], n € Ny, satisfy for alln € No, k € {0,1,...,2" — 1}, x €
[£, K1) that fy(1) =1 and

fal) =[ 2]y — ©th (53)

and let ry = (rk 1, Tk.2, Tk,3, Tka): R — R4 k e N, satisfy forall k € N, x € R that ry (x) = R(x, x — % X —
1, x) and ry11(x) = R(Ari(x) + B) (cf. Definition 2.1). Then

(i) it holds forallk € N, x € R that

2111 (%) — 4rg 2 (%) + 21 3(X) = g (%) (5.4)
and
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(ii) it holds for allk € N, x € R that

N femr 0 1x€[0,1]
"ka(®) = max{x,0} :xeR\[O0,1]. (5:5)

Proof of Lemma 5.1. We prove (5.4) and (5.5) by induction on k € N. Note that (5.2) and the as-
sumption that for all x € R it holds that r(x) = %(x, X — % X — 1,x) show that for all x € R it holds
that
2r1,1(x) — 4r1 2(X) + 2r1 3(x) = 2R(x) — 4R(x — 1) +2R((x - 1)
= 2max{x, 0} — 4max{x — % 0} +2max{x—1,0} =g1(x). (5.6)

Furthermore, observe that the assumption that for all x € R it holds that r(x) = R(x, x — % x—1,x%)
and the fact that for all x € [0, 1] it holds that fo(x) = x = max{x, 0} imply that for all x € R it holds
that

fo(®) :xe[0,1]

(5.7)
max{x, 0} :xeR\[O0,1].

r1,4(X) = max{x, 0} = {

Combining this with (5.6) proves (5.4) and (5.5) in the base case k = 1. For the induction step let
k € N satisfy for all x € R that

21,1 (X) — 41 2 (%) + 2 3(X) = gk (%) (5.8)

and

N feer ) 1xe[0,1]
ka(X) = {max{x,O} . x e R\[0, 1]. (5.9)

Note that (5.1), (5.6), (5.8), and the assumption that for all n € N, x € R it holds that r,11(x) =
R(Aprn(x) + B) ensure that for all x € R it holds that

8r+1(X) = 81(8k (X)) = &1(2ry,1(x) — 41k 2(X) + 21y 3(X))
= 2R (211 (x) — 41y 2(X) + 213 3(%))
— AR (211 (X) — A1y 2(%) + 21 3(X) — 1) (5.10)
+ 2R (211 (%) — 4ri 2(X) + 21 3(x) — 1)

=21 41,1(X) — 4rg1,2(%) + 21 11,3(%).

In addition, observe that (5.1), (5.8), and the assumption that for all n € N, x € R it holds that
'n+1(X) = R(Aprn(x) + B) demonstrate that for all x € R it holds that

k41,4 (%) = R(—=CxTr,1(X) + 2CTk,2(X) — CkTk,3(X) + Tk 4(X))
= R(—[2" 1) + 222 — 217330 + 1.4 ()
= R(—[272][2rk 1 (%) — 4k 2 (0) + 21 3 (0] + T 4(%))
= R(—[272g(x) + i 4(%).

Combining this with (5.9), [26, Lemma 3.2], and the fact that for all x € [0, 1] it holds that fi(x) >0
shows that for all x € [0, 1] it holds that

Ter1.4(%) = R(—[2721ge(®) + i 4(0) = R(—127H g (0] + fro1 (%))
=% - 27 Hgw] +x—[ X112 Y g;1]) (5.12)
= R(x—[ X527 ¥ g 1)) = R(fie®) = i)

29
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Next note that (5.9), (5.11), and the fact that for all x € R\[0, 1] it holds that gi(x) =0 prove that for
all x e R\[0, 1] it holds that

Tkr1,4(%) = R(—[27 18 (X) + 1.4 (%) = R(rk 4 () = R(max{x, 0}) = max({x, 0}. (5.13)
Combining (5.10) and (5.12) hence proves (5.4) and (5.5) in the case k + 1. Induction thus establishes
items (i) and (ii). The proof of Lemma 5.1 is thus complete. O

Lemma 5.2.Let M € N, (Apkey € RP4, A B € RYL (Coken € R4, (co)ren S R satisfy for all
k € N that

2 -4 2 0 1 0
2 -4 2 0 1 -1
Ak = 2 —4 2 ol A= 1l B= _% s Ck :(_Ck 2Ck —Ck 1);
—Cx 2¢, —c 1 1 0
(5.14)
and c;, = 2'~2% and let & € N satisfy
A,B), (C1,0 M=1
_[«a,B), 1,00 (515)

| A, B), (A1,B), (A2, B), ..., (AM-1,B), (Cm,0)) : M >1
(cf. Definition 2.2). Then

(i) it holds that R(®) € C(R, R),
(ii) it holds for all x € [0, 1] that [x* — (R(®))(x)| <4~M-1,
(iii) it holds for all x € R\[0, 1] that (R(®))(x) = R(x),
(iv) it holds that D(®) = (1,4, 4, ...,4,1) e NM+2,
(v) it holds that || T (®)|lco <4,
(vi) it holds that H(®) = M, and
(vii) it holds that P(®) = 20M — 7

(cf. Definitions 2.1, 2.21, and 2.22).

Proof of Lemma 5.2. Throughout this proof let g,: R — [0, 1], n € N, satisfy for alln € N, x € R that

2x 1xel0, D)
g1 ={2-2x :xe(3,1] (5.16)
0 :xe R\[0, 1]

and gp+1(X) = g1(gn(x)), let f: [0,1] — [0, 1], n € Ny, satisfy for all n € Ny, k€ {0,1,...,2" — 1},
xe[zi,., "zi,.l) that f,(1) =1 and
fal) =[ZH x — Ko (517)

22n
and let ry = (rx,1, k.2, k.3, Tha): R — R4 ke N, satisfy for all ke N, x € R that
rn®=R(xx—3,x—1,x) (5.18)
and
Tes1(0) = R(Apr(x) + B) (5.19)

(cf. Definition 2.1). Observe that item (i) in Lemma 5.1 (applied with (Ap)keN O (AkeN, B B,

(CkeN N (CRkeNs (EnneN O (8nneN, (fidneN O (fadneN, (MdkeN O (ke in the notation of
Lemma 5.1), (5.14), (5.15), (5.18), and (5.19) assure that for all x € R it holds that
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(R(®)) (%) = —cmTm,1(X) + 2cmTm,2(X) — CpmTm,3(X) + 1, 4(X)
=—12"""Mry 1 (%) + [2272M Iy 200 — 1212 Mr 30 + ra ()
=—[27M[2rp.1 (0) — 4rm 2 (%) + 2rm 3 (0] + T4 (X)
=—127"Mgn ) + rm.a).

This establishes item (i). Moreover, note that (5.20), [26, Lemma 3.2], and item (ii) in Lemma 5.1

(applied with (AkeNn O (AkeN, B A B, (CkeN O (CkeN, (EndneN O (n)neN, (fidneN O
(fi)neN, (M)keN v (MkeN in the notation of Lemma 5.1) show that for all x € [0, 1] it holds that

(R(@)®) =—[2"Mgn®) + rma@0) = —[27M gy (01 + fu—1(0)
=—[27 Mgy 0] +x—[ 151272 g;(0]] (5.21)
=x—[ X 27Yg;0]]= fu®).
This and [26, Lemma 3.2] imply that for all x € [0, 1] it holds that

(5.20)

X2 — (R(®)X)] = ¥ — fu(x)] <272M=2 = 4=M-1, (5.22)

This establishes item (ii). Furthermore, observe that (5.20), the fact that for all x € R\[0, 1] it holds
that gy (x) =0, and item (ii) in Lemma 5.1 (applied with (Ag)keN O (AkeN, B B, (CoikeN D

(CkeNs (EneN N (€)neN» SneN O (fdneN, (MkeN O (ke in the notation of Lemma 5.1)
ensure that for all x € R\[0, 1] it holds that

(R(®)(x) = —[27*M]gm (x) + rm,4(X) = rp,4(x) = max{x, 0} = R(x). (5.23)

This establishes item (iii). In addition, note that (5.14) and (5.15) imply that D(®) = (1,4,4,...,4,1) €
NM*2 I T(®) oo <4, H(P) =M, and

P@) =41+ 1) +[ XN ,4@4+ D]+ 4 +1) =8 +20(M — 1) +5=20M — 7. (5.24)

This establishes items (iv), (v), (vi), and (vii). The proof of Lemma 5.2 is thus complete. O
5.2. ANN approximations for the squared rectifier function

Corollary 5.3.Let M € N, R € [1,00), q € (2,00), (Akery € R¥4, A B € R, (Cp)peny € R4,
(ck)keN < R satisfy for all k € N that

2 -4 2 0 1 0
2 —4 2 0 1 -1
Ak = 2 —4 2 ol A= 1l B = _% s Ck :(_Ck 2Ck —Ck 1);

—Cx 2cx —cx 1 1 0

(5.25)
and ¢, =212k and let W, ® € N satisfy
A,B), (C1,0 T M=1

_J((A,B), (C1,0)) (5.26)

" |((A,B), (A1,B), (A2,B), ..., (AM—1,B), (Cy,0)) :M>1

and ® = Ag2 o @ W e Ag-1  (cf. Definitions 2.2, 2.4, and 2.15). Then
(i) it holds that R(®) € C(R, R),
(ii) it holds for all x € (—o0, 0] that [[R(X)]* — (R(P))(x)| =0,

(iii) it holds for all x € [0, R] that [[R(X)]? — (R(®))(x)| <4 M~1R2,
(iv) it holds for all x € [R, 00) that |[[R(x)]* — (R(P))(x)| < |R(x)|[IR*7Y,
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(v) it holds that D(®) = (1,4, ...,4,1) e NM+2
(vi) it holds that H(®) = M,

(vii) it holds that P(®) =20M — 7, and

(viii) it holds that || T(®)|lec < max{4, R%}

(cf. Definitions 2.1, 2.21, and 2.22).

Proof of Corollary 5.3. Observe that Lemma 5.2 (applied with M M, (ApkeN O (AkeN, A N A,
B B, (CokeN O (CreN» CkeN O (Cken, @ ¥ in the notation of Lemma 5.2) assures that

(I) it holds that R(¥) € C(R, R),
(1) it holds for all x € R\[0, 1] that (R(¥))(x) = PR(x), and
(1) it holds for all x € [0, 1] that |x*> — (R(¥))(x)| <4 M1

(cf. Definition 2.1). Next note that Proposition 2.5 and Lemma 2.16 imply that for all x € R it holds
that R(®) €e C(R,R) and

(R(®)(X) = (R(Agz. 0 ¥ o Ag-1 0)(X) = (R(Agz ) (ROD)(R(Ag-1,0) )

= (R(Ag2.0) (R(¥)(R™'x)) = R*[(R(V))(R™'X)].

This establishes item (i). Moreover, observe that (5.27), item (I), item (II), and the fact that for all
x € (—o0, 0] it holds that R~1x € (—oc0, 0] ensure that for all x € (—oo, 0] it holds that

(5.27)

[REP = R@O)E|=| R - RZ[(RW) (RY)]| 528
5.28
=[P — R2R(R %) | =0,

This establishes item (ii). In the next step we note that item (II), (5.27), and the fact that for all
x € [R, 00) it holds that R~'x € [1, co) demonstrate that for all x € [R, oo) it holds that

0 < (R(®)(®) = R*[(R()(R7'x)] = RPR(R™"x) = Rx < x* = R . (5.29)

The triangle inequality and the assumption that q € (2, oo) therefore ensure that for all x € [R, 00) it
holds that

RO = R@)| = IR = R@NX =< [RE0P 530)
= x> = Ix|7107 77 < | TR? 7 = R0y R,

This establishes item (iv). Next observe that item (III), (5.27), and the fact that for all x € [0, R] it
holds that R~'x € [0, 1] demonstrate that for all x € [0, R] it holds that

Re0T2 = (R(@) 0| = | — RH[(R(w) (RY)]|

(5.31)
- R2‘[R*1x]2 — (RW)(R™'x) ‘ <4-M-1R2,
This establishes item (iii). Next note that (5.25) and (5.26) show that
R2Cy :(_21—2MR2 92-2M p2 _pl-2Mp2 Rz)e R1x4 (5.32)
and
R7'A,B), (R?C1,0 tM=1
P =AgzpgeVeAr 1= (( _1 ), (R*C1 )) )
' O (RTTA.B). (A1 B). ... (Au-1.B). (RCy.0)) : M > 1.
(5.33)
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Combining this with (5.25) implies that D(®) = (1,4, ...,4,1) e NM*2 3 (d) = M, P(d) = 20M —
7, and ||7(®)|leo < max{4, R?} (cf. Definitions 2.21 and 2.22). This establishes items (v), (vi), (vii),
and (viii). The proof of Corollary 5.3 is thus complete. O

5.3. ANN approximations for shifted squared rectifier functions

Lemma54.letac R, J, ®, ¥ e Nsatisfy

J= (((_1]> (8)) ((1 1), (_a))> c ((R2x1 % Rz) « (Rlxz y R1)), (5.34)
Z(®)=1,and ¥ = ® e J (cf. Definitions 2.2 and 2.4). Then

(i) it holds that D(W) =(1,2,D1(®), ..., D (e (P)) € NE®+2,
(ii) it holds for all x € R that (R(J))(x) = |x| — a,
(iii) it holds for all x € R that (R(W¥))(x) = (R(®))(|x| — a), and
(iv) it holds that || T (W) |leo < (la] + 1) max{1, |7 (®)|lco}

(cf. Definitions 2.21 and 2.22).

Proof of Lemma 5.4. Throughout this proof let L € N, I, I, ...,I € N satisfy (Ip,l1,...,1)) = D(®)
and let Wy € Rixhk-1 ke {1,2,...,L}, and By € Rk, k e {1,2,...,L}, satisfy ® = (W1, B1),
(W3, By), ..., (W, Br)). Observe that D(J) = (1,2, 1) € N3, Proposition 2.5 therefore ensures that
DW) =D(@ o) =(1,2,D1(®), ..., Drg) () e NE®+2 This establishes item (i). Next note that
for all x € R it holds that

RINE) =(1 1 )(93(_’;103)) —a=RE +R(—x) —a=x|—a (5.35)

(cf. Definition 2.1). This establishes item (ii). Moreover, observe that (5.35) and Proposition 2.5 assure
that for all x € R it holds that

(R (%) = (R(P ¢ J)) (%) = (R(P) (RIN) (%)) = (R(P)) (X — a). (5.36)

This establishes item (iii). In addition, note that

U=0elJ :(((_11) (g)) (wi(1 1),Wl(—a)+B1),(WZ,BZ),...,(WL,BL)).

(5.37)
The fact that for all 20 = (Wi)ic(1.2...1y € R1*1, B = (b1, ba, ..., b;,) € R it holds that
w1 Wwq —awq + bq
wy Wy —awy + by
W =] . . |eR"™ and W(-a)+B= . eRh (5.38)
wy,  wy —awy, + by,
hence demonstrates that
1T (W) oo < max{1, [T(P) o, (a] + DT (D)o} = max{1, (Ja| + DT (P) oo} (5.39)

= max{(la| + 1), (Ja| + DIT(P)lloo} = (la] + 1) max{1, [ T(P) oo}

(cf. Definitions 2.21 and 2.22). This establishes item (iv). The proof of Lemma 5.4 is thus complete. O
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Corollary 5.5. Let a € [0,00), M e NN [2,00), R € [1,00), q € (2,00), (Akeny € R**4, A /B € R4,
(Cken S R4, (c)ken C R satisfy for allk € N that

2 -4 2 0 1 0
2 -4 2 0 1 -1
Ap= 2 —4 2 ol A= 1 B= _% . Ce=(—ck 20k —cx 1),
—Cx 2¢ck —C¢, 1 1 0
(5.40)
and ¢y =212 and let ®, J, W € N satisfy
®=((R7'A,B). (A1, B), ... (Au-1.B), (R*Cu, 0)), (5.41)

=) E) 0 1)

and ¥ = ® e J (cf. Definitions 2.2 and 2.4). Then

(i) it holds that R(¥) € C(R, R),
(i) it holds that D(V) = (1,2, 4,4, ...,4,1) e NM+3
(iii) it holds that H(¥) =M + 1,
(iv) it holds that P(¥) =20M + 1,
(v) it holds that | T(¥)||eo < (Ja| + 1) max{4, R?},
(vi) it holds for all x € R that (R(¥))(x) = (R(¥))(—x),
(vii) it holds for all x € R with |x| < a that |[R(X] — a)]> — (R(¥))(x)| =0,
(viii) it holds for all x € R with a < |x| < R + a that [[R(]x| — 0)]* — (R(¥))(x)| <4"M~1R?, and
(ix) it holds for all x € R with |x] > R + a that |[R(X| — a)]* — (R(¥))(x)| < [|x| — a]7R*74

(cf. Definitions 2.1, 2.21, and 2.22).

Proof of Corollary 5.5. Observe that Corollary 5.3 (applied with M~ M, R AR, ¢~ ¢q, (AkeN
AkeN> A N A, BB, (CokeN O (CoreN, €keN O (Ck)kenN, @ v @ in the notation of Corol-
lary 5.3) implies that

(I) it holds that R(®) € C(R, R),

(I1) it holds for all x € (—o0, 0] that [[R(X)]* — (R(P))(x)| =0,
(1) it holds for all x € [0, R] that [[R(0)]* — (R())(x)| <4~M~-1R2,
(IV) it holds for all x € [R, c0) that |[B3(x)]* — (R(®))(x)| < |RX)|7R*71,
(V) it holds that D(®) = (1,4,...,4,1) e NM+2 and
(VI) it holds that ||7(®)|leo < max{4, R?}

(cf. Definitions 2.1, 2.21, and 2.22). Next note that Lemma 5.4 (applied with a v a, J A J, & A D,
¥ W in the notation of Lemma 5.4), item (V), and item (VI) ensure that

D) =(1,2,D1(®P), ..., Dr@y(®)=(1,2,4,...,4, 1) e N¥*3 W) =M +1,
N ——

M
(5.43)
PW)=214+1)4+42+1)4+44+1D)+...+4@4+1)+1(4+1)=20M + 1, (5.44)
M-1
and
T (®) oo < (la] + 1) max{1, [ T(®)lloo} < (a] + 1) max{4, R*}. (5.45)
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This establishes items (i), (ii), (iii), (iv), and (v). Next observe that Lemma 5.4 (applied with a . a,
J AT, d P, ¥ A Yin the notation of Lemma 5.4) assures that for all x € R it holds that

RINX) =1x| —a (5.46)
and
(R(W)(x) = (R(®))(|x] — a) = (R(P)(|—x| — a) = (R(¥))(—x). (5.47)

This establishes item (vi). Furthermore, note that (5.46) shows that for all x € [—a, a] it holds that
(R(J))(x) = |x| — a < 0. Combining this with item (II) proves that for all x € [—a, a] it holds that

IR0 = P — (RW) )| =|[RRANENI — RE@)(RA) )| =0. (5.48)

This establishes item (vii). Moreover, observe that (5.46) demonstrates that for all x € R with a <
|X| < R + a it holds that (R(J))(x) = |x| — a € [0, R]. This and item (III) ensure that for all x € R with
a <|x| <R+ a it holds that

IR0 = D = (RONE)| =|IR(RANEP = REONRENE)| =4™M71R2 (5.49)

This establishes item (viii). In addition, note that (5.46) proves that for all x € R with |x| > R +a it
holds that (R(J))(x) = |x| — a € [R, 00). Item (IV) hence shows that for all x € R with |x| > R + a it
holds that

IR(X = O = RUNE| =[[RRADEE = R@)(RE) )|
< IR(RWNE)ITR?T = [R(Ix| — ) TR,

(5.50)

This establishes item (ix). The proof of Corollary 5.5 is thus complete. O

5.4. Lower and upper bounds for integrals of certain specific high-dimensional functions

The goal of this subsection is to establish in Lemma 5.9 below lower and upper bounds for the
weighted L2-norm of the function R? 3 (xq,...,x4) > Z?:][max{|xj| —4/2d, 0112 € R. To this end,
we recollect some well-known Gaussian tail estimates in Lemma 5.6 and Lemma 5.7. The first can be
found, e.g., in Klenke [39, Lemma 22.2], but for completeness, we include their short proof.

Lemma 5.6. Let s € (0, 00). Then

[ee) e_%sz
1
fe—f"z dx > - (5.51)
S+s~

N
Proof of Lemma 5.6. Observe that the integration by parts formula ensures that

o0 o0 T o0

/e_%"2 dx = / —x7! [e_%"z]'dx = lim <[—x_1e_%"2]x_ ) - /[x‘ze_%"z]dx

T—o00 X=s
s s s (5.52)

o0 o0
L _1g I 12 1
=sle728 —/[x 2e Zx]dxzs le=35" _g 2/6 X (dx,
S S

Hence, we obtain that
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o0 _ 2 - o0
1,2 S
e ¥ dx = 1 e 2% dx
/ 1+s2 | * 2} /
S S
_ 5 - [ oo 1 00
B /e‘%"2 dx + —/e_%"2 dx (5.53)
1+52 ] s2
LS s
[ sz e 2 e 2%
>
“L1+s2]| s s+s71

The proof of Lemma 5.6 is thus complete. O

Lemma 5.7. Let 0, s € (0, 00). Then

oo

efasz

/ A Ea— (5.54)
sT'+20s

S

Proof of Lemma 5.7. Note that the integral transformation theorem and Lemma 5.6 (applied with
s\ s4/20 in the notation of Lemma 5.6) ensure that

I 1 7 ~1(sv/20)? o052
e dx= — / e~ 2% dx > = ) 5.55
f V2o T V20 | sv/20 + (sv/20)"1 | sT1+20s (555)
s V20
The proof of Lemma 5.7 is thus complete. O
Lemma 5.8. Let d € N. Then
/57 1/2
M E 3*1*4% > 50" 1g7%2. (5.56)
4d2(4d2 +6d+1) | -

Proof of Lemma 5.8. Observe that 48d%2 — 28d > 20d? > 13. This implies that 4d%> + 6d + 1 <
(25/13)(4d? + 2d) = (50/13)d(2d + 1). The fact that 13 > 2/me”* and the fact that —1 — L > —2
hence ensure that

V2d(2d + 1) [ 2 ]l/ze—l—id . ‘/Z_d[ 13 ][2 ]1/265/4 v2d [2*/5} =50"1d"2,

w

4d2(4d2 +6d + 1) | T = 4d2 | 50d || 7 = 4d2 | 50d
(5.57)

The proof of Lemma 5.8 is thus complete. O

Lemma 5.9.Let d € N and let ¢: R? — R and g: R? — R satisfy for all x = (x1, X2, ..., xq) € RY that
@) = 2m) P exp(— 3 (X9 1x;1%) and g(x) = ¥, [max{|x;| — ~/2d, 0}]2. Then

(50)"1d e~ < /|g(x)|2g0(x) dx < 3d%e~. (5.58)
]Rd

Proof of Lemma 5.9. Throughout this proof let I': (0, 00) — (0, c0) satisfy for all x € (0, 00) that
I'(x) = [y~ t*"Te~"dt. Note that the fact that for all ke N, aq, az,..., ¢ € R it holds that

a2 + a2l + .o lagl? < (o + ool + ..+ oD < k(a1 + a2l + ...+ o) (5.59)
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ensures that for all (x1, X2, ..., xg) € RY it holds that

S [ - VA < {i[m(lwl—m)]z} sd{f[mum—@ﬂ“} (5.60)

i=1 j=1 j=1

(cf. Definition 2.1). The fact that for all k € N it holds that [ 2m)*?e~2IX13 dx — 1 therefore demon-
strates that

d/[f)%(|x| —v2d)]*m) e ax

= // / |X1|_ ](27'[) P2e z[zﬁzl‘lez]dxd...dXdel
R R

R(j| — v2d)]* @) Ve i Pl gy dxy dy

Il
™=
m—_
\
'%\

=R
d T , (5.61)
:/// 3[R (1xj1 - v2d)]* | @) e 2 i axy L dx dxy
R R L i=1 i
d =2
5/ / ; / S[R(1xj1 — V2d) P | @) e HEN Py dey dxy
R R L i=1 i
= / 201> (x) dx
and
-1/2 71)‘2
|x| (27[) e 2% dx
R
=d2f/ / (il - v2d)]* @) e 31X dxy . dxy dxy
R R R
; V2d)T* 42— 5131 1x;1°]
:d/// Z][%Uxﬂ— 2d)]" | @m) e 2 =M  dxy L dxa dxy (5.62)
R R J=

R
d 2
/{Z[ (Pwl—m)]z} @) Ve MNPl gy, dxy dxy
R
[Ig(X)I @ (x)dx

(cf. Definition 2.21). Hence, we obtain that

37



P. Grohs, S. Ibragimov, A. Jentzen et al. Journal of Complexity 77 (2023) 101746

d/[m(IXI —V2d) ] er) e dx < /Ig(X)Izw(X)dx
R Rd
< d2/[%(|x| - @)]4(271’)71/26_%)(2(1)(.

R

(5.63)

Next observe that Lemma 5.7 (applied with o ~ 12, s ~ (2d)"/?> + (2d)™"? in the notation of
Lemma 5.7) and Lemma 5.8 (applied with d .~ d in the notation of Lemma 5.8) ensure that

/[,‘R(lxl — V2d)]* @) Ve dx

R
r 27" r 4 _1,2
= / (Ix] — ] Q) Ve~ 1% dx —[;:| / [x —v2d]"e™ 2% dx
0 V2d

[o.¢] _
127" / gy |- 1 [2]7[1@d) 4 @d) e i Cazed D
~ad? |7 ~ad?| 7w 1+ Qd+2+Qd1)

2d) "2+ (2d) "2

[~ 1/2
:ed[—Zd(ZdH) [3} e“tld}zSo]d‘s/zed.

4d?(4d*> + 6d + 1)
(5.64)
Moreover, note that the integral transformation theorem and Lemma 3.1 demonstrate that
/[m(|x| —V2d)]r) e ¥ dx
R
o0 o
1/2,—1x2 27" 4 1
=2 R(Ix| — ] Q) e 2%dx | = - [x—+v2d]'e”2¥dx
0 2d

2 27" T
:[_] Ao 1202 gy :[_] o—d /X4ef%(x2+2~/ﬂx) dx

T T

0
o0

< [Ei| 4o gx | = [i}e’d /x3/2e”‘dx = [i}e’d F(E) =34

T JT JT 2

0
(5.65)
Combining this with (5.63) and (5.64) demonstrates that

50" 'd el < / lg(x) @ (x)dx < 3d%e ™. (5.66)

Rd
The proof of Lemma 5.9 is thus complete. O

5.5. ANN representations for multiplications with powers of real numbers

Lemma5.10.Letne N, L e R, &, .7, Ve Nsatisfy & = (A ® Jo@)) ® Arlps).0 and W= (F°") e & (cf.
Definitions 2.2, 2.4, 2.7, 2.8, 2.13, 2.15, and 2.17). Then
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(i) it holds that T(¥) = Z(®),
(ii) it holds that H(V) = H(®P) +n,
(iii) it holds that P(¥) < 2P(®) + 6n|O(d)|?,
(iv) it holds that || T (¥)|lee < max{1, [A]} max{|A], | T(®) s}, and

(v) it holds for all x € RT™ that (R(¥))(x) = 12" (R(P))(x)
(cf. Definitions 2.21 and 2.22).

Proof of Lemma 5.10. Throughout this proof let d, Iy, 11,1, € N satisfy [ =l =d = O(®) and |} = 2d,
let 0, € R", ne N, satisfy for all ne N that 0, =0, and let Wy € Rlxl-1, k € {1, 2}, satisfy Ty =
(W1, 039), (W3, 04)) (cf. Lemma 2.14). Observe that Lemma 2.9, Proposition 2.5, and Lemma 2.18
show that

D(F*=(d,2d,2d,...,2d,d) e N""2  H(I*=n,  HW)=H(D)+n,
and  D(W) = (Do(P), D1(P), ..., D) (P), 2d,2d, ..., 2d,d) € NS@FHT (5.67)
— ———
n
Therefore, we obtain that
P(W) =P(D) + D20 (P) (Day(a) (D) + 1) +2d(2d + 1) + ... +2d(2d + 1) +d(2d + 1)
n—1
=P(®) + D) (@) Daya) () + 1) + (n — 1)(4d* + 2d) + (2d* + d)
<2P(®) + 6d°n = 2P(®) + 6n|O(P)|>.

(5.68)

Moreover, note that (2.3) and the fact that for all @ € R, ¢ € N it holds that & ® ¢ = Ag1,,.0 ® ¢
ensure that . = ((AW1, Oy4), AW>, 04)). Therefore, we obtain that

M = (AW1, 029), A2 W1W3, 029), ..., A2W1 W2, 039), (AW2, 0g)). (5.69)

n—1

Next observe that the fact that J;3 = (W1, 02), (W3, Og)), (2.8), (2.11), and (2.12) demonstrate
that |7 ((W1, 020))lleo = IT (W2, 0a))) oo = IT (W1 W3, 02a)))lloc = 1 (cf. Definitions 2.21 and
2.22). Combining this with (5.69) establishes that

1A :n=1

on
[T = |A|max{1,|x]} :n>1.

(5.70)

Furthermore, note that the fact that J; = (W1, O2q), (W2, 04)), (2.8), (2.11), and (2.12) show that for
all ke N, 20 e R¥*k 8 ¢ RY it holds that

7T ((AW120, AW1B 4 020))) lloc = AT (W, B))) lloo- (5.71)
This, Lemma 2.23, (5.69), and (5.70) establish that
IT(W)lleo = [ T((7*") @ @)]| . < Max{IT(7*") lloos I T(P)lloo, IMIT(P) oo }
< max{|a|max{1, |A}, [ T(D) oo, AT (P) oo} (5.72)
=max{1, [A[} max{[A], [ T(P)loc}-

In addition, observe that Proposition 2.5, Lemma 2.14, Lemma 2.16, and Lemma 2.18 demonstrate that

for all x € RY it holds that
(R(I)N(X) = (R((A ® Tg) @ As1,.0) (%) = (R(- ® Tg)) (R(As1,,0)) (%)) (573)
= (R(x ® J9)) (Ax) = A[(R(J0)) (Ax)] = A[Ax] = A2X. '
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Induction therefore shows that for all x € R? it holds that (R(.#°*"))(x) = A2"x. Hence, we obtain that
for all x e RZM it holds that

R(W)(X) = (R(S*") 0 D) (%) = (R(I*) (R(P)) (%)) = 2" (R(P)) (X). (5.74)

Combining this with (5.67), (5.68), and (5.72) establishes items (i), (ii), (iii), (iv), and (v). The proof of
Lemma 5.10 is thus complete. O

5.6. ANN approximations for certain specific high-dimensional functions

Theorem 5.11. Letd e N, M e NN [2,00), R € [1,00), let ¢: R? > R and g: R? — R satisfy for all x =
(X1, X2, ... Xg) € RY that ¢(x) = 2m) P exp(—3(X9_,1xj1%)) and g(x) = ¥_9_[max{|x;| — ~/2d, 0}%
and let g: R? — R satisfy for all x e RY that g(x) = [ [ra|8(¥)1*@(y) dy1~1/2g(x). Then there exists & € N
such that

(i) it holds that R(®) € C(RY, R),
(ii) it holds that H(®) =d + M + 1,
(iii) it holds that P(®) < 42d*M + 6d,
(iv) it holds that || T(®)|lee < 12d*?max{4, R?}, and
(v) it holds that [a|(R(®))(x) — g(x)|?@(x)dx < 50d”?[16~M~T1R* 4+ 105R~*]

(cf. Definitions 2.2, 2.21, and 2.22).

Proof of Theorem 5.11. Throughout this proof let I": (0, c0) — (0, 0c0) satisfy for all x € (0, 00) that
I'(x)= [y t*Te7"dt, let ¥ € N satisfy that

(I) it holds that R(y) € C(R, R),
(1) it holds that D(¥) = (1,2, 4, ...,4,1) € NM+3,
N——

M
(1) it holds that || T (¥)[le < (+/2d + 1) max{4, R?},
(IV) it holds for all x € R that (R(¥)) (%) = (R(¥))(—X),
(V) it holds for all xe R with |x| < +/2d that |[[R(|x| — v/2d)]?> — (R(¥))(x)|=0,
(VI) it holds for all x € R with +/2d < |x| < R + +/2d that

|[9(1x] — V2d))* — (R(Y)(x)| < 4™ M 1R2, (5.75)
and
(VID) it holds for all xe R with |x| > R + +/2d that
IR — V2d) 2 — (R()) (0] < [1x] — v/2d]*R2 (5.76)

(cf. Corollary 5.5), let A € R satisfy A = [[ralg(¥)[¢(y)dy]"/“D, and let .#, ¥, ® € N satisfy .¥ =
A®T1)eA; 0, V=81qePy(y,y,...,¥), and & = (#*%) o W (cf. Definitions 2.1, 2.2, 2.4, 2.8, 2.10,
213, 215, 217, 2.19, 2.21, and 2.22). Note that Lemma 5.9 (applied with d ~d, ¢ ¢, g ~ g in the
notation of Lemma 5.9) implies that

ad
_ 1 1
0<i= /|g(y)|2q0(y)dy 5[50—1d*3/2e—d] & =[50d3/2ed]“"

Rd

< [64d24d] w_ [&1 2d] u < [sd zd] 2

(5.77)

1

:[16"]2" :[42"]217:4.
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This and Lemma 5.10 (applied with n ~d, A ~ A, @AY, I I, U O in the notation of
Lemma 5.10) ensure that for all x e RZ(® it holds that

,1/2

(R(®))(x) = A2 (R()) (x) = /Ig(y)lzgo(y) dy (R(¥)(x). (5.78)
Rd
Next observe that item (I), Lemma 2.20 (applied with m 1, n .~ d in the notation of Lemma 2.20),

and Proposition 2.11 (applied with n ~d, (®1, ®2,..., Pp) N (W, ¥, ..., ¥) in the notation of Propo-
sition 2.11) assure that for all x = (x1, x2, ..., Xq) € R? it holds that R(¥) € C(RY, R) and

d
(RW)(x) = Z(R(llf))(Xj)- (5.79)
j=1
Combining this with (5.78) establishes item (i). In the next step note that item (II), Lemma 2.20
(applied with m .~ 1, n~d in the notation of Lemma 2.20), Proposition 2.12 (applied with n~d,
(®1, Pa, ..., Pp) ~ (Y, ¢, ..., ) in the notation of Proposition 2.12), and Proposition 2.5 (applied
with &1 N &1 4, P2 APy(¥, ¥, ..., ¥) in the notation of Proposition 2.5) show that

DPy(V, ..., ) =(d,2d,4d, ... 4d,d) e NM+3 (5.80)
—
M
and
D) = (d,2d,4d, ..., 4d, 1) e NM+3, (5.81)
N———
M

Therefore, we obtain that H(¥) =M + 1 and
PW)=2dd+1)+4dRd+1)+4d(Ad+1)+...+4d(4d+1)+1(4d + 1)
M-1 (5.82)
=10d? 4+ 10d + 1 + (M — 1)(16d? + 4d) < 21d*M.

Combining this with Lemma 5.10 (applied with n ~nd, A ~ A, © AV, I A~ Z, U D in the
notation of Lemma 5.10) ensures that H(®) = H(¥) +d=d+ M + 1 and P(d) < 2P(V¥) +
6d|O(W)|? < 42d*2M + 6d. This establishes items (ii) and (iii). Next observe that for all 20 =
(Wi )i jelt.2....d)x(1.2...4d) € R4 B = (by, by, ..., by) € RY it holds that

(11 - 1)m:([2?:1w,-J],[z;;wi,z],...,[zﬁzlwi,4d])eRlx4‘1 (5.83)
eR1xd
and
(11 - 1)B+0=[YL, b]eR. (5.84)

The fact that |7 (Pg(¥, ¥, ..., ¥)llco = 17T (¥)|leo therefore implies that

T oo =T (S1,a @ Pa(¥, ¥, ..., YD) lloo <dIT®a(r, ¥, ..., YD) lloo = d I T (W) lloc-

(5.85)
Combining this with item (III) assures that
1T (W) oo <dIT(W)lloo < d(v2d + 1)max{4, R*} < 3d”?max{4, R*}. (5.86)
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Lemma 5.10 (applied with n ~d, A A A, ® A Y, I I, ¥ D in the notation of Lemma 5.10) and
(5.77) hence demonstrate that

7 (P)lloo = max{1, |A[} max{[A], | T (¥)lloo}

5.87
<4 max[4, 3d*?max{4, RZ}] — 12d¥*max(4, R?). (587)

This establishes item (iv). Moreover, note that the fact that for all aq,as,..., aq € R it holds that
(@ +az+...4a9)? <d(aj|®+]az2 +...+|ag]?) and (5.79) ensure that for all x = (x, X2, ..., xq) € RY
it holds that

2
d
(RO — g =|> [ RN = [R(1xy] - v2) ]
=1 (5.88)
d

<a Y[R - [ - vV2) ]

Combining this with the fact that for all k € N it holds that [ @) *2e=21X13 dx = 1, Lemma 5.9
(applied with d ~d, ¢ @, g~ g in the notation of Lemma 5.9), and (5.78) implies that

/ ((R(®) () — g0 Pp(x) dx

-1

- / £ 2o(y) dy / (RO (0 — (0290 dx

< 50d%2e? / [(R(¥) (%) — g(X) P9 (x) dx
Rd
d

2
< 50d%% d/{Z[(R(w))(xj)—[m(W—Jﬁ)]z] :|<p(x1,xz,...,xd)d(x1,xz,...,xd)
d

d
2
= 50d%2e? Z (R(w))(xj)—[m(|xj|—«/ﬁ)]2] QX1 X2, ..., X)) d(X1, X2, ..., Xq)

2
=50d"%¢ d (R@p))(m [ (1= V2| peaxa k) A X Xe)
Rd

72 2 —lx2
—25\/; / d/[(R(w))(x) [%% (|x|—«/ﬁ)]2] e~ 2* dx.

R
(5.89)

The integral transformation theorem and items (IV), (V), (VI), and (VII) therefore demonstrate that

/ [(R(®)) (%) — g(0) 20 (x) dx
Rd

2 2 1.2
525\/7 2e / (R @ =[x - v24) | e3¢ ax

R
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:50\/zd7/zed f [(R(z//))(x)—[%ﬂxl—\/ﬁ)]z]ze*%"zdx

NeT
5 R++2d ),

=50,/ = "¢ / [(R(w))(x) —[%(x —Jz—d)]z] e 2¥ dx

N
+5°\/; drel [ (R - [0 - V2] ] e P ax (5.90)
R++/2d

B R++/2d 00

550\/3%2 d| 4-2M-2p4 / e dx+ R / [x— v2d]*e= 2" dx
L Vad R+v2d

R 00
_50 £d7/zed 16—M—1R4/67%(x2+2x\/ﬁ+2d) dX+R—4/XBef%(x2+2x«/ﬂ+2d) dx
P
0 R

r R 00
_ 50 [2 g ]G_M—1R4/e—%(x2+2xJE) dx+R—4/xse—%(x2+2xm)dx
b4
L 0 R
r o] o0
550‘/3(17/2 16—M—1R4/ e~ 2% dx+ R~ / e~ 2% dx |.
b4
L 0 0

Next observe that the integral transformation theorem and Lemma 3.1 ensure that

oo

o0
9
/xge_%"2 dx:8ﬁ/x7/ze_"dx:8«/ir<§>
0 0

(5.91)
o[ TSN ]2 2 105
2121 2]12] \2 2
The fact that [j* e~ 3% dx = \/ng @r) e dx = \/g and (5.90) therefore assure that
[1R@)@ - ge0Pprods
2 o0 o0
550\/:17/2 16—M—1R4/ e 3 dx 4 R f Be~ 3 dx (5.92)
T
0 0

=504 [16’””] R4+ 105R’4].

This establishes item (v). The proof of Theorem 5.11 is thus complete. O

Corollary 5.12. Let £ € (0, 1], € € [10006 !, 00), c € [€, 00),d € N, let ¢: R? - R and g: R — R satisfy

forall x = (x1,%3,...,%3) € RY that p(x) = Qm) V> exp(——(Z] 11xj1%)) and g(x) = Z‘;Z] [max{|x;j| —

V2d,0}12, and let g: RY — R satisfy for all x € R? that g(x) = [ [ral2(¥) 20 (y)dy]~2g(x). Then
g g R 4
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there exists & € N such that Z(®) =d, O(®) =1, d < H(®) < cd, | T(P)lloo < cd€, P(P) < cd?, and
[fral (R(®) (%) — g(x) 2@ (x) dx]"? < & (cf. Definitions 2.2, 2.21, and 2.22).

Proof of Corollary 5.12. Throughout this proof let M € N N[2, 00), R € [1, o0) satisfy M = max((—oo,
RINN) and R = 9de~"/2. Note that Theorem 5.11 (applied with d ~d, M ~ M, R ~ R, O, gNg,
g g in the notation of Theorem 5.11) ensures that there exists ® € N which satisfies that

(1) it holds that R(®) € C(R%, R),
(1) it holds that H(®) =d+ M + 1,
(Il) it holds that P(®) < 42d*M + 6d,
(IV) it holds that ||7(®)llee < 12d**max{4, R%}, and

(V) it holds that [4l(R(P))(x) — g(x)[>@(x)dx < 50d"/2[16"M~1R% 4+ 105R 4]

(cf. Definitions 2.2, 2.21, and 2.22). Therefore, we obtain that Z(®) =d, O(®) =1, d < H(P) =
d+M+1<d+R+1=d+9de > 4+1<11de™? < ¢d < od, |T(P)|loo < 12d**max{4, R?} =
972d"?¢=1 < ¢d% < «d®, and P(P) < 42d*M + 6d < 42d*R + 6d = 378d%s "2 4 6d < 384d3s />
¢d3 < cd®. Moreover, observe that the fact that for all x € [4, co0) it holds that x2 < 2¥, the assumption
that M = max((—oo, RN N), and the assumption that R = 9de™"/? show that 16" M~1R4 4 105R~* <
106R~* = 1062 (9d)~* < (50d"?)~'¢2. Combining this with item (V) implies that [ [g4l(R(P))(x) —
g2 (x)dx]"* < [50d7?[16"M~1R4 4 105R—4]]"/*> < e. The proof of Corollary 5.12 is thus com-
plete. O

IA

6. Lower and upper bounds for the number of ANN parameters in the approximation of
high-dimensional functions

In this section we combine the lower bounds for the number of parameters of certain ANNs of
Corollary 4.9 with the upper bounds of Corollary 5.12 to establish Theorem 6.1, the main ANN approx-
imation result this paper. Theorem 1.1 is then an immediate consequence of Theorem 6.1, respectively
Corollary 6.2.

6.1. ANN approximations with specifying the target functions

Theorem 6.1. Let ¢;: R — R,d e N, and f;: R? - R, d € N, satisfy foralld € N, x = (x1, X3, ..., Xg) €
R that ¢q(x) = 270) 2 exp(— 1 (04, 1%12)) and fa(x) = Y4 [max{|x;| — v/2d, 0}12, let fg: RY — R,
d e N, satisfy for all d € N, x € R? that §4(x) = [ [gal fa(¥)*0a(y)dy]~V2 f4(x), and let § € (0,1], € €
(0, 1/2]. Then there exists € € (0, co) such that

(i) it holds for all ¢ € [€, 00), d € N that
3P eN: p=P(@), I(d) =d, O(P) =1,
mind pe N: d<H(®) <cd, |T(P)]lo < cd°, <cd? (6.1)

[l (R(®)X) — fa®)Ppa(x) dx]"* < &

and
(ii) it holds for all ¢ € [€, 00), d € N that

30 e N: p=P(®), Z(®) =d, O(®) =1,
min{peN: H(P) < cd ™, | T(®) |0 < cdF, > 1+ 3H@ (6.2)
[ Ral (R(®) (%) — fa () [Ppq(x) dx]"* < &
(cf. Definitions 2.2, 2.21, and 2.22).
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Proof of Theorem 6.1. Throughout this proof let ¢ e [100(51n(1.03))72, 0c0) N [1000e~!, 00), ¢ €

[€,00), d e N satisfy 2¢% < (1.03)V<. Note that Corollary 5.12 (applied with & ~ &, € A €,
cne dand, ¢ ey, 8N fa, g fqg in the notation of Corollary 5.12) assures that there ex-
ists ® € N such that Z(®) =d, O@) =1, d < H(®) < cd, |T(P)lloo < ¢dS, P(®) < ¢d>, and
[Jral (R(®)(X) — ga(®)[>@4(x) dx]"? < & (cf. Definitions 2.2, 2.21, and 2.22). This establishes item (i).
Moreover, observe that Corollary 4.9 (applied with ¢4 ~ @4, 84 fa, 94 N fd, § NS, €€ in
the notation of Corollary 4.9) ensures that for all ® € N with Z(®) =d, O(®) =1, H(P) < ¢d' 9,
[T (D)oo < ¢d, and [[al(R(P))(X) — fa(x)[>@4(x) dx]? < ¢ it holds that P(®) > (1 + 3% This

establishes item (ii). The proof of Theorem 6.1 is thus complete. O
6.2. ANN approximations without specifying the target functions

Corollary 6.2. Let ¢s: R — R, d € N, satisfy foralld e N, x e RY that g4(x) = (27r) * exp(— 1 |1x[12) (cf.
Definition 2.21). Then there exist continuously differentiable f4: R — R, d € N, such that for all § € (0, 1],
& € (0, 1/2] there exists € € (0, co) such that

(i) it holds for all ¢ € [€, 00), d € N that
Ad eN: p=P(®), Z(®) =d, O(®) =1,
min{peN: d<H(®) <cd, |[T(P)]oo < cdF, <cod? (6.3)
/Rl (R(DP) () — fa(®) P@a(x) dx]"* < &
and
(ii) it holds for all ¢ € [€, 00), d € N that
AP eN: p=P(®), Z(®) =d, O(®) =1,
min{ peN: H(D) < cd' ™, | T(®)] oo < cd, >1+cH@  (64)

[/Ra (R(®)HX) — fa(®)pa(x)dx]* < &
(cf. Definitions 2.2 and 2.22).

Proof of Corollary 6.2. Throughout this proof let f;: RY - R, d € N, satisfy for all d e N, x =
(X1,X2, ..., %3) € R? that fy(x) = Z‘;:][maxﬂle —V/2d, 0}, let fi: R > R, d e N, satisfy for all
deN, xeR? that f3(x) = fa()[ [ral fa()1*@a(y)dy] 2, and let § € (0, 1], & € (0, 1/2]. Note that The-
orem 6.1 (applied with (¢g)geN N (Pa)deN, (faddeN N (fa)deN, (ddaeN O (Fadden, 803, € g in
the notation of Theorem 6.1) establishes items (i) and (ii). The proof of Corollary 6.2 is thus com-
plete. O

Acknowledgements

Benno Kuckuck and Philippe von Wurstemberger are gratefully acknowledged for their helpful
assistance regarding Lemma 2.23. Joshua Lee Padgett is gratefully acknowledged for his helpful assis-
tance regarding Lemma 5.1 and Lemma 5.2. The third author gratefully acknowledges the Cluster of
Excellence EXC 2044-390685587, Mathematics Miinster: Dynamics-Geometry-Structure funded by the
Deutsche Forschungsgemeinschaft (DFG, German Research Foundation) and the startup fund project of
Shenzhen Research Institute of Big Data under grant No. T00120220001. The fourth author acknowl-
edges funding by the Austrian Science Fund (FWF) through the projects P 30148 and I 3403.

References

[1] G.E. Andrews, R. Askey, R. Roy, Special Functions, Encyclopedia of Mathematics and Its Applications, vol. 71, Cambridge
University Press, Cambridge, 1999.

45


http://refhub.elsevier.com/S0885-064X(23)00015-8/bib35C932DD3B836E00FA6AEC22D7727609s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib35C932DD3B836E00FA6AEC22D7727609s1

P. Grohs, S. Ibragimov, A. Jentzen et al. Journal of Complexity 77 (2023) 101746

[2] A. Barron, Neural net approximation, in: Proceedings of the 7th Yale Workshop on Adaptive and Learning Systems, 1992,
pp. 69-72.

[3] A. Barron, Universal approximation bounds for superpositions of a sigmoidal function, IEEE Trans. Inf. Theory 39 (3) (1993)
930-945.

[4] A. Barron, Approximation and estimation bounds for artificial neural networks, Mach. Learn. 14 (1) (Jan 1994) 115-133.

[5] C. Beck, M. Hutzenthaler, A. Jentzen, B. Kuckuck, An overview on deep learning-based approximation methods for partial
differential equations, Discrete Contin. Dyn. Syst., Ser. B 28 (6) (2023) 3697-3746.

[6] C. Beck, A. Jentzen, B. Kuckuck, Full error analysis for the training of deep neural networks, Infin. Dimens. Anal. Quantum
Probab. Relat. Top. 25 (2) (2022) 2150020.

[7] R. Bellman, Dynamic Programming, Princeton Landmarks in Mathematics, Princeton University Press, Princeton, NJ, 2010,
Reprint of the 1957 edition, With a new introduction by Stuart Dreyfus.

[8] P. Beneventano, P. Cheridito, A. Jentzen, P. von Wurstemberger, High-dimensional approximation spaces of artificial neural
networks and applications to partial differential equations, arXiv:2012.04326, 2020, 32 pages.

[9] J. Berner, P. Grohs, A. Jentzen, Analysis of the generalization error: empirical risk minimization over deep artificial neu-
ral networks overcomes the curse of dimensionality in the numerical approximation of Black-Scholes partial differential
equations, SIAM ]. Math. Data Sci. 3 (2) (2020) 631-657.

[10] M. Bianchini, F. Scarselli, On the complexity of neural network classifiers: a comparison between shallow and deep archi-
tectures, IEEE Trans. Neural Netw. Learn. Syst. 25 (8) (2014) 1553-1565.

[11] H. Bolcskei, P. Grohs, G. Kutyniok, P. Petersen, Optimal approximation with sparsely connected deep neural networks, SIAM
J. Math. Data Sci. 1 (1) (2019) 8-45.

[12] P. Cheridito, A. Jentzen, F. Rossmannek, Efficient approximation of high-dimensional functions with neural networks, IEEE
Trans. Neural Netw. Learn. Syst. 33 (7) (2022) 3079-3093.

[13] G. Cybenko, Approximation by superpositions of a sigmoidal function, Math. Control Signals Syst. 4 (1989) 303-314.

[14] A. Daniely, Depth separation for neural networks, in: S. Kale, O. Shamir (Eds.), Proceedings of the 2017 Conference on
Learning Theory, PMLR, Amsterdam, Netherlands, 07-10 Jul 2017, in: Proceedings of Machine Learning Research, vol. 65,
2017, pp. 690-696.

[15] M.J. Donahue, C. Darken, L. Gurvits, E. Sontag, Rates of convex approximation in non-Hilbert spaces, Constr. Approx. 13 (2)
(1997) 187-220.

[16] W. E, ]. Han, A. Jentzen, Algorithms for solving high dimensional PDEs: from nonlinear Monte Carlo to machine learning,
Nonlinearity 35 (1) (2022) 278-310.

[17] D. Elbrdchter, P. Grohs, A. Jentzen, C. Schwab, DNN expression rate analysis of high-dimensional PDEs: application to option
pricing, Constr. Approx. 55 (1) (2022) 3-71.

[18] D. Elbrdchter, D. Perekrestenko, P. Grohs, H. Bolcskei, Deep Neural network approximation theory, arXiv:1901.02220, 2020,
74 pages.

[19] R. Eldan, O. Shamir, The power of depth for feedforward neural networks, in: V. Feldman, A. Rakhlin, O. Shamir (Eds.), 29th
Annual Conference on Learning Theory, Columbia University New York, New York, USA, 23-26 Jun 2016, in: Proceedings of
Machine Learning Research, PMLR, vol. 49, 2016, pp. 907-940.

[20] K.-I. Funahashi, On the approximate realization of continuous mappings by neural networks, Neural Netw. 2 (3) (1989)
183-192.

[21] F. Girosi, G. Anzellotti, Rates of convergence for radial basis functions and neural networks, in: R.J. Mammone (Ed.), Artificial
Neural Networks for Speech and Vision, Chapman & Hall, 1993, pp. 97-113.

[22] L. Gonon, P. Grohs, A. Jentzen, D. Kofler, D. Siska, Uniform error estimates for artificial neural network approximations for
heat equations, IMA J. Numer. Anal. 42 (3) (2022) 1991-2054.

[23] L. Gonon, C.Schwab, Deep ReLU network expression rates for option prices in high-dimensional, exponential Lévy models,
Tech. Rep. 2020-52, Seminar for Applied Mathematics, ETH, Ziirich, Switzerland, 2020.

[24] P. Grohs, L. Herrmann, Deep neural network approximation for high-dimensional elliptic PDEs with boundary conditions,
arXiv:2007.05384, 2020, 22 pages.

[25] P. Grohs, F. Hornung, A. Jentzen, P. von Wurstemberger, A proof that artificial neural networks overcome the curse of di-
mensionality in the numerical approximation of Black-Scholes partial differential equations, Mem. Amer. Math. Soc. (2018),
in press, arXiv:1809.02362, 124 pages.

[26] P. Grohs, F. Hornung, A. Jentzen, P. Zimmermann, Space-time error estimates for deep neural network approximations for
differential equations, Adv. Comput. Math. 49 (1) (2023) 4.

[27] P. Grohs, A. Jentzen, D. Salimova, Deep neural network approximations for solutions of PDEs based on Monte Carlo algo-
rithms, Part. Differ. Equ. Appl. 3 (4) (2022) 45.

[28] NJ. Guliyev, V.E. Ismailov, Approximation capability of two hidden layer feedforward neural networks with fixed weights,
Neurocomputing 316 (2018) 262-269.

[29] N.J. Guliyev, V.E. Ismailov, On the approximation by single hidden layer feedforward neural networks with fixed weights,
Neural Netw. 98 (2018) 296-304.

[30] L. Gurvits, P. Koiran, Approximation and learning of convex superpositions, J. Comput. Syst. Sci. 55 (1) (1997) 161-170.

[31] K. Hornik, Approximation capabilities of multilayer feedforward networks, Neural Netw. 2 (4) (1991) 251-257.

[32] K. Hornik, M. Stinchcombe, H. White, Multilayer feedforward networks are universal approximators, Neural Netw. 5 (2)
(1989) 359-366.

[33] E Hornung, A. Jentzen, D. Salimova, Space-time deep neural network approximations for high-dimensional partial differ-
ential equations, arXiv:2006.02199, 2020, 52 pages.

[34] M. Hutzenthaler, A. Jentzen, T. Kruse, T.A. Nguyen, A proof that rectified deep neural networks overcome the curse of
dimensionality in the numerical approximation of semilinear heat equations, Ser. Partial Differ. Equ. Appl. 1 (2020) 1-34.

46


http://refhub.elsevier.com/S0885-064X(23)00015-8/bib7BDE210CC25027EA3D84CFA4142EC91Fs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib7BDE210CC25027EA3D84CFA4142EC91Fs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibFEB46674E257858927EFBB8806B8C77Fs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibFEB46674E257858927EFBB8806B8C77Fs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB30CF096868B148A55B8CBA869CB87ACs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB996DAAAD25E5C3A7ADFD89D6C15A9ACs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB996DAAAD25E5C3A7ADFD89D6C15A9ACs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib88FB873988B32C9E2B7D392885DD2DD7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib88FB873988B32C9E2B7D392885DD2DD7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib8D9132B59E25F7AA336481E1F835533Bs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib8D9132B59E25F7AA336481E1F835533Bs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib38DD481FE10BD1CCD92AD93BF8018E9Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib38DD481FE10BD1CCD92AD93BF8018E9Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib2F0A90561776F664407E7D2A5DB5EEBDs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib2F0A90561776F664407E7D2A5DB5EEBDs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib2F0A90561776F664407E7D2A5DB5EEBDs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0FC12DA51236BA9B23A4869B457F46A2s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0FC12DA51236BA9B23A4869B457F46A2s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibBB6695C390364D177658CB6E0F619BC9s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibBB6695C390364D177658CB6E0F619BC9s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib760E9201FD16F1EDB1CD7F71F24F55A5s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib760E9201FD16F1EDB1CD7F71F24F55A5s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib779E75A9ED4AFCF44A2B4EB24C19148Bs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibFCD8D4812A2BC6B4A0207F8FB9296216s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibFCD8D4812A2BC6B4A0207F8FB9296216s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibFCD8D4812A2BC6B4A0207F8FB9296216s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib9FA0B8396EA439FC2107E1B6496F38FBs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib9FA0B8396EA439FC2107E1B6496F38FBs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibDEAAE69863E77A4D0E51AEB45887EC56s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibDEAAE69863E77A4D0E51AEB45887EC56s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib1D79ABB2EE9ACEA9B7CD523099B2884Cs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib1D79ABB2EE9ACEA9B7CD523099B2884Cs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibF927C0D4E7F99FFB14184F7F6C7A6D81s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibF927C0D4E7F99FFB14184F7F6C7A6D81s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib37E847C8E8BF91130D843AE4D786CE49s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib37E847C8E8BF91130D843AE4D786CE49s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib37E847C8E8BF91130D843AE4D786CE49s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib64747C458ED435E4DB511558B2F78DCEs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib64747C458ED435E4DB511558B2F78DCEs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB3E6934E65061FCC821B32FC9CB7C292s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB3E6934E65061FCC821B32FC9CB7C292s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibFD47A6831476E7C592F18EEEE16CC372s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibFD47A6831476E7C592F18EEEE16CC372s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib6673EFD7DEB9A062950D0ECC17DECCF0s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib6673EFD7DEB9A062950D0ECC17DECCF0s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib73AA4AF150980541FF3D8E450E90BCB7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib73AA4AF150980541FF3D8E450E90BCB7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib8C66620B1BB23C03AB595E470F1EC59Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib8C66620B1BB23C03AB595E470F1EC59Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib8C66620B1BB23C03AB595E470F1EC59Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib02B3750B0EF1CD4E9BFEFDDD50D76F1Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib02B3750B0EF1CD4E9BFEFDDD50D76F1Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib2AF5B28982563FF190BCBBBEFD89C438s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib2AF5B28982563FF190BCBBBEFD89C438s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB90F689DCCE7B70194F154A965C18CA3s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB90F689DCCE7B70194F154A965C18CA3s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib97903AF89F131DB377C25C4E082D023As1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib97903AF89F131DB377C25C4E082D023As1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0E3665A973558E0EDD17BECCDEBDE531s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib301FBAA64D4385656A89D92221896D3Cs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib2A55F0F108D57C912D5822255635D8B2s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib2A55F0F108D57C912D5822255635D8B2s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibCF69112A86A079E73F307AABCE96FAE7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibCF69112A86A079E73F307AABCE96FAE7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib51A0046A10FF385A5258547A55DD76DFs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib51A0046A10FF385A5258547A55DD76DFs1

P. Grohs, S. Ibragimov, A. Jentzen et al. Journal of Complexity 77 (2023) 101746

[35] A. Jentzen, D. Salimova, T. Welti, A proof that deep artificial neural networks overcome the curse of dimensionality in the
numerical approximation of Kolmogorov partial differential equations with constant diffusion and nonlinear drift coeffi-
cients, Commun. Math. Sci. 19 (5) (2021) 1167-1205.

[36] LK. Jones, A simple lemma on greedy approximation in Hilbert space and convergence rates for projection pursuit regres-
sion and neural network training, Ann. Stat. 20 (1) (1992) 608-613.

[37] P.C. Kainen, V. Klrkova, M. Sanguineti, Complexity of Gaussian-radial-basis networks approximating smooth functions, J.
Complex. 25 (1) (2009) 63-74.

[38] P.C. Kainen, V. Karkova, M. Sanguineti, Dependence of computational models on input dimension: tractability of approxi-
mation and optimization tasks, IEEE Trans. Inf. Theory 58 (2) (Feb 2012) 1203-1214.

[39] A. Klenke, Probability Theory, Universitext, Springer-Verlag London Ltd., London, 2008, A comprehensive course, Translated
from the 2006 German original.

[40] J.M. Klusowski, A.R. Barron, Approximation by combinations of ReLU and squared ReLU ridge functions with ¢! and ¢°
controls, IEEE Trans. Inf. Theory 64 (12) (Dec 2018) 7649-7656.

[41] V. Karkovd4, Minimization of error functionals over perceptron networks, Neural Comput. 20 (1) (Jan 2008) 252-270.

[42] V. Karkova, P.C. Kainen, V. Kreinovich, Estimates of the number of hidden units and variation with respect to half-spaces,
Neural Netw. 10 (6) (1997) 1061-1068.

[43] V. Karkovd, M. Sanguineti, Comparison of worst case errors in linear and neural network approximation, IEEE Trans. Inf.
Theory 48 (1) (Jan 2002) 264-275.

[44] V. Kurkova, M. Sanguineti, Geometric upper bounds on rates of variable-basis approximation, IEEE Trans. Inf. Theory 54 (12)
(Dec 2008) 5681-5688.

[45] G. Kutyniok, P. Petersen, M. Raslan, R. Schneider, A theoretical analysis of deep neural networks and parametric PDEs,
arXiv:1904.00377, 2019, 39 pages.

[46] M. Leshno, V.Y. Lin, A. Pinkus, S. Schocken, Multilayer feedforward networks with a nonpolynomial activation function can
approximate any function, Neural Netw. 6 (6) (1993) 861-867.

[47] B. Li, S. Tang, H. Yu, Better approximations of high dimensional smooth functions by deep neural networks with rectified
power units, arXiv:1903.05858, 2019, 28 pages.

[48] V. Maiorov, A. Pinkus, Lower bounds for approximation by MLP neural networks, Neurocomputing 25 (1) (1999) 81-91.

[49] H.N. Mhaskar, Q. Liao, T.A. Poggio, Learning functions: when is deep better than shallow, CoRR, arXiv:1603.00988v4 [abs],
2016.

[50] H.N. Mhaskar, T.A. Poggio, Deep vs. shallow networks: an approximation theory perspective, CoRR, arXiv:1608.03287 [abs],
2016.

[51] E. Novak, H. WoZniakowski, Tractability of Multivariate Problems. Vol. 1: Linear Information, EMS Tracts in Mathematics,
vol. 6, European Mathematical Society (EMS), Ziirich, 2008.

[52] E. Novak, H. WoZzniakowski, Tractability of Multivariate Problems. Volume II: Standard Information for Functionals, EMS
Tracts in Mathematics, vol. 12, European Mathematical Society (EMS), Ziirich, 2010.

[53] P. Petersen, F. Voigtlaender, Optimal approximation of piecewise smooth functions using deep ReLU neural networks, Neural
Netw. 108 (2018) 296-330.

[54] A. Pinkus, Approximation theory of the MLP model in neural networks, Acta Numer. 8 (1999) 143-195.

[55] C. Reisinger, Y. Zhang, Rectified deep neural networks overcome the curse of dimensionality for nonsmooth value functions
in zero-sum games of nonlinear stiff systems, arXiv:1903.06652, 2019, 39 pages.

[56] H. Robbins, A remark on Stirling’s formula, Am. Math. Mon. 62 (1955) 26-29.

[57] L. Safran, O. Shamir, Depth-width tradeoffs in approximating natural functions with neural networks, in: D. Precup, Y.W.
Teh (Eds.), Proceedings of the 34th International Conference on Machine Learning, International Convention Centre, Sydney,
Australia, 06-11 Aug 2017, in: Proceedings of Machine Learning Research, PMLR, vol. 70, 2017, pp. 2979-2987.

[58] E.T. Whittaker, G.N. Watson, An introduction to the general theory of infinite processes and of analytic functions; with an
account of the principal transcendental functions, in: A Course of Modern Analysis, in: Cambridge Mathematical Library,
Cambridge University Press, Cambridge, 1996, Reprint of the fourth (1927) edition.

[59] D. Yarotsky, Error bounds for approximations with deep ReLU networks, Neural Netw. 94 (2017) 103-114.

47


http://refhub.elsevier.com/S0885-064X(23)00015-8/bibD635BEBC7AC9C1B378AF326B7FCD4B89s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibD635BEBC7AC9C1B378AF326B7FCD4B89s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibD635BEBC7AC9C1B378AF326B7FCD4B89s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibF628D0BF069868501011ABC56E857913s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibF628D0BF069868501011ABC56E857913s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibD71770AB1941E03BBAF9EEABBE610B28s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibD71770AB1941E03BBAF9EEABBE610B28s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib92FF33985C452FCA13170BFB0D80A969s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib92FF33985C452FCA13170BFB0D80A969s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib06F9A1A516D2ADCBDB70F2B842E76A5Es1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib06F9A1A516D2ADCBDB70F2B842E76A5Es1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibA679336CC4A0AE31F72907CAD3ABD233s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibA679336CC4A0AE31F72907CAD3ABD233s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibA32BA5DA56479C54C6B5A95DB06C9522s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibE7E2FFC13EEA316506FCF543EF6A0351s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibE7E2FFC13EEA316506FCF543EF6A0351s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib05841C7386D0C8FC6D46E28810EA0B28s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib05841C7386D0C8FC6D46E28810EA0B28s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibAB75591ED4CAC88C89CB7115D54492A0s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibAB75591ED4CAC88C89CB7115D54492A0s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib1E229A0802FFF6B83B3F51F5AAD1B10Fs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib1E229A0802FFF6B83B3F51F5AAD1B10Fs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibBD3CB03686F514AC9C77809FBFA6444As1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibBD3CB03686F514AC9C77809FBFA6444As1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib65006DC7BDB40F189291D6DEA2177FB6s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib65006DC7BDB40F189291D6DEA2177FB6s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib04A7D296A0E193BB97C1589463679FF1s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib3825C36F0373C3DC6150A932C4E922FAs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib3825C36F0373C3DC6150A932C4E922FAs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib66C0CF9BEE5F7DEF70143C1B3C4430ECs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib66C0CF9BEE5F7DEF70143C1B3C4430ECs1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib66F0D9D87DCFEE47373A03B4A7AE050Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib66F0D9D87DCFEE47373A03B4A7AE050Ds1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib3003951CFF27EE80D96A4E401927E0D1s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib3003951CFF27EE80D96A4E401927E0D1s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib1405FC01632119763EBA1730F16BF272s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib1405FC01632119763EBA1730F16BF272s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibCBE33700328207D4C98256592B98F89As1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0426DCC46FE1FC3025D9284D3990B253s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0426DCC46FE1FC3025D9284D3990B253s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib13BC8C1A9871877D3DBCE435AA594B39s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0EC5CFF07E34CFE918E700D01959F4B7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0EC5CFF07E34CFE918E700D01959F4B7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bib0EC5CFF07E34CFE918E700D01959F4B7s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibC6D5B62FE3B77C3C8D7A3F8D1FA64974s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibC6D5B62FE3B77C3C8D7A3F8D1FA64974s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibC6D5B62FE3B77C3C8D7A3F8D1FA64974s1
http://refhub.elsevier.com/S0885-064X(23)00015-8/bibB5259208E9B3DA4AB2FE8B70039E243Ds1

	Lower bounds for artificial neural network approximations: A proof that shallow neural networks fail to overcome the curse ...
	1 Introduction
	2 Basics on artificial neural networks (ANNs)
	2.1 Structured description of ANNs
	2.2 Compositions of ANNs
	2.3 Powers of ANNs
	2.4 Parallelizations of ANNs
	2.5 Linear transformations as ANNs
	2.6 Scalar multiplications of ANNs
	2.7 Sums of ANNs
	2.8 On the connection to the vectorized description of ANNs

	3 Upper bounds for weighted Gaussian tails
	3.1 Lower and upper bounds for evaluations of the Gamma function
	3.2 Lower and upper bounds for Gaussian tails
	3.3 Upper bounds for weighted Gaussian tails

	4 Lower bounds for the number of ANN parameters in the approximation of high-dimensional functions
	4.1 Upper bounds for realizations of ANNs
	4.2 Upper bounds for scalar products involving realizations of ANNs
	4.3 On the connection of distances and scalar products
	4.4 ANN approximations for a class of general high-dimensional functions
	4.5 ANN approximations for certain specific high-dimensional functions

	5 Upper bounds for the number of ANN parameters in the approximation of high-dimensional functions
	5.1 ANN approximations for the square function
	5.2 ANN approximations for the squared rectifier function
	5.3 ANN approximations for shifted squared rectifier functions
	5.4 Lower and upper bounds for integrals of certain specific high-dimensional functions
	5.5 ANN representations for multiplications with powers of real numbers
	5.6 ANN approximations for certain specific high-dimensional functions

	6 Lower and upper bounds for the number of ANN parameters in the approximation of high-dimensional functions
	6.1 ANN approximations with specifying the target functions
	6.2 ANN approximations without specifying the target functions

	Acknowledgements
	References


