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Abstract In this article we establish regularity properties for solutions of infinite dimen-
sional Kolmogorov equations. We prove that if the nonlinear drift coefficients, the nonlinear
diffusion coefficients, and the initial conditions of the considered Kolmogorov equations are
n-times continuously Fréchet differentiable, then so are the generalized solutions at every
positive time. In addition, a key contribution of this work is to prove suitable enhanced regu-
larity properties for the derivatives of the generalized solutions of the Kolmogorov equations
in the sense that the dominating linear operator in the drift coefficient of the Kolmogorov
equation regularizes the higher order derivatives of the solutions. Such enhanced regularity
properties are of major importance for establishing weak convergence rates for spatial and
temporal numerical approximations of stochastic partial differential equations.
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1 Introduction

In this article we establish regularity properties for solutions of infinite dimensional
Kolmogorov equations. Infinite dimensional Kolmogorov equations are the Kolmogorov
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equations associated to stochastic partial differential equations (SPDEs) and such equations
have been intensively studied in the literature in the last three decades (cf., e.g., Ma &
Rockner [19], Rockner [21], Zabezyk [29], Cerrai [6], Da Prato & Zabczyk [12], Rockner
& Sobol [23], Da Prato [9], Rockner [22], Rockner & Sobol [24], Rockner & Sobol [25],
Da Prato [10], and the references mentioned therein). In Theorem 1.1 below we summarize
some of the main findings of this paper. In our formulation of Theorem 1.1 we employ the
following notation. For every n € N = {1, 2, ..., } and every non-trivial IR-Banach space
(V. II-lly) we denote by C} (V, IR) the set of all n-times continuously Fréchet differentiable
functions f: V — IR with globally bounded derivatives, we denote by ”'”CZ(VE) the asso-
ciated norm on Cj; (V, R) (cf. (6) below), we denote by Lip" (V, R) the set of all functions
f:V — Rin C;(V,R) which have globally Lipschitz continuous derivatives, and we
denote by ||y (v, k) an associated semi-norm on Lip" (V, R) (cf. (7) below).

Theorem 1.1 Let (H, ||-|lg, (-, Yg) and (U, ||y, (-, Yuy) be non-trivial separable R-
Hilbert spaces, let U C U be an orthonormal basis of U, let T € (0,00), n € R, n € N,
FeCy(H, H), BeCy(H HS(U, H)), and let A: D(A) € H — H be a generator of a
strongly continuous analytic semigroup with spectrum(A) C {z € C: Re(z) < n}. Then
(i) it holds that there exist unique functions P;: Cg (H,R) - C(H,R),t € [0,T],
such that for every ¢ € Cb1 (H, R) it holds that (P;¢)(x) € R, (t,x) € [0,T]1 x H, is
a generalized solution' of

%(Pzw)(x) =1 ZU(PHP)U(X)(B(X)M» B)u) + (Prg) ()[Ax + F(x)] (1)
ue
for (t,x) € (0, T] x D(A) with (Pyp)(x) = ¢(x) forx € H,

(ii) it holds forallk € {1, ...,n}, t € [0, T] that Pt(C’lj(H, R)) € Cg(H, R),
(iii) it holds forallk € {1,...,n}, t € [0, T] with |F|Lipk(H7H)+|B|Lipk(H’HS(U,H)) < 00

that P,(Lip*(H, R)) € Lip*(H, R),
(iv) it holds forallk € {1,...,n}, 81,...,8; € [0, 1/2) with ZLI 8i < /2 that

k .

12i=19% | (Pi)® () (ur, - . ., up)]

3 Yy < 00,
||§0||c1b<(1-1,]R) H,‘:] (7 — A)~%u;llg

sup sup sup u
(pEC}l:(H,]R)\{O}XEH uy,...,up € H\{0} 1€(0,T]

2
and
(v) it holds for all k € {1,...,n}, 61,...,8 € [0, 1/2) with ZLIS,' < 12 and

|F|Lip’{(H,H) + |B|Lipk(H,HS(U,H)) < oo that

[rifﬂ 5 1(Pp) P (x) = (Pp) O (W, ..., m}
leligt car g =Yl Ty 10— A) =0 1

sup sup  sup

< Q.

3

IThe hypothesis that (Pr¢)(x) € R, (1,x) € [0,T] x H, is a generalized solution of (1) means that for
every probability space (2, F, IP), every normal filtration (F;)s¢[0,7] on (2, F, P), every Idy-cylindrical
(2, F,P, (Fi)iefo,71)-Wiener process (W;).c[o,7], every x € H, every continuous (F;);cfo,71/B(H)-
adapted stochastic process X*: [0, T] x 2 — H with

t t
Vi e [0,T]: IP’(X;‘ = % + /e('*”AF(X;)ds + /e“*”AB(Xj)dWJ) = 1,
0 0

and every ¢ € [0, T'] it holds that (P;¢)(x) = E[e(X})] (cf., e.g., [11, Item (i) of Theorem 7.4] and [12,
page 127]).
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Note that Theorem 6.1 in Frieler & Knoche [14] establishes a quite similar result as
item (ii) of Theorem 1.1 above in the specific case n = 2 (cf. also Theorem 6.7 in
Zabczyk [29] and Theorem 7.4.3 in Da Prato & Zabczyk [12]). Theorem 1.1 above is a
straightforward consequence of Theorem 3.3 in Section 3 below. In Theorem 3.3 below we
also specify for every natural number n € IN and every ¢ € [0, T] an explicit formula for the
n-th derivative of the generalized solution H > x +— (P:¢)(x) € Rof (1) attimet € [0, T].
Moreover, Theorem 3.3 below provides explicit bounds for the left hand sides of (2) and (3)
(see items (vii) and (x) in Theorem 3.3 below). Next we would like to emphasize that The-
orem 1.1 and Theorem 3.3, respectively, prove finiteness of (2) and (3) even though the
denominators in (2) and (3) contain rather weak norms from negative Sobolev-type spaces
for the multilinear arguments of the derivatives of the generalized solution. In particular,
item (iv) in Theorem 1.1 above and item (vii) in Theorem 3.3 below, respectively, reveal for
every p € [1,00), k € {1,2,...,n},81,82,...,8r € [0,1/2), x € H,t € (0, T] that the
k-th derivative (P;¢)® (x) even takes values in the continuously embedded subspace

Li(H-s5; x H 5, x -+ x H 5, R) 4
of Ly(H*, R) = Ly(H x H x --- x H, R) provided that the hypothesis
Y8 <12 )

is satisfied. Here (H,, [|-lg, , (-, ) 5,), r € R, is a family of interpolation spaces associated
ton — A (cf., e.g., [26, Section 3.7]) and here we denote for every k € IN and all R-Banach
spaces (Vi, Illv)s - - (Vi, lI-lly,) by Le (Vi x V2 x -+ x Vi, R) the IR-Banach space of
all continuous k-linear functions from Vi x V5 x --- x Vi to R. In addition, we employ
items (iv)—(v) in Theorem 1.1 above and items (vii) and (x) in Theorem 3.3 below, respec-
tively, to establish similar a priori bounds as (2)—(3) for a family of appropriately mollified
solutions of (1) which hold uniformly in the mollification parameter; see items (iv)—(v) in
Corollary 4.2 below for details. Items (iv)—(v) in Theorem 1.1 above, items (vii) and (x) in
Theorem 3.3 below, and, especially, items (iv)—(v) in Corollary 4.2 below, respectively, are
of major importance for establishing essentially sharp probabilistically weak convergence
rates for numerical approximation processes as the analytically weak norms for the multi-
linear arguments of the derivatives of the generalized solution (cf. the denominators in (2)
and (3) above) translate in analytically weak norms for the approximation errors in the prob-
abilistically weak error analysis which, in turn, result in essentially sharp probabilistically
weak convergence rates for the numerical approximation processes (cf., e.g., Theorem 2.2
in Debussche [13], Theorem 2.1 in Wang & Gan [28], Theorem 1.1 in Andersson & Lars-
son [3], Theorem 1.1 in Bréhier [4], Theorem 5.1 in Bréhier & Kopec [5], Corollary 1 in
Wang [27], Corollary 5.2 in Conus et al. [8], Theorem 6.1 in Kopec [18], and Corollary 8.2
in [17]).

1.1 Notation

In this section we introduce some of the notation which we employ throughout the arti-
cle (cf., e.g., [1, Section 1.1]). For two sets A and B we denote by M(A, B) the set
of all mappings from A to B. For two measurable spaces (A, A) and (B, B) we denote
by M(A, B) the set of A/B-measurable functions. For a set A we denote by P(A) the
power set of A and we denote by #4 € INg U {co} the number of elements of A. For
a Borel measurable set A € B(IR) we denote by ws: B(A) — [0, o] the Lebesgue-
Borel measure on A. We denote by [-]: R — R and [-]: R — IR the functions
which satisfy for all t € R that [7] = max((—oo,#]N{0,1,—1,2,—2,...}) and [t] =
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min([z, 00) N {0, 1, —1, 2, =2, ...}). For R-Banach spaces (V, ||||y) and (W, ||-|l) with
#y > 1 and a natural number n € IN we denote by |'|C,’;(V,W) : C"(V, W) — [0, oo] and
||’||C;'(v,W) : C"(V, W) — [0, co] the functions which satisfy for all f € C"(V, W) that
e =supeey | £ ey =1 Ollw + ey | f ek vwy

(6)
and we denote by C (V, W) the set given by C; (V, W) = {f € C"(V, W): ||f||cg(V,W) <
oo}. For R-Banach spaces (V, ||-||y) and (W, ||-|l) with #y > 1 and a nonnegative integer
n € No we denote by |-| i (v, w) : C"(V, W) — [0, oo] and ||-[|Lipr (v, w) = C"(V, W) —
[0, oo] the functions which satisfy for all f € C"(V, W) that

Low,wy’

sup <||f(x)—f(y)||w> n=0
x,yeV, x#y ||)C - y”V
|f lLipr v, wy = ) :
’ ) = P Wllpe 7
sup If TP Lo v, wy neN @)
x,yeV, x#y lx — ylly

||f||Lip"(V,W) = fO)llw + ZZ:O |f|Lipk(V,W)

and we denote by Lip" (V, W) the set given by Lip" (V, W) ={f € C"(V, W) | fllLip» (v, w) <
oco}. We denote by I, [T} € P(P(P(IN))), k € N, the sets which satisfy for all k € N
that Tlp = I, = @, TIf = I\ {{{1.2,...,k}}}, and

M = {ACPIN): [ ¢ Al A [Useaa ={1,2,...,k}]
AVa,beA: (a#b=anb=0)]} (3

(see, e.g., (11) in Andersson et al. [2]). For a natural number k € N and a set w € Il
we denote by I, 17, ..., I@ € w the sets which satisfy that min(/{”) < min(l}”) <
- < min(l,;’zu ). For a natural number k € IN, a set w € I, and a natural number

i € {1,2,...,#z) we denote by I7,1%, ..., Iﬁ#:m € I the natural numbers which

1
satisfy that [ i‘ﬁ <1 i’z <. <1 i’f;ﬁ . For a measure space (2, F, i), a measurable space

(S,S8), aset R, and a function f: Sé — R we denote by [f],, s the set given by
[flus=lg e M(F,8): FA e F: pu(A) =0and {w € Q: f(w) # g(w)} € A)}. (9

1.2 Setting

Throughout this article the following setting is frequently used. Let T € (0, 0), n € IR,
let (H, ||-llg, (-, )g) and (U, |I-lly, (-, -)y) be separable R-Hilbert spaces with #5 > 1,
let (V, ||-|ly) be a separable R-Banach space, let (2, F, P) be a probability space with a
normal filtration (F;):efo,7], let (Wy):epo, 71 be an Idy-cylindrical (2, F, P, (F;):ef0,71)-
Wiener process, let A: D(A) € H — H be a generator of a strongly continuous analytic
semigroup with spectrum(A) € {z € C: Re(z) < n}, let (&, Illg, . (. )m,). ¥ € R,
be a family of interpolation spaces associated to n — A, for every k € N, @ € I, i €
{(1,2,... #p) let [17: HF! — H7 T be the mapping which satisfies for all u =
(o, uy,...,ux) € H*! that [u]? = (uo, UZ UL s U ), forevery k € N, § =
. . #o

(61,82,....8) € R, o € [0,1), B € [0,1/2), J € PR) let L‘;’a’ﬂ € R be the real

. s.a, .
number given by (7% - Yiciniin...k) % — L.co)(#yng1,2,... k) min{l —a, 1/2— B}, and
for every separable IR-Banach space (/, ||-||;) and every a € R, b € (a,00), I € B(R),
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X € M(B(I) ® F.B(J)) with (a.b) € I let [ X,ds € LO(P; J) be the set given by
b b
JoXsds =[], L1, dusoo) X @5l 500y

2 Some Auxiliary Results for the Differentiation of Random Fields

Lemma 2.1 (A chain rule for random fields) Let (U, ||-||yy) be an R-Banach space with
#u > 1, let (V,|'lly) and (W, ||-llw) be separable R-Banach spaces, let (2, F,P)
be a probability space, let xku ¢ Npell, ) LPP; V), u € UMY ke {0,1), sar-
isfy for all p € [1,00), x,u € U that (U > y + [X™]ppwv), € LP([P;V)) €
C' (U, LP(P; V) and (- (X" 1p sv))u = [XEDp gy, and let ¢ € C'(V, W) satisfy

. ll’ )Nl v, wy
that lim supp/oo SUP,cy Tmax{1, Ix ][y JIP < 00. Then

(i) it holds for all x, u € U that E[||o(X")|w + ¢’ (X)X &1 |41 < oo,
(i) it holds that (U > x — E[p(X**)] € W) e C}(U, W), and
(iii) it holds for all x,u € U that (A-E[p(X*)])u = E[¢’(X**)x 1-x:0],

Proof Throughout this proof let ¢k, € [0, o0], ¥ € (0, 00), k € {0, 1}, be the extended real
numbers which satisfy for all r € (0, co) that

/
w0, — Sup[ oGO llw } wd e Sup[ /@) v, ] 10
rev LImax{L, xllv}I’ vev LImax{L. ellv )1

and let p € [, 00) be a real number which satisfies that ¢y, < oo. We note that the
fundamental theorem of calculus implies that for all x € V it holds that

o) —eO)lw =

1
/0 ¢'(px)x dp

1
< / 10 (o) lev.w) I v dp
w 0
(11)
< c1.p Ixllv supyero 1y Imax(1, lpxliv}? = c1.p lxlly Imax{L, [xlv}|?

< c1,p Imax{1, [lx |y} PV,

This ensures that co,,+1 < oo. Holder’s inequality and the fact that ¢y, < oo therefore
show that for all x, u € U it holds that
Elllg’ (X)X w1 < e p Ellmax{1, [|XF [y P I1X 9 1y ]

(12)
< c1,p IImax{1, | X[y}

1
oy 1X 0 p2piyy < 00
and
Ello(X*)[w] < co,p+1 Ellmax{1, | X**[|y}|7*D] < co. (13)
This proves item (i). Next note that (12) and the factthatVq € [1,00), x € U: (U Su>

[Xl’(x’”)][p,g(v) e L9(P; V)) € L(U, L1(P; V)) ensure that for every x € U it holds

a) that
sup Bl (XO) X 0]y
uel, |lully=1
< 1 Xo,x p Xl,(x,u) (14)
=Cl,p ||maX{ ’ ” ||V}||L2p(]PL]R) S‘l‘lp| | ” ”ﬁZ(]P);V) <
’ uel, |lully=
and

b) that the function (U 5 u — E[¢/(X**) X" € W) is linear.

@ Springer



352

A. Andersson et al.

Hence, we obtain that

(U 3 u > E[¢/ (X)X e W) e LU, W). (15)
In the next step we demonstrate that for all x € U it holds that

. IE[p(X%* )] — E[p(X%%)] — E[/ (X)X 107y
lim sup =0. (16)
U\0}3u—0 llullv

For this we first observe that for all x, u € U it holds that

IE[p(X** )] — E[p(X*%)] — E[¢/ (X)X L0y,
< IE[p(X** ) — o(XO%) — ¢ (X0 (X 05+ — X001y (17)
+ B[/ (X% (X0t — x0x — x Ly,

Moreover, we note that Holder’s inequality and the fact that ¢y, < oo ensure that for all
x € U itholds that

) ||E[¢/(X0,X)(X0,x+u _ XO,X _ Xl,(x,u))]”W
lim sup ( )
U\{0}3u—0 llullv

. ||X0,x+u — x0x _ Xl,()c,u)”L2 Py
= ||§0/(X0’x)||£2(1p>;L(V,W)) lim sup ( &Y
U\{0)3u—0 llully

” lim sup <”XOHM—XO’X_le(x’u)”wﬂ);v)) =0
L2ER) 1\ 10)5u-50 lully

(18)
Furthermore, we observe that the fundamental theorem of calculus shows that for all x, u €
U it holds that

0,
< c1,p Imax{1L, [ X™ v}

lo(XOXF) — (X0 — @ (X*) (X — XON) |y

1
/ [(p/(XO,x + p[XO,x+u _ X(),x]) _ ¢/(X0,X)](X0,x+u _ XO’X)dp
0

(19)
1
< Ix0 e — X%y / o' (X% + p[x 05T — X057 — o' (X)L v.w) dp.
0

Holder’s inequality and Jensen’s inequality therefore imply that for all x, u € U it holds that

IE[@(X"* ) — o(X%%) — ¢/ (XO) (X0 — XO%)]|lw

I 172
< {E[ / o' (XOF + p[X*H = X)) — @' (X)L v w) dp} } (20)
0

0,x+ 0,
||X * u—X X”LZ(P;V)'

Moreover, note that for all ¢ € (2, 00), p € [0, 1], x, ¥y € U it holds that

E[llg/ (X% + p[XO¥ — X% ¢ |, ]

< le1,pl? E[Imax{1, | X** + p[X* — X*¥]|1}}14]
< le1,p|9 E[max{1, | X% [y, IX*7[|v}P7]

2D
< lerpl?(L+E[IX197] + E[1X%177]).
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This and the fact that Vg € [1,00): (U > x +— [X™pgw), € LI([P;V)) €
C (U, L4(P; V)) ensure that for all ¢ € (2, 00), x € U it holds that

1
lim sup /0 E[llg' (X% + pIX®¥ = XO DTyl dp < lerpl? (14 2E[IX157])

Usu—0

< 00.

(22)
In addition, observe that the fact that Vg € [1,00): (U > X b [XO*X]IP,B(V) €
L9(P; V)) e C(U, L1(P; V)) shows that for all x € U it holds that

limsupy5, ., E[min{1, [|X** — X*¥||y}] = 0. (23)

This implies that for all p € [0, 1], x € U it holds that
limsupy5, ., E[min{1, [|(X** + p[X* — X)) — x*¥|ly}] = 0. (24)
The fact that ¢’ € C(V, L(V, W)) hence ensures that for all p € [0, 1], x € U it holds that
limsupyys,—, E[min{1, o (X** + p[X"Y = X**]) — o' (X®) | Lv.w)}] = 0. (25)

This and Lebesgue’s theorem of dominated convergence imply that for all x € U it holds
that

1
lim sup f Efmin(1, ¢/ (X®* + p[X0H — X0 — o/ (XY | .cvawy)] dp = 0. (26)
0

Usu—0

Combining this and, e.g., Lemma 4.2 in Hutzenthaler et al. [16] (with I = {#}, (2, F,P) =
10,11 x . B0, 1) ® F.upy ® P), ¢ = 1, X0, (p.0) = ¢ (X" (@) +
pIXOH () — XO¥ (@)]) — ¢/ (X0 (@)l Lv.w) for (p, @) €0, 1] x ,n e N,x € U,
(Um)men € {v € M(N, U): limsup,,_, -, lumlly = 0} in the notation of Lemma 4.2
in Hutzenthaler et al. [16]) establishes that for all ¢ € (0, 00), x € U and all sequences
(un)nenw € U with limsup,_, o llu, ||y = 0 it holds that

limsup,,_, oo (110.1®@P) ({(0, @) € [0, 11x2: [l¢/ (X" (@) +p[ X" (0) — X (0)])
— o' X" @) v.wy) = €}) =0. @27

This, (22), and, e.g., Proposition 4.5 in Hutzenthaler et al. [16] (with I = {#}, (2, F,P) =
([0, 11 x Q, B0, 1) ® F, ujo,n ®P), p =¢q, V=R, X"(@, (p, w)) = o' (X% (w) +
p[XOXFn (@) — XO¥ (w)]) — @' (XO* (@) | (v, wy for (p, w) € [0, 11 x 2, n € No, x € U,
g € (2,00), (Um)men, € {v € M(Wo, U): limsup,, o lvmllu = llvolly = 0} in the
notation of Proposition 4.5 in Hutzenthaler et al. [16]) yield that for all x € U and all
sequences (#,)neN, € U with limsup,,_, o, lluxllu = lluolly = O it holds that

1
lim sup /0 E[llg’(X%* + p[x*¥ e — XO47) — o' (X"} vy ] do = 0. (28)

n—o0o
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Moreover, observe that the triangle inequality and the fact that Vg € [1, 00), x € U : (U >
u > [X1E0Yp gy € LI(P; V) € L(U, L9(P; V)) assure that for all x € U it holds that

. ||X0,x+u _ XO’X||£2(IP"V)
lim sup :
U\0}3u—0 llullu
XO,x+u _ XO,x _ Xl,(x,u) ) Xl,(x,u) ‘
< limsup [ll ||LZ(1P>,V)] N [H ||L2(P,V)]
U\0}3u—0 lully uelU\{0} lully
B [llxl’(x’“)HLZ(P;V)]
uelU\{0} llullv
(29)
Putting (28)—(29) into (20) yields that for all x € U it holds that
. (IlE[QD(XO’””) — @(XO%) — @/ (XO%) (X OxFu — XO’X)]HW)
lim sup
U\{0}3u—0 lully
XO,x+u _ XO,x )
< limsup (ll ||L2(]P.V)>
U\{0)3u—0 lulluy
| 172
: 0,x 0,x4u 0,x /v 0,xy 12
+| limsup E[”‘/’/(X 4 p[X — XD - (X )”L(V,W)] dp =0.
U\{0}3u—0J0
(30

Combining (17), (18), and (30) proves (16). In the next step we demonstrate that
(Usx (Usu Ep(X*)x"09]1 e W) e L(U, W)) € C(U, L(U, W)). (31)

Observe that (21) and the fact that Vg € [1,00): limsupUay%x IE[||X0’y||"]/]
IE[||X0’)‘||"I/] < oo ensure that for all ¢ € (2, 00), p € [0, 1], x € U it holds that

limsupy 5y, E[llg (X + p[X = X* DTy )]
< lerpl? (1 +E[IX**157] + lim SUP/5y sy E[1x*157]) (32)
= le1pl? (14 2E[IX*177]) < oco.

Hence, we obtain that for all ¢ € (2, 00), x € U it holds that

lim sup E[ll¢’ (X**) = o' (X* )] (]
Usy—x
q1; /¢y 0,x 0,y 0,x1y14 (33)
< 291limsup max E[H(p (X7 4+ p[ X — X ])||L(V,W)] < 00.

Usy—x {01}
Moreover, note that (25) (with p = 1 in the notation of (25)) and, e.g., Lemma 4.2 in
Hutzenthaler et al. [16] (with I = {4}, (R, F,P) = (Q,F,P),¢c = 1, X"}, w) =
g’ (X0 (@) — @' (XO“0(@)llLv.w) for @ € @ n € N, (ummen, € {v €
M(No, U): limsup,,_, o llvm — volly = 0} in the notation of Lemma 4.2 in Hutzenthaler
et al. [16]) establishes that for all ¢ € (0, 00) and all sequences (u,)nen, S U with
limsup,,_, o, llun — uolly = 0 it holds that

lim sup,, _, oo P(ll¢"(X*") — ¢ (X®“) || v, w) = €) = 0. (34)
Combining this, (33), and, e.g., Proposition 4.5 in Hutzenthaler et al. [16] (with [ =
0, (QFP) = QFP,p =4q V = R X'Wo) = [¢X"w) -

o' (X" @) Lv.wy for © € Q, ¢ € (2,00, n € Ny, (Umlmen, € {v €
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M(INg, U): limsup,,_, o lvm — vollu = 0} in the notation of Proposition 4.5 in Hutzen-
thaler et al. [16]) yields that for all sequences (u,)nen, S U with limsup,_, o llu, —
uglly = 0 it holds that

lim sup,,_, ~ IE[||<,0’(XO’“") - ¢/(X0’”°)||2L(V,W)] =0. (35)

Next observe that the fact that for every g € [1, oo) it holds that the function U > x +—
(U u [XVED]p gy € L1(P; V) € L(U, LY(P; V)) is continuous shows that for
all x € U it holds that

limsup —sup XV gy, = sup XN gy, <00 (36)
Usy—x uel, ||lully=1 uel, |lully=1
and
; Lxou) _ y1l(yu) _
lim sup sup || X X I z2@.vy = 0. 37

Usy—x uel, u|ly=1
Holder’s inequality and (33) hence ensure that for all x € U it holds that
limsup  sup  [E[¢/ (X)X 0] — E[e/ (XN x 0|
Usy—x uel, ully=1

< limsup  sup  E[[lp/(X®¥)(xh 00 — x L0yl ]

Usy—x uel, ||lully=1

+limsup  sup E[II[(p/(XO’X) — ¢/ (X" x 1o lw]

Usy—x uel, ully=1

IA

”(p/(XO’x)”[,z(P;L(V,W)) limsup sup ”Xl’(x’u) — le(y’u)“[ﬂ(]pzv)
Usy—x uel, u|ly=1

+ [ limsup [l¢" (X*) — @' (X)) 2. v wyy [limsup — sup [ XDOD papyy
_U9y~>x | Usy—x uel, ||lully=1

IA

c1,p Imax{1, | X%y} limsup  sup X0 — xBOOY L p

Usy—x uel, |ully=1

p
£20(P;R)

+ [limsup [l (X*%) = ' XD 2wy | swp XS 2y = 0.

Usy—x uel, |ully=1
) (38)
This proves (31). Combining (15), (16), and (31) establishes item (ii) and item (iii). The
proof of Lemma 2.1 is thus completed. O

Lemma 2.2 (Pointwise differentiation) Let (V, ||-||y) and (W, ||-|lw) be R-Banach spaces
with#y > landletn € N, f € C"(V,W), g € C(V, LOTD(V, W)) satisfy for all
u= (uy,un,...,u,) € V* x € V that

W x + hu = ™ @)u - eyt h
Jim sup [Ilf (x+ hu — £0 (0w — g, uz, ., )||W] o o)
V\{0}3h—0 aly
Then it holds that f € C"T'(V, W) and f*+D = g.
Proof We first note that (39) and the fact that Vx, uy,us,...,u, € V: (V > h
g (ur,uz, ..., up,h) € W) € L(V,W)yand (V 5 y —» (V 2 h —

g Wi, uz, ..., up,h) € W) € L(V,W)) € C(V,L(V,W)) imply that for all u =
(ur,u, ..., uy) € V", x,h € Vitholds that (V 5 y > f™(y)ue W) e C'(V, W) and
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(dd—x (f™(x)u))h = g(x)(uy, ua, ..., uy, h). This and the fundamental theorem of calculus
imply that for all u = (uy, uz, ..., u,) € V", x, h € V it holds that

||f(n)(x + h)u — f(")(x)u —g) Ui, uz, ..., uy, W)||lw
= | fo [eCx + ph) — g@)]wr, o, ... wn, W],
E ”h”‘/[]._[;l:l ”Ml”‘/]f()] ”g(x + Ph) - g(x)”L(n+l)(V’W) dp

(40)

In addition, observe that the assumption that g € C(V, LD (V| W)) ensures that for all
x € V it holds that

limsup sup [lg(x + ph) |l Lwtny,wy < 0. (41)
Vah—0 pel0,1]

Lebesgue’s theorem of dominated convergence therefore ensures that for all x € V it holds
that

limsupy o fy 1§ + ph) — gl Losn vy dp = 0. 42)
Combining (40) with (42) yields that for all x € V it holds that

=0.

lim sup sup

[IIf(”)(x—l—h)u—f(”)(x)u—g(x)(ul, U, ..., U, h)||W]
V\{0}2h—>0u=(uy,uz,....un)€(V\{0})"

Il T lluilly
43)

This and the assumption that g € C(V, LoDy wy) complete the proof of Lemma 2.2.
O

3 Regularity of Transition Semigroups for Stochastic Evolution Equations
This section establishes regularity properties of the transition semigroup.

Lemma 3.1 Let (V, |||ly) and (W, ||-|lw) be R-Banach spaces with #y > 1, letn € N,
¢ € C"*Y V., W), and let ®: V"1 — W be the function which satisfies for all v =
(v1,v2, ..., Unt1) € Vit that d(v) = (p(”)(vn+1)(v1, V2, ..., Vy). Then it holds for all
V=1, ..., 041), h= (b1, ha, ..., hyg1) € V' that & € CL(V", W) and

@' (V)h =" D (v, 1) (1, v2, - ., Vg, Bng1)

(44)
+ 3 @M (W) (W1, V2 ey Vi— 1y i Vi1, Vig2s - Up).

Proof Throughout this proof let P : vl 5 LV, W)y x VI, B LWV, W) x V! —
W, and ¢: vZ — LMV, W) be the functions which satisfy for all A € LWV, W),
v=,v2,...,0,) € V' v,h €V that

P(vi,v2,...,05,0) = ((p(")(v),v), B(A,v) = A(v1, v2, ..., V), (45)
and
@, WV =" VW) (1, v2, ..., v, h). (46)
We note that for all v = (vy, v2, ..., v,) € V", v € V it holds that
Dy, v2, ..., 04, 0) = B(P(V1, 02, ..., Uy, V). 47)
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Furthermore, observe that the assumption that ¢ € C"tY(V, W) ensures that for all
v = (vi,v2,...,uy), h = (h,hy,....h,) € V" v,h € V it holds that P €
cl(vm L (v, W) x V) and

P'(v1,v2, ..., v, 0)(h1, hoy ooy By, h) = (@ (v, ), h). (48)

Moreover, the fact that 8 is an (n + 1)—multilinea{ and continuous function and, e.g., The-
orem 3.7 in Coleman [7] assure that for all A, A € L(")(V, W), v = (v, v2,...,0,),
h= (hi, ho, ..., h,) € V"itholds that B € CH(L™(V, W) x V", W) and

n
B(A, V(AR =A@W1,v2, ..., 00) + Y AW V2, Vit B, Vig1, Vig2, - ). (49)

i=1

Combining (47)—(49) with the chain rule yields that for all v = (vi,v2,...,v,), h =
(h1,ha, ..., hy) € V", v, h € Vitholds that ® € C'(V"*+!, W) and

D (v1,v2, ..., U0, V) (B, B, oo B, B)

=B (P(v1,v2,...,U, V)P (V1,v2,...,0s,0)(h1, ho, ..., Hy, h)
=B (P(v1,v2,..., 0, 0))(¢(v, h), h)

A ORNCICNON )

n
=@, HV+ Y o™ @)1, v2, . Vi1 B Vig1 Vig2s s )

i=1

n
=" W) 1 v2, v )+ Y P @)W1, v, i B Vi1 Vi, V).
i=1
(50
This implies (44). The proof of Lemma 3.1 is thus completed. O

Lemma 3.2 Assume the setting in Section 1.2, letn € N, ¢ € C)(H, V), F € Cy(H, H),
B € C}(H,HS(U, H)), let X*": [0,T1 x @ — H,u € H*'' k € {0,1,...,n}, be
(FDiero,1/B(H)-predictable stochastic processes which satisfy for all k € {0, 1, ..., n},
u = (uo, ur,...,ux) € Htl p € (0, 00), t € [0, T] that supse[O,T]E[HXf’"HPH] < 00
and

k,
(X" — e 1.1y (k) urlp. 5o
t
:/0 eli=94 [1{0}(1@ F(X210)
Ml ey g ,[u]?w)] s

#y
+ 30 PO (T X,

welly

t
+ /0 e(’_S)A[H{O}(k)B(XSO’”O)

(5D

#o
+ Y B (x %y (x, T X s Xy

i #e )y g Lol
) | dWs,
welly

and let ¢: [0, T] x H — V be the function which satisfies for all t € [0, T], x € H that
¢ (t. x) = Elp(X;"™)]. Then
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(i) itholdsforallk € {1,2,...,n},u= (uo, uy,...,ur) € H* ¢ €0, T] that
#o, W7 #o,u]? #io [l
0, 1 1 I 2 - (o
3 E[Htp(#H’)(Xt oyx, T xR X, )HV] <0, (52)
welly
(i) it holds for all t € [0, T] that (H > x — ¢(t,x) € V) € C}(H, V),
(iii) it holds forallk € {1,2,...,n},ue H¥ xeH, te [0, T'] that
k.
(54) (@, )u
#Ho [Cw]?  #o [(rw]F #o [l 53
— Z E[(p(#w)(x?,x)(xtll 1 ’thz 2,...,X,I#w # )il7 ( )
welly
(iv) it holds for all p € (0,00), k € {1,2,....n}, § = (81,82, ...,8) € [0, 1))k,
a €0, 1), B €[0,1/2) with Y X_, 8 < 1/2 that
Sk, (x,u)
I'NO||X .
sup sup sup ”k d ler @ < 09, (54)
xEH u=(uy, 2, u) (H\[ODK 1€(0.T] [Tici Nuillay,
(v) it holds for all k € {1,2,...,n}, § = (61,82,...,8r) € [0, 1/2)k, a € [0,1),
B € [0, 1/2) with Y5_, 8; < 1/2 that
koo k
[rzf—' (G v)qu]
sup sup sup T
veH u=(uy,ua,...,ux)€(H\ {0}k 1€(0,T] [Tici Nuillms,
<|T v 1|Lk/2J min{1—a./2=} ||§0||c/b<(H,V)
8. #7,(x,
XY ey
. Z 1_[ sup sup sup : ,
welly lew X€H u=(u;);je;c(H\{O)H*1 1€(0,T] l_[iel flui ||H_,;i
(55)
(vi) it holds for all p € (0, oo) that
0,x 0,y
XX .
sup  sup ” t t ||£"(IP’,H) < o0, (56)
x,yeH, 1€(0,T] lx = ylla
xF#y
(vii) it holds for all p € (0,00), k € {1,2,...,n}, 8 = (81,82, ...,8) € [0, 1))k, & €

. k
[0, 1), B €0, 1/2) with ) ";_, 8; < 1/2and |F|Lipk(H,H_a) + |B|Lipk(H’HS(U!H_ﬁ)) <
o0 that

GOk (x, k(.
N x e b u)”LP(]P’;H)
sup sup A < 00,
x,y;H, U=(t1 102, i) €CH\ODE 1€(0,T] Il = ylla [Tizy il s,
x#y
(57)
and
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(viii) it holds for all k € {1,2,...,n}, § = (81,82,...,6k) € [O, l/z)k, o € [0,1),
B € [0,1/2) with Y 8 < /2 and |Flypyp ) + |Bluigh (s, s, gy +
|90|Lip"(H,V) < 00 that

P2 ()1, v) — (L) w) ]u]
sup sup sup

v, W;H u=(u1,u2,...ur) €(H\ O 1€(0,T] o — wilg TT5, luilla 5
v

< |Tv 1|’—k/21 min{1—a,1/2—

Al ”wHLipk(H,V)
0, 0,y
[IIXz X }lln#wl(P:H)]

Z { sup  sup

oty \xyeH, 1€(0.T] lx =yl
x#y
daf# (x.u)
|:tt1 ”XtI ||£#W+1(P;H)]
1_[ sup sup sup
lew Y€H u=(u;)ic;e(H\{O})#1 1€(0,T] Hiel [l ||H_5i

t Iu(k+1) ||X#I J(x,w) Xi*l,(y,U)”E#w .
+ Z sup sup sup -
lear 5 VEH, u=(u;)iere(H\{O})#1 1€(0,T] lx — yla niel ”’/li”H_gi
X#y
S.a.B #7.(x,
|:ILJ ”th (x U)HE#W(IP’;H)]}
sup sup sup < 0.
Jea\ (1) *EH u=(u)ics (H\(O)H1 1€0.T] [icy Nuillay,

(5%

Proof Throughout this proof let & € [0, 1), 8 € [0, 1/2) and let Dy € P(R¥), k € N, be the
sets which satisfy for all k € N that Dy = {(81, 82, ...,8) € [0, 1/2)k: Zle 8i < 1)2}.
Note that Holder’s inequality shows that for all k € {1,2,...,n}, u = (ug, u1,...,ux) €
H**! t € [0, T]it holds that

w , @ @ ,[u]y #io [ ]w
3 E[||<p<#w)(x?’“")(xf" M u#m)llv]
welly (59)
o, [u]?

Z |(p|C#IU(H V)l_[”X l ||L#IU(]P;H)'

welly

This, the assumption that ¢ € Cg (H, V), and the assumption that Vk € {1,2,...,n}, u €
H p e (0,00): sup,epo.7 ]E[||Xf’“||];,] < o0 establish item (i). Moreover, note that
(59) implies that for all k € {1,2,...,n},81,82,...,8r € [0,00), u = (uy, uz,...,ux) €
(H\ {0)*, x € H,t € [0, T] it holds that

1 @ [ W] #o [(w]F #o L[]y

(#5) 0,x o) 2 Hor @
Y B[ y(x. 1 X, X )y ]

1_[1':1 ”ui”H_gl. wellg
#,z-r [(x, u)]w ”
Lto (P H)
< Y Wleto i, V)l‘[ . (60)
@ el 1_[] A i
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In addition, (51) and item (ii) of Theorem 2.1 in [2] (with T = T, n = n, H = H,
U=UW=W,A=An=nF=F,B=B,a=0,=0,k=%k, p=p,
6 =1(0,0,...,0) € RFK for p € [2,00), k € {1,2,...,n} in the notation of Theorem 2.1
in [2]) ensure that for all k € {1,2,...,n}, p € [2,00), t € [0, T] it holds that

X" Wl 2o ey
sup — | <%0 (61)
w=(uguy,oup)eHx(EODE L [Tizy Nuill

This, Jensen’s inequality, and (60) (with k = k, 8; = 0,8, = 0,..., 8 = 0fork €
{1, 2, ..., n} in the notation of (60)) imply that for all k € {1,2,...,n},t € [0, T] it holds
that

1
sup sup <k7
xeH u=(uy ..o ey opt = 1l
#o (w7 #H, [(w)]T #o (o w]g

o 0,x 1 1 1y 2 Yoy o
. g IE[||¢( (X, )(X, X, s Xy )”v]) (62)
w k

#r,(x,0)
I X; I cter . 1

< Y Wi [Tsw s RO ) <o
e Jea XEH u=(ui)ic €(H\ (0D [lier luilla

Furthermore, (51) and item (iii) of Theorem 2.1 in [2] (with T = T, n = n, H = H,
U=UW=W,A=An=nF=F,B=B,a=0,8=0,k=k, p=p,x =xfor
x € H,pel2,00),k e{l,2,...,n}in the notation of Theorem 2.1 in [2]) assure that for
allk e {1,2,...,n},pe[2,00),x € H,t € [0, T]itholds that

(H* 3 ur> [XF e sy € LP(P; H)) € LO(H, LP (P; H)). (63)

This and (62) establish that for all k € {1,2,...,n},x € H,t € [0, T] it holds that

#o (Wl # (Wl g LWl

(H 5w S pen, B[ (X)) (X, X, ' )]ev)

e LVH, V). (64)
In the next step we prove that for all k € {1, 2,...,n},t € [0, T] it holds that

#o (Wl # [l

(H3xm (H 30 Loen, IE[go(#m)(X?’x)(X, X, .

#p (CwIE,

X, ) ev)eL®w, v)) e, LOwm, V). ©3)
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For this we observe that the triangle inequality and Holder’s inequality imply that for all
ke{l,2,...,n},81,8,...,8 €[0,00), u = (uy,uz,...,ux) € (H\{OD*, x,y € H,
t € [0, T] it holds that

#o [ wlf #o [(x,w]T o J[wlg
0, 1 1 1 2 - w
% Z EI:(p(#”’)(X, x)(Xt 1 ’Xzz ’“"Xz#
[Ticy llu; lh_s, || wem,
#Ho [w]]  #o [(w]T #Ho [ wlf
0, 1 1 I 2 - o
_(p(#m)(Xt y)(Xt 1 7Xt2 ""7Xt# ):I
|4
#,0,[(x,0)]7 #,0,[(x,0)]7
0, 0,y 1 1 I 2
st 3 (B[l g
i=1 [l ||H,5[ welly
#o [ wlg #o (w7 #o [ w]T #o [ wlg
- w #m_ 0’ 1 1 1 2 - w
Xl# )HV]""E[H‘/’( )(Xt y)(Xt ! X, ,...,X,# )
#o [wlf #e [w]F #o (Wl
#or 0,y 1 1 I 2 - w
gm0y () IO e e )
b x
#.) v 0, #) (0. ! Lo +1(P;H)
= Z {”W( )(Xz x) - §0( )(X[ ))”‘C#W+I(P;L(#w>(f],v)) 1_[ o
welly i=1 l_[];l ”Mli’z. ||H7$]iz.vj
" ”Xﬁ¢uunuﬂ? ﬁg;u»un?”
t — Ar Lo (P H)
t1eleto vy ) .
i=1 l_[/;1 ”uli,nj'”H’all.’Uj
i1 41*1;;7,[@41)]1,-H 4 #17,[()6,")]_’,‘7’
X, I 2t @ b 2 P& | c#= . b
. 1_[ #w 1_[ #ro ’
j— J i—i J
e S U A | K (O

(66)
Next we note that (51) and item (iii) of Corollary 2.10in [1] (with H = H, U =U,T =T,
n=nu0=0,=0W=W, A=A F=F,B=B,p=p,6 =0forp € [2,00) in
the notation of Corollary 2.10 in [1]) ensure that for all p € [2, co) it holds that

0,x 0,y
||Xz _Xt ||EI’(IP’;H)

sup sup (67)
x,yeH, x#£y 1€[0,T] lx —ylla
This implies that for all x € H, t € [0, T] it holds that
. . 0,
limsup;-, ., Elmin{1, | X} — X;" | z}] = 0. (68)

The fact that Vk € {1,2,...,n}: (p(k) e C(H, L(k)(H, V)) therefore assures that for all
ke{l,2,...,n},x € H,t € [0, T]it holds that

. . 0,y
lim supyy5, ., Elmin{1, o® (X)) — ® (X)) Lo .1} = 0. (69)

Combining this and, e.g., Lemma 4.2 in Hutzenthaler et al. [16] (with I = {#}, (2, F,P) =
(Q.F.P.c=1X"0o) = lo® X" @) — ¢® X" @)l Lo, v) for o € Q.
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t €0, T,m e N,k € {1,2,...,n}, Mien, € {v € M(INg, H): limsup,_, o, v, —
vollg = O} in the notation of Lemma 4.2 in Hutzenthaler et al. [16]) establishes that for
all k € {1,2,...,n}, ¢ € (0,00), t € [0,T] and all sequences (yn)men, & H with
limsup,,_, o l¥m — Yollg = 0 it holds that

. 0, m 0, i
lim sup,,, o P(lo® (X, — O (XY Loy = €) = 0. (70)

Combining this, the fact that Vk € {1,2,...,n}: sup,cy ||<p(k)(x)||L(k>(H7V) < 00, and,
e.g., Proposition 4.5 in Hutzenthaler et al. [16] (with [ = {#}, (Q, F,P) = (2, F,P), p =
PV =R X"W, 0) = o (X" (@) — ¢® (X7 @) | Lo 1.y, for o € 2,1 € [0, T,
pel2,00),kef{l,2....,n},me Ny, (y)ien, € {v e MWy, H): limsup,_, , lvi —
vollg = 0} in the notation of Proposition 4.5 in Hutzenthaler et al. [16]) therefore shows
thatforall k € {1,2,...,n}, p € [2,00),t € [0, T] and all sequences (ym)men, S H with
limsup,,_, o l1Ym — Yoll# = 0 it holds that

. 0, ym 0, y
lim sup,,_. o Bl (X)) — o (]2 an

(k)(H’V):I =0.
Furthermore, (51) and item (v) of Theorem 2.1 in [2] (WithT =T,n=n,H=H,U = U,
W=W, A=A n=nF=F,B=B,a=0,=0,k=k, p=pforpel2 00),
k € {1,2,...,n}in the notation of Theorem 2.1 in [2]) ensure that for all k € {1, 2, ..., n},
p € [2,00),t € [0, T] it holds that

(H3x > (H s urs (X0 p gy € LP(P; H)) € LY (H, L”(P; H)))
e C(H,LW(H, LP(P; H))). (72)
Combining (66) (with k = k, 8; = 0,8, = 0,..., & = O fork € {1,2,...,n} in

the notation of (66)) with (61), (71), (72), and Jensen’s inequality yields that for all k €
{1,2,...,n},x € H,t € [0, T] it holds that

: 1
lim sup sup (m
H3y—x u=(uy,uy,....ur) (H\{OH* =1
#o (w7 #o [(xw]T #o J[Gw]f

Hor 0, 1 1 L 2 e w

| = E[ete0gn " X, X, )
well;

' #o (W] #o [(w]T #o [ wlE

—w(#m)(X?’})(th' i ’thz 2,---,Xt or )] )
1%

. 0, - 0,y
< Z {(hmsup I:”(p(#m)(Xt x) _ (p(# )(Xt })”[j#m"'l(]P’;L(#H’)(H,V))])

well; H>y—x

#1. (W)
) < l_[ sup [”th - ”ﬁ#“’“(P;H)}>
L u=(;)ics €(H\[OD*! [licr Nuilla

#1,(x, #1,(y,
|:||th (x,u) _ th (} U)”[#w'(IP’;H)])
1_[,'51 llui ll &

+ |<.0|C[#m(H’V) Z (limsup sup
’ Jew NHY=Xu=(uj)icre(H\{O)*

#7,(y,
< |:”th (y u)”L#W(]P’;H):|>}
. 1_[ sup sup =0.
sen <t u=tesenopts L Tlies il

(73)
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This proves (65). Next we claim that forall k € {1,2,...,n},u e H*X x e H,t €0, T]it
holds that (H 5 y — ¢(t,y) € V) € C{(H, V) and

ok 0. #o (w7 #o [(xw]T i Leewlg
(Lp)t.ou= X E[q)(#w)(){, H(x, X, 2 X, )].
welly
(74)
We now prove (74) by induction on k € {1, 2, ..., n}. For the base case k = 1 we note

that (51), Jensen’s inequality, and items (ix)—(x) of Theorem 2.1 in [2] (with T =T, n = n,
H=HU=UW=W,A=An=nF=F,B=B,a=0,=0,p=p,
t =tfort € [0,T], p € [2,00) in the notation of Theorem 2.1 in [2]) ensure that for all
pell,o0)x,ui € H,t €[0,T]itholds that (H 3 y > [X;" 1z, 5 € LP(P; H)) €
CY(H, LP(P; H)) and

L,(x,
(%[X?’X]P,B(H))Ml = [X, o ul)]]P’,B(H)~ (75)

Lemma 2.l (withU = H,V=H,W=V,(Q,F,P)=(Q,F,P), X" =X""90=0¢
fort € [0,T],ue H mtl e {0, 1} in the notation of Lemma 2.1) therefore implies that
forall x,u € H,t € [0, T] it holds that

(H>yr ¢t.y) =Elp(X")] e V) e C'(H. V) (76)

and
(L)t x)u =Bl (X)X, ], &)
This and (62) prove (74) in the base case k = 1. For the induction step {1,2,...,n — 1} >
k— k+1e{2,3,...,n} assume that there exists a natural number k € {1,2,...,n — 1}
such that (74) holds fork = 1,k =2,...,k =k, let &, : H"l 5 v ome {1,2,...,k},
be the functions which satisfy for all m € {1,2,...,k},w = (uy,un, ..., Um+1) € H™Mt]
that @, (w) = @™ (1)1, ua, ..., up), and let YVZ0: [0, T] x Q@ — H¥otl ue

H* @ € Iy, v € H" m e {0, 1}, be the stochastic processes which satisfy for all
w elly,ue H* x,h € H,t € [0, T] that

He (wIf e [w]f #% JGrwl

yorTe = (X, X, X, LX) (78)
and
Y,l’(x’h)’w’u _ (Xfllfﬂ+l,([(x,u)],a’,h) f/zm+1,([(x,u)]§’,h) X?I#H;’ +1,([(x,u)]§’w,h) th,(x,h)).
(79
Next note that Lemma 3.1 (with V. = HLW =V, n =m, ¢ = ¢, ® = &, form €
{1,2,...,k} in the notation of Lemma 3.1) shows that for all m € {1,2,...,k},u =
(i, u2, ... upg1), @ = (i, @2, ..., 0me1) € H™ it holds that &,, € CH(H™H, V)
and
@), (Wi = " g 1) (i, w2, s g1 50)
+ Z?;](P(m)(“m-ﬁ-l)(uh U2,y oooy Uil Uy Wi 1, Wi Dy ooy Uy).
This and Holder’s inequality imply that for all m € {1,2,...,k}, u =
(U1, u2, ... Upg1), @ = (i1, i2, ..., 0ne1) € H™ it holds that
| ®;, (waly

= |(p|C;]"+1(H,V) ltms1lla H,"nzl lluillg + Z:n:l |¢’|CZ’(H,V) llé; || 1 l_[je{l,z,...,m]\{i} ||14j||H

~ 2 2 2 271/2
< [[a]l gm+ [|¢|C,'”H(H,V) H:‘n:l luillz + |¢|CZZ(H'V) Z:‘n:l Hje{1,2 ..... mi\{i} flu ”H] .

8D
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Hence, we obtain that for all m € {1,2,...,k},u = (u1,uz, ..., Upmyt1) € H™t1 it holds
that

2 2 11/2
19}, Wl ggmt1,yy < ”‘/’”(:;7"*'(11,\/)[1_[?;1 i gy + 22750 T e, vy 1 %]
=< ”QDHC;]"JH(H’V)

[Ty Imax{1, lall st} + 327 [T e
< Vm 4 TNl epst gy, Imax (L, Jull g} 1™,

1/2
,,,,, vty Imax (L, all s 1121
(82)
This shows that for all m € {1, 2, ..., k} it holds that
1@, (Wl Lgm+1v)
sup
ue Hm+l [max{1, [all gm+i}|™

(83)

Next we note that forallm € N, p € [1,00), Y1,Y2,..., Y € CO(IP; H) it holds that

10 Yoo Yoy = (IS0 30 2 oy < 10 1Yt | o ooy
<> iYillr@: -
(34)
This shows that for all m € {0, 1}, p € [1,00), @ € I, u € HY ve H" ¢ ¢ [0, T] it
holds that

YT e £P Py HA ), (85)

Next observe that (63), (84), and Jensen’s inequality imply that for all p € [1, 00), @ € I,
ue H* x € H,t € [0, T] it holds that

(H 3 h s [Y/ P70 € LP(P; H* 1)) e L(H, L?(P; H***1)).  (86)

P,B(H#w+1)
Furthermore, we note that (51) and item (vi) of Theorem 2.1 in [2] (with T = T, n = n,
H=H, U=UW=W,A=An=nF=F,B=B,a=0,8=0,k=m, p=p,
x=xforx e H,p €[2,00),m € {2,3,...,k+ 1} in the notation of Theorem 2.1 in [2])
ensure that forallm € {2,3,...,k+ 1}, p € [2,00),x € H,t € [0, T] it holds that

lim sup sup
H\{O}oum—0u=(uy,uz,....upm_1)e(H\{0}"m~1
|:||X;nl,(x+um,u) _ X;nfl,(x,u) _ X;n,(x,u,um)||£p(P;H):|

[TZ) luillm

Combining (75) and (87) with (84) and Jensen’s inequality yields that for all p € [1, c0),
@ €, ue H* x € H,t € [0, T] it holds that

= 0. (87)

0,x+h,w, 0,x,w, 1,(x,h),,
g [DETT
lim sup
H\{0}2h—0 72Nl
0,x+h 0,x 1,(x,h)
X - X7 —-X .
< limsup |:|| t t t ||LP(IP’,H):|
H\{0}2h—0 2l
||X#1iwyl(X+h,U)J,-”’ X#Iiw,[(X.u)lf"’ X#,iwﬂ-l,([(x,u)lf"’,h) ”
t At At :
Z lim sup |: U(P’H)]ZO.
= H\[0)2h—0 2l a

(88)
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In addition, combining (72) with (84) and Jensen’s inequality yields that for all p € [1, c0),
@ ey, ue HY x € H,t € [0, T] it holds that

limsup sup

1, (x,h), @, 1.(y.h
|:||Yt (x )zzru_Y (s )w“||£1'(IPH#W+1):|

H3y—x heH\(0} 72Nl 1
1(x,h 1O,k
i x5 — X O)
< limsup sup 9)
Hay—x he H\{0} hllg
ik #o +1 (lvul?h) #10 + 1Ly ul7 )
+thsup sup 1X; — 4 lzr@: o) 0.
—1 H>y—x he H\{0} ”h”H

Combining (86) and (88) hence yields that for all p € [1, 00), @ € I, u € H* x,h e H,
t € [0, T'] it holds that

(H3y e [, spmny € L@ HTh) € ' (H, LP@®; B ) (90)
and

(%[Y?’x’w’u]ﬂ»ﬁ(mmﬂ))h = [Yth(th)qw,u]P,B(H#w-H)~ o1

This, (80), (83), and Lemma 2.1 (with U = H, V = H*»+* W =V, (Q, F,P) =

Q. F.P), X0 = Yoo xleh) — yhehou oy — g, fort € [0,T],x, h € H,
u € H¥, w e I in the notation of Lemma 2.1) assure that

(a) itholds forall w € I, u € H¥, ¢t € [0, T] that

(H S x> E[cb#m (Y?"’w’“)]

o[ w]f #e [(rw]F #o (W]
=E[o o) (x 0% (x, 1 xS xS ) ev) ectan vy
92)
and
(b) itholds forall w € Iy, u € H, x, ux1y € H,t € [0, T] that
o (W7 #o [w]g #o [wT
0, I 2 - w
(ZE[e (x; 5" X, X )] e
(d [(D#m YO X, w, u)])”k+]
[ YO X, u)Yl,(X,ukJrl)anl:I
t
#o (w7 #w [(xw]] #o (el 93)
— ]E[ (#w+l)(X0 x)(X i , Xt[2 2 e Xt #or , X},(X,ukﬂ)):l
o w7 #e [w]y #o [w]7
Hey 0, > -
+Z IE[ (#w)(X X)(X i X, 2 s X; ! s
o @ @ o o o #0 [(x,w)]Z
f]i +L W] ’""*1)! Xf’ﬁl’[(x’“)]wl 7 Xf’i+2’[(x’“)]z+2, - zl#w [ wlg, )]
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Combining item (a) with the induction hypothesis shows that for all u € H*, t € [0, T it

holds that
[, W] #lzwq[(x,u)]f

(H Sx Y E[w(#W)(X?’x)(Xt At
well;
= (Z9) . vue V) eClH, V). 04

#1@; ,[(x,U)Jﬁ’m )]
. ¢

Item (b) hence proves that for all u € H* x,h e H,t [0, T]it holds that

(L [(Zre) . x)u])n

dx
#Ho (w7 #o,[(vw]F #o [(ewly
= 3 feot T e ]
welly
a,[(x, w7 #o [(xw)]f #o L[],
+Z#w IE[ (#,U)(XOx)(X i , tz e t, 1 ;
#m 1, (w7 ,h>’ X#ﬁ‘ RERY) , Xf,;gz,[(x,un,ﬂ’ L Xfl’g’ Jowlg )] } ©5)

t t

In addition, note that

i1 = {ZD‘U{{k-‘rl}}I w € Hk}

W 17 1 07 O 1 LT I AT Y€ (12, ), e T
(96)
This ensures that for all u = (ug, uy, ..., ux) € H' heH,te [0, T'] it holds that
o [ #o [wh)]T #o [(Wh)]F
0, U 2 o @
ey, 0% (X0 (X, X, o X )
#,o ,[u]? #,0,[u]y #lw ,[u]?
0, o T o o 1 (ug.h)
= Zwel‘[k [(p(#w+l)(Xt uo)(X, ! X, 2 s X # , X! (uo o
o, [u]?  #o,u]? #o (ul”.  #o+1,(0]? h)
e 0, 1 I 2 il i—i I i
+ Y7 e (X, “0)(x T x, T x, ,
@ [u]? #o L [u]7 #o ulg
Xll+1 +1’ t1+2 +2,...,X,#°7 # )]

Combining this with (95) establishes that for all u € H¥ x,h € H,t € [0, T]it holds that

ok
(L [(Zeg) . u])h
o, [(x,u,m)]]7 #lg’»[(xsll,h)]’zz’

= ¥ wetai X

[,
#o o
X, , )]_

(98)
up) € H*, x € H, 1 € [0, T] it holds that

@ €llj41

Hence, we obtain that for all u = (u1, up, ...,

lim sup ( |(Zr9) . x + = (£9) @, x)u
m\{0}sh—0 \ 12l 1
(G #p G e,
#w 0, 1 1 2 Hor w _
Y eny. E[et ) (X)X, X, e X, )]Hv>_0.
99
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Combining (65) and Lemma 2.2 (with V = H, W = V, n = &k, f =

(H > x +—» ¢@t,x) € V), g = (H 5 x —» HT! 35 u -
#o (w7 #o [(xw]] #o (e wly

Y ey, Elp®) (X)) (X, X, e X, ) e V) e

L*tD(H V)) for t € [0, T] in the notation of Lemma 2.2) therefore shows that for all
ue H*' x e H,t € [0, T]itholds that (H 3 y — ¢(t, y) € V) € CKt1(H, V) and

gk+1

(Wd))(t,x)u
b (G]7 o []F #p (W, (100)
0, 1 1 1 2 - w
-y E[(p(#’”)(Xt H(x, X, X )].

@ €llj41

This and (62) prove (74) in the case k + 1. Induction thus completes the proof of (74).
Next observe that item (ii) and item (iii) follow immediately from (74). It thus remains to
prove items (iv)—(viii). To prove item (iv) we first note that (51) and item (ii) of Theorem 2.1
in[2] (withT =T,n=n,H=H,U=U,W=W,A=An=mn,F =F,
B=B,a=ua,B=8,k=k,p=p,§ =38ford e Dy, p €[2,00),k € {1,2,...,n}

in the notation of Theorem 2.1 in [2]) ensure that for all k € {1,2,...,n}, p € [2, 00),
8 = (81,62, ...,8) € Dy it holds that
dap k,u
N X > (-
sup su [ k" ‘ ”‘”“P’H)} <00 (101)
U=t i1,y tg) €H X (H\{ODE 1€(0,T] [Tici Nuillms,

This and Jensen’s inequality establish item (iv). Moreover, observe that for all k € NN,
8= (51,82, ...,8) € R¥, w e I it holds that

sup ] (T AT = gup M- 2-B) E e 100 (1)
10,71 jepr 1€(0,7] (102)
— pmin{l—a,1/2=8} ¥ rery 112,00 (#1) <ITv 1|Lk/2J min{l—e.1/2—$}

Combining (60) with item (iii), (101), (102), and Jensen’s inequality yields that for all k €
{1,2,...,n},8 = (61,62, ..., 8k) € Dy it holds that

I &
[,z,.lsl |Gre) . v>u||v]
sup sup sup T
veH u=(uy,uz,...,ux)€(H\[ODk 1€(0,T] [Tici Nuilla,

8.a,B
(= e )
< Z W'CZ“(H,V)( sup |:1_[t 1 i ])

welly 1€(0,7] lew

S,
|:t[1 ”X:#,q(xyu)”[,#w(]P’;H)]) (103)

. ( 1_[ sup sup sup -
Tee YEH u=(ui)icr €(H\(O0)*1 1€0.T] [Tier luilla,
<|Tv 1|Lk/2J min{l-a.1/2-} ”(p”CL‘(H,V)

. Z l_[ sup sup sup

b o
|:tll “th (x,u) ”L:#W(P;H)]
< X0
welly Iew XS0 u=(;)ic;(H\{0h*1 1€(0.T]

l—ligl [[ee; ||H,,;l.
This proves item (v). Next we observe that (51) and item (iv) of Theorem 2.1 in [2]

withT =T,n =n,H=H,U=U,W=W,A=An=mnF = F,
B =B o=uap =28k=%kp=p & =238ford € Dy, p € [2,00),
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ke{le{l,2,...,n}: |F|Lipl(H,H,o,) + |B|Lipl(H,HS(U,H,ﬁ)) < o0} in the notation of The-
orem 2.1 in [2]) ensure that for all k € {1,2,...,n}, p € [2,00),8 = (61,82,...,8) € Di
with |F|Lipk(H’H_u) + |B|Lip"(H,HS(U,H,,;)) < o0 it holds that

FOeP ki k(.
fN XY = XY @y
sup sup sup T < 00. (104)
x,y;H., U=(t1,12,...ug) €CH\{ODK 1€(0, T] lx = ylle [Tizy luilla,,
X#£y

Combining this and (67) with Jensen’s inequality establish items (vi) and (vii). Moreover,
note that for all k € N, § = (61,82,...,68¢) € R¥, @ € Ik, I € w it holds that

(8,0),a,8 8.,
sup [,Hlu(mwzfez&) 1 ,<—t,“ﬁ+2iejsf>]

1€(0.7] Jem\(I}
= sup gmin{l—a, 2=} 143 jepr\ (1) 112,00 ()] (105)
te(0,T]

_ Tmin{l—a,l/z—ﬂ}[1+Z,Em\“, 1,00 #)] 1T v 1|(k/21 min{l—a,1/2—p}

Furthermore, note that item (iii) and (66) imply that for all k € {1,2,...,n}, § =
(61,62, ...,0k) € D with |(p|Lipk(H’V) < o0 it holds that

ks a* ok
= [(F9) @ v) = () w)]ul
sup sup sup -
v,w#eH, U=(t1 12, u)E(H\{ODK 1€(0, T lv—wllg [Tizi luilla_s,
vFEW
LBy s
= X {|<P|Lip#m(ﬁ,v>< sup |:1_[t( { +Z,6151>}>
welly 1€(0,T] lew
0, 0,y
( [nx,x - X, HWH(RH)D
- sup sup
x,yeH, 1€(0,T] lx — ylla
XF£y

s.a.8 #7.(x,
( |:tt[ ”th (x “)||C#W+I(P;H)i|)
. 1_[ sup sup sup

lew Y€H u=(u;)ic;e(H\{OD*1 1€(0,T] Hiel [l ||H_5i

(8,0),0.8 . 8.0,
- +3 e i - S
+|‘/’|c§ﬁ’(f1,v) E ( sup [r( ) t2ier 80 | | t +erﬂ3>]>

te(0,T]

lew Jew \{I}
(8,0),a,
10+ ”X?L(x,u) _ Xf‘l,(y,ll) | e ®i)
| sup sup sup d
lx = ylla [Ties lluillas,

x.YeH. u=(uj)jer e(H\[OD*1 1€(0.T]
X#y

B #7,(x,
( |:[LJ ”XZI(XU)”[,#HI(IP;H)]>}
. 1_[ sup sup sup .
Jea\(1) XEH u=(ui)ics (H\(0) 1€0.T] [Tics Nuillay,
(106)

Combining (106) with (67), (101), (102), (104), (105), and Jensen’s inequality establishes
item (viii). The proof of Lemma 3.2 is thus completed. (]

Theorem 3.3 Assume the setting in Section 1.2 and let n € N, ¢ € Cy(H,V), F €
C}(H,H), B € C}(H, HS(U, H)). Then
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(i) it holds that there exist up-to-modifications unique (F;);ef0,7/B(H)-predictable
stochastic processes X¥%: [0, T1 x @ — H,u € H**! k € {0, 1, ..., n}, which
satisfy for all k € {0,1,...,n}, w = (uo, u1,...,ux) € H* p e (0,00),
t € [0, T that supcgo. 7 E[1 X 115] < oo and

X5 — o' 14,1y (k) urle. 5o
t

=/ =94 |:]1{()} (k) F(X?‘”O)
0

WP o uly #o ulf }ds

#o,
+ >0 FE(x0uy(x, T xR x

welly

t
+ / el =IA I:ﬂ{o}(k) B(X210)
0

(107)

Wy [y # lu

#o, Sl
+ > BRI (x XX )]dws,

welly

(i1) it holds that there exists a unique function ¢: [0, T] x H — V which satisfies for
allt € [0, T], x € H that (¢, x) = E[p(X>")],

(iii) it holds forallt € [0, T] that (H 5 x — ¢(t,x) € V) € C}(H, V),

(iv) itholds forallk € {1,2,...,n},a = (up, uy,...,ux) € HM r e [0, T'] that

#,0,[u]” #o,[u]? #o L [uly
> et o T )] < o a08)

welly

(v) itholds forallk € {1,2,...,n},ue H* x € H,t € [0, T that

k
(Lr¢) (@, »u
@) /0% #,lrir,[(x,u)]f’ #Jflzm,[(x,u)]aII #1%,[(x,u)];“m
-y E[¢ (X% (X, X, X, )],
welly
(109)

(vi) it holds for all p € (0,00), k € {1,2,....n}, § = (81,82,...,8) € [0, /2
a €0,1), B €0, 1/2) with YF_, 8 < 1/2 that

8,a.p k
fN XS N oy
sup sup sup z < 00, (110)
xeH u=(uy 3, u) €(H\[ODK 1€(0.T] [Tici Nuillmy,

(vii) it holds for all k € {1,2,....n}, 8 = (81.82,....8k) € [0,/ a € [0, 1),
B € [0, 1/2) with Y°*_, 8 < 1/2 that

sup sup sup
veEH u=(uy,us,...,u;)e(H\{0}))k 1€(0,T]

[rm‘* (o). v>uHV]
[Ty Nl

< |7 v Wm0 g gy

)

S.a. #7,(x,
|:tt1 “th (X ll) ”L#w (]P;H)]
. Z 1_[ sup sup sup < o0
welly Tew Y€H u=@u)ic e(H\{0)*1 1€(0.T] Hiel ||ui||H,5l.

111)
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(viii) it holds for all p € (0, 00) that

0,x 0,y
X" —-X .
sup  sup 1X: o Ner:m < 00, (112)
x,yeH, 1€(0,T] lx —ylla
x#y

@ix) it holds for all p € (0, oo)k, ke{l,2,...,n}, 8 = (81,62,...,6) €0, l/z)k, o €
[0, 1), B €0, 1/2) with ) ;_, 8 < 1/2and |F|Lipk(H’H7a) + |B|Lip"(H,HS(U,H,ﬁ)) <

o0 that
GO@B i k(.
N IXPCY = XY @y

sup sup sup T < 00,
x,y;H, =112, ....u)€(H\[ODK 1€(0,T] lx = ylla TTizy il aey,

x#Ey

(113)

and

(X) it holds for all k € {1,2,...,n}, § = (81,82,...,8) € [0,1/2% « € [0,1),
B € [0,1/2) with Zle 8 < 12 and |F|Lipk(H’H7a) + |B|Lip’<(H,HS(U,H,,5)) +
|¢|Lip"(H,V) < 00 that

(0 | [(Z9) (@ v)— () (¢ w) Ju,
sup sup sup

3
v,u;éeH,u:(u.,uz ..... u)E(H\{ODK 1€(0,T] v —wlla [Tz luill b,
vVFEWw

< |Tv 1|]'k/2'| min{l—a,1/2—pB} ”(p”Lipk(H,V)

0, 0,y
|:||Xt * — Xt : ||£#W+](P;H)]
lx = ylla

Z { sup  sup
welly x,xy;;"l,te(O,T]

1_[ sup sup sup

s.a,B #7,(x,
I:tll ”th (x u)”ﬂ#w*l(P;H)]
Tew ¥€H u=(u;)ics e(H\{0p#1 1€(0.T]

[Tics luillr_s,

6,0),0,8
R 10

lx = ylle [Ties luillm_s,

+ Z sup sup sup
zeww‘;lﬂ u=(u;)icr(H\{O)* 1€0.T]
XFEY

sup sup sup

S.a.B #7.(x,
|:ttl 177 g (IP’;H>:|}
< Q.
Jea\(1} *H u=(p)ic;e(H\{O)*/ 1€(0.T]

niej [|2e; ||H,5i
(114)

Proof Note that items (i) and (ii) follow immediately from item (i) of Theorem 2.1 in [2]
withT =T,n=nH=H,U=UW=W,A=A,n=nF=F,B=B,a=0,
B = 0 in the notation of Theorem 2.1 in [2]). Moreover, observe that items (iii)—(x) follow
directly from items (i)—(viii) of Lemma 3.2. The proof of Theorem 3.3 is thus completed.

O

4 Regularity of Transition Semigroups for Mollified Stochastic Evolution
Equations

Lemma 4.1 Assume the setting in Section 1.2, letn € N, « € [0,1), 8 € [0,1)2), F €
C}(H,H_y), B € C}(H, HS(U, H_p)), ¢ € C}(H, V), let X**": [0, T]x Q2 — H,u €
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H* ke {0,1,...,n), ¢ € (0, T], be (FD)iepo,1/B(H)-predictable stochastic processes
which satisfy for all k € {0,1,...,n}, ? = (ug, Uy,...,ur) € H ¢ e 0, T], p €
(0, 00), t € [0, T] that sup ;o ) E[I1 XI5 ] < 0o and

[X,E’k"1 — " 10,1y (k) uklp. B

t
=/ e(t—s+8)A|:]]_{0}(k) F(Xi,O,Llo)
0

et o, [u]? e, [u]P &#m ,[u]’”w
T L e A I L A g 1P
welly (115)
t
+/ e(l*S‘FE)A |:1{()}(k) B(Xi,O,Lto)
0
(o) (yre Qg (o T e [uly ety (w7
+ ) BRI X)X, X, X, Y Law,
welly

andlet p.: [0, T] x H — V, e € (0, T], be the functions which satisfy for all ¢ € (0, T],
1 €[0,T], x € H that ¢, (t, x) = E[p(X5*")]. Then

(i) it holds foralle € (0,T), t € [0, T] that (H 5 x — ¢.(t,x) € V) € C}(H, V),
(ii) it holds forall k € {1,2,...,n}, 81,82, ...,8 €0, 1/2) with Y*_, 8; < 1/2 that

[Zf“:l 8i || (8~ :,
sup sup sup I (5x ¢e) (. v)uf,

- s,  (116)
£,1€(0, T veH u=(uy ,us, .., ux)(H\{OH [Tici Nuillms,

and
(iii) it holds for all k € {1,2,...,n}, 61,62,...,8c € [0, 1/2) with Zf;l 8 < 12 and
\Fligtcr,mgy + 1BlLigt s, m_py) + 191Lipt vy < 00 that

sup sup sup
£,t€(0,T1v,weH, u=(uy,us,...,u;)(H\{0})¥
vFEW

s (117)

() @, 0) = (Ere) . )],

x
lv—wlla [Tiz luilla_,

Proof Throughout this proof let D € P(IR¥), k € N, be the sets which satisfy for all k € N
that Dy = {(81, 82, ...,8) € [0, 1/2)%: ZLI& < 12}, let x, € [0,00), r € [0, 1], be
the real numbers which satisfy for all r € [0, 1] that x, = sup,¢(, 1) 7 l(n — A etA Iz
(see, e.g., Lemma 11.36 in Renardy & Rogers [20]), let B: (0, 00)2 — (0, 00) be the
function which satisfies for all x, y € (0, co) that B(x, y) = folt("’l) (1 -9 dr (Beta
function), let E; 5 : [0, 00) — [0, 00), a, b € (—o0, 1), be the functions which satisfy for
alla,b € (—o0, 1), x € [0, 00) that B, p[x] = 1+ 7 | x" ]_[Z;(I)IB%(l—b, k(l—b)+1—a)
(generalized exponential function; cf. Chapter 7 in Henry [15] and (16) in [1]), let F.: H —
H,e€(0,T],and B,: H— HS(U, H), ¢ € (0, T], be the functions which satisfy for all
ee€(0,T],x € Hyu € U that

F.(x) = F(x) and  Be(x)u = e*“B(x)u, (118)
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and let @’]\,: [0, 00)2 — [0, o0], p € [1,00), L € (—00, 1), and T;: [0, 00)2 — [0, oo],
p eA[l, 00), A € (—00, 1), be the functions which satisfy for all A € (—o0, 1), p € [1, 00),
L, L €0, c0) that

KL, L) =

V2

1/2 A 1
(A L) € <—oo, 5) % (0, 00)

(1—a) A 2
%‘FX/}L /p(p_l)T(l—Zﬂ)‘ ]

EM,[XQ L T“*‘”] L=0

E2x max{a,28) [

00 otherwise
(119)

(see, e.g., (17) in [1]) and

YH(L.L)= sup sup O(x,y). (120)
x€[0,L] }'G[O,i]

Note that for all & € (—o00, 1/2), p € [1, 00), L, Le [0, o0) it holds that
TH(L. L) = max{®(L, L), ©4(L.0)} < o0. (121)
Moreover, observe that for all € € (0, T'] it holds that
F, € C,(H, H) and By € Cp(H, HS(U, H)). (122)
In addition, note that for all k € {1, 2, ..., n}, e € (0, T] it holds that

|F5|C[’§(H,H,a) = X0 |F|C’§(H,H,D,) < 00 and

(123)
|Be|c’,;(H,HS(U,H,ﬂ)) = Xo |B|c,’§(H,HS(U,H,,;)) < 0.
Furthermore, note that for all k € {0, 1, ..., n}, e € (0, T] it holds that
|F5|L‘kHH SXO|F|L'1‘HH and
ip" (H,H_y) ip" (H,H—y) (124)

|B€|Lip’<(H,HS(U,H,ﬁ)) = X0 |B|Lipk(H,HS(U,H,,j))'

Item (ii) of Lemma 3.2 (withn = n, ¢ = ¢, F = Fs, B = Be, X¥" = X8kU ¢ — g1 =1
forr € [0,T],e € (0,T],u € H ke {0, 1, ..., n} in the notation of Lemma 3.2) and
(122) prove item (i). Next we combine (115) and item (iii) of Corollary 2.10 in [1] (with
H=HU=U,T=T,n=na=a,B=W=W,A=AF=H>3x— F.(x) €
Hy),B=H>3>x+ (U>su+ Bs(x)uec Hpg)e HS(U,H g)),p =p,6 =0
fore € (0, T], p € [2, 00) in the notation of Corollary 2.10 in [1]) with (121) and (124) to
obtain that for all p € [2, co) it holds that

,0, ,0,
[an - X, -V||U<p;H>]

sup  sup
e,t€(0,T] x,yeH, lx —ylla
iy
0
<X s O (1Felvipoqar, iy 1BelLigo s w.m_yn) (125)

0
<%0 sup Yp(IFeluipd s, oy | BelLipd . s i_p)
e€(0,T]

0
= Xo Tp(XO |F|Lip0(H,H,o,)’ X0 |B|Lip°(H,HS(U,H,,3))) < .

Next we claim that
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(a) itholdsforallk € {1,2,...,n}, p €[2,00),8 = (81,082, ...,0k) € Dy that

sup sup sup (126)

&,te(0,T1x€H u=(uy,uy,...,ur)€(H\{0})*

8.a.p &,k,(x,u)

N XERE ) ey

X <
H,’:] ||”i||H,,;I.

and
(b) it holds for all k € {1,2,...,n}, p € [2,00), 8 = (61,82,...,8r) € Dy with

\FlLigt i)t |B|Lip"(H,HS(U,H,ﬁ)) < oo that

(8,0),a,8
tLN ”Xte»ks(xsu)_xlsvks(y;

w ||£P(P;H)j| oo

sup  sup sup |: -
e = ylle TTizy Nuilla_s,

&,t€(0,T]1x,yeH, u=(uy,us,...,ur)(H\{0})¥
x#y
(127)

We now prove item (a) and item (b) by induction on k € {1, 2, ..., n}. For the base case
k = 1 we combine (115) and item (ii) of Theorem 2.1 in [2] (with T =T,n=n, H = H,
U=UW=W,A=An=nF=F,B=B,a=a,=8,k=1,p=p,§ =6for
e€(0,T], 6§ €10, 1/2), p € [2,00), in the notation of Theorem 2.1 in [2]) with (121)—(123)
to obtain that for all p € [2, 00), § € [0, 1/2) it holds that

sup sup sup

1L (x,
[r“ Ix¢ (”)umpgm}
£,1€(0,T] xeH ue H\{0}

lleell rr_s

3
= Xs Ssup ]@)p(ng'C;(H,H,u)’ |B€|C}1(H,HS(U,H,,3)))

£€(0,T (128)

)
<xs sup Y, (|Felc s | Bel e )
up YpUFelcyan o 1Belcjnnsw. i p)

S
=< Xs TP(XO |F|Cb1(H,H7a)’ X0 |B|Cb1(H,HS(U,H,¢;))) < Q.

Moreover, combining (115) and item (iv) of Theorem 2.1 in [2] (with T =T, n =n, H =
HU=UW=W,A=An=nF=F,B=B,a=a,=8,k=1,p=p,§ =6
fore € (0,T],6 €[0,1/2), p € {r € [2,00): |F|Lip1(H’H7a) + |B|Lip1(H’HS(U’H7ﬁ)) < 00}
in the notation of Theorem 2.1 in [2]) with (121)—(124) and (128) assures that for all p €
[2, 00), § € [0, 1/2) with |F|Lip1(H’H_a) + |B|Lipl(H,HS(U,H_ﬁ)) < o0 it holds that

sup  sup  sup

(8,0).0.8 1.(x, 1Ly,
|:t[N ”th» L(x,u) _ Xf 6] u)”ﬁp(]}]’;H)i|
&,t€(0,T] x,yeH, ue H\{0}
X#y

e — ylla lulla_s

(8,0),a,8

L

= |Tvl| S(‘(J)PT] {®pN (|Fs|c;(H,H,(,)s ‘Bs|c,§(H.HS(U,H,ﬁ)))
ee(L,

BHEN
|:t8 fo (x,u) ”LZP(]P’;H)]

0
‘X0®2p(|F£|cb1(H,H,a)*|Bs|c,§<H,HS(U,H,ﬂ>)) Sup sup  sup i
s

te(0,T) xeH uecH\{0}

: |:on ]B(l_a, 1_8)||Fs||Lip1(H'H7a)+Xﬁ \/L (17271) B(I—Zﬂ, 1_26) ”BE“Lip](H,HS(U,H—/S))]}
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(5,0),0.8
< ITVv] |XO|2 T, o (XO |F|c;(1-1,1-17a); X0 |B|Cé(H,HS(U,H,5)))

RHES
|:[5 ||Xf (x u)”ﬁzl’(P;H)i|

0
00, (X0 1 Fle) 1,110 X0 1Bl s, msw.m_yy)  SUP_ Sup  sup il
-8

e,1€(0,T] xeH ue H\{0}

(1)
. [Xa B(1—0. 1=8) | Fll it (1.1 +Xﬂ\/ﬂ 2D B(1 - 28,1 —29) |\B||Lip1(H’HS(U’H7ﬂ>)]

< OQ.
(129)

This and (128) establish item (a) and item (b) in the base case k = 1. For the induction step
{1,2,....,.n—1} 2k - k+ 1 € {2,3, ..., n} assume that there exists a natural number
k e{l,2,...,n — 1} such that item (a) and item (b) hold for all / € {1, 2, ..., k}. Observe
that (115), item (ii) of Theorem 2.1 in [2] (Wwith T =T, n=n, H=H, U=U,W =W,
A=An=nF=F,B=B,a=ua,B=8k=k+1,p=p,§ =24 for
e €(0,T],8 € Dgy1, p € [2, 00) in the notation of Theorem 2.1 in [2]), the induction step,
and (121)-(123) imply that for all p € [2, 00), § = (81,82, ..., 8k+1) € Di41 it holds that

s.a,B 1 (x,
[t”N x5t (x“)llﬁﬂ(zp;m]

sup  sup sup pa
£ €(0.T1x€H u=(uy.u...o.g 1) €(H\ (O] T2 Nwill e,
8.a.B
k+1 ‘N
<I|T Vvl S(l(l]pT]{®p (|F8|C,:(H,H,a)’|B£|Cb'(H,HS(U,H,,3)))
£€(0,

. |:XaIB(1 —a, 1 — Zk+l 3 )||F5||Ck+l(HH @)

-1 o
+Xﬁ\/w2 B(1-281-2%% 5)||BE||C§+1(H’HS(U,H75))]

@b L (x,
|:[tl ||Xf 7,(x U)”LP#W(]P’;H):H
Z 1_[ sup sup sup
ey, Tem '€O.TIYEH um(up)icr e(H\O)* [Tier luill s,

BB
<ITv 1|k+1 X0 Tp]N (xo |F|C;(H,H_u)’ X0 |B|Cll(H,HS(U,H_ﬂ)))

k+1
. |:XaIB(1 —a, 1= ai)HF”C,’j“(H,H,Q)

+ Xp \/P(P l)IB(l—Z/S 1_2Zk+18)||B||C§+](H,HS(U,H_,3)):|

S e #,(x,u)

|:t£1 X" ||Lp#m([p>;1-1)i|

<
H,’g [l ||H,5i

Z 1_[ sup sup sup
welly,, lew & €OTIXEH u=@wp)ic e(H\ (O™

Furthermore, note that (115), item (iv) of Theorem 2.1 in [2] (with T = T, n = n,
H=HU=U,W=W,A=An=nF =F,B =B, =0« =8,
k=k+1,p=p,d=2dfore € (0,T],8 € Dgy1,p € {r€l2,00: |Fl gy )+
|B|Llpk+1(H HSWU.H_p) < oo} in the notation of Theorem 2.1 in [2]), (122), and (124)
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imply that for all p € [2,00), § = (61,82, ..., 0k+1) € D41 with |F|Lipk+1(H,H,a) +

|B|Lip"“(H,HS(U,H,;,)) < o0 it holds that

@0ep g k+1,(x,u) £.k+1,(y,u)
[I”N X, - X, ) ||LF(P;H)]

sup  sup sup o
S.IG(O,TJX’_\’;H, u=(u1,u2,....ug1)€(H\{0})k+1 llx — y”H ni:l Iloe; ”Hﬂ;‘.
XFEY

(8,0),0,8

k1 !

=ITvl S(‘(l)pT] {®pN (|Fs|ch1(H,H_o,)s |B£|c,§(H.HS(U,H_,g)))
ee(V,

0
‘<X0 @(k+2)p(|F8|c,§(H,H_a)s |Be|c,§(H,HS(U,H_,,>))

LReN:]
XY s oy
. Z 1_[ sup sup sup Lo Tl

welliy Tew €O TIXEH u=(u;);e; e(H\{ODH iel WillH_5;

[zzﬂﬁ?zfé‘; 2w _va#l-()'vu
{op#s

)
| g r#er (P;H) i|

+ su Su; su
2, 2 s wp b % = vl Tres il

wellf,, lew te(oj]x;‘;f* u=(u;)ics€(H\

sup sup sup
Jew\ (1} 1€OTIXEH u=(u;);c e (H\{0O})*/

.[Xa B(1— o, 1 = 320 8) I Fell i .10

da.p e #y,(x,u
|:tl1 1 X; 7 )“,Cp#w(]P;H)])
[Tics luill s,

+xp \/W B(1—-28,1-2Y1415) 1B ||Lipk+1(H,HS(U,Hfﬂ))} ] (131)

This, the induction hypothesis, (121), (123), (124), and (130) imply that for all p € [2, c0),
8 = (61,62, ...,0kt1) € Dgyg with |F|Lip"+‘(H,H,a)+|B|Lip"+'(H,HS(U,H,5)) < ooitholds
that

3,0),0,8 e.k+1,(x,u) £,k+1,(y,u)
I D R ¢ 'Hmmm]

t
sup sup sup |: ]
(0pet v = vl T il

(6.0).0.8
1 '
<ITv 1|k+ X0 Tp]N (XO |F|C,1(H,H,a)’ X0 |B|C,£(H,HS(U,H,5)))

0
‘ (XO T(k+2)p(X0 IFlem m ) X0 |B|c,§(H,HS(U,H,ﬁ)))

8,0, #.(ou
r’|mimwa%wmm]
1_[,'61 ||ui||H,,;[.

(8,0),a,8 y
|:[L[u(k+2) ”Xf,#l.(x,u) _X;?,#l-(),ll) | £rter (]P'H)]

lox = ylla [ier luill o,

Z l_[ sup sup sup
wellyy lew S1€O.T1xeH u=(u;)ies (H\{OH#1

+ E E sup  sup sup
wellt, , lew S1€OTIXYEH, u=(u;);c;e(H\{0O)"
k+1 x#y
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S.a,p
5 NXE ) ke e
sup sup sup -
Jea\(1) 1 €O.TTxEH u=(u;);e s €(H\ (0D [Ties luillery,

132
. |:XD,IB(1 —a, 1l — Zf{:ﬂl 8i) I N Lipett (1, g (52

—1
+ xp \/p("z VB(1—28,1-2Y%s) ||B||Lipk+1(H’HS(U,H7ﬂ))] < oo.

Combining (130) with (132) proves item (a) and item (b) in the case k + 1. Induction hence
establishes item (a) and item (b).

Next note that item (v) of Lemma 3.2 (withn = n, ¢ = ¢, F = F,, B = B;, X™" =
Xemu b = k=k8=8a=a f=p8FfrsecDke{l,?2. .. n},ue H"H,
m e {0,1,...,n}, e € (0, T] in the notation of Lemma 3.2), (122), item (a), and Jensen’s
inequality ensure that for all k € {1, 2,...,n},8 = (81, 82, ..., 8r) € Dy it holds that

120 () 0 v,

sup sup sup s .
£,1€(0,T] veH u=(uy s, ..., ux)(H\ {O)F [Tici luillm,
< |TvV ]|Lk/2J min{1—a,1/2—B} ”W”CE(H v (133)

: Z H sup  sup sup

Sof e dy,(x,u)
|:tt’ X, ”E#W(IP;H)}
< o0
welly Iew &EOTIXEH u=(u;);e;e(H\{Oh¥1

[Ties luilla_s,

This proves item (ii). It thus remains to prove item (iii). For this we combine item (viii) of
Lemma 3.2 (withn =n,¢p = ¢, F = F;, B= B, X" = X*"" ¢ = ¢,k =k, =6,
a=a,B=pBford €Dy, kef{le{l,?2,...,n}: |F|Lip’(H,H,a) + |B|Lip’(H,HS(U,H,ﬂ)) +
|‘/’|Lip’(H vy < ool,ue H" m e€{0,1,...,n}, e € (0, T] in the notation of Lemma 3.2)
with (122), (124), (125), item (a), item (b), and Jensen’s inequality to obtain that for all
ke{l,2,...,n},8 = (61,682,...,8r) € Dy with |F|Lipk(H.H_a) + |B|Lipk(H,HS(U,H_,3)) +
|9"|Lipk(H.V) < 00 it holds that

[Zf:l S |

[(Zre) . v) = (L)t w)]u],
sup  sup sup

3
£,1€(0,T] v,w;H, W=(uy g, €CH\(ODE lv—wlla [Tiz; luilla_s,
vVFEW

< |T v 1|fk/2] min{l=e}/2=4) IelLipt v

£,0,x £,0,y
|:”Xt _Xt )||L#W+I(P;H)i|

Z{ sup  sup

ment, Lete©.T1x.yeH, lx —ylla
k x#y
Saf et (x,u)
|:t[l ”Xt ! I|£#W+I(P;H)i|
sup sup sup
e ©4€O.T1XEH u=(up)ics <(H\[O)* [Ticr luilla,
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(8,0),,8
. e #7,(x,u) &, (y,w)
[tmkm | xEFRCew _ x ||L#w(P;H)]
{op*r

lx = ylla [Ties luilla,,

+ E sup  sup sup
Iew S1€OTIxYEH, u=(u;)ie €(H\
xF#y

Bl ety
|:tlf ||Xf 7, (x “)”L',#w(]P’;H)]}
< 0.

sup  sup sup
Jew\(1) 4 €O.TIXEH uquy)c e(H\ (0D [Ties Muillny,

(134)

This proves item (iii). The proof of Lemma 4.1 is thus completed. O

Corollary 4.2 Assume the setting in Section 1.2 and letn € N, a € [0, 1), 8 € [0, 1)2),
FeCy(H H o), BeCy(H,HS(U, H_p)), ¢ € Cy(H, V). Then

(i) it holds that there exist up-to-modifications unique (F;);e(0,71/B(H)-predictable
stochastic processes X : [0, T] x Q — H, ¢ € (0, T], x € H, which satisfy for all
£€(0,T], pe(0,00), x € H, 1t €0, T] that supcio 7 E[ |1 X5 1|5 ] < 00 and

t t
[X;?,X _ etA-x]]P’,B(H) — / e(t7s+£)AF(X§’x)ds +/ e(f*S+é‘)AB(}(?,.}C)d‘4/s7
0 0

(135)
(ii) it holds that there exist unique functions ¢.: [0, T] x H — V, ¢ € (0, T], which
satisfy for all e € (0, T1, t € [0, T, x € H that ¢ (¢, x) = E[p(X;™)],
(iii) it holds forall e € (0, T], t € [0, T] that (H Sx > ¢e(t,x) € V) e Cy(H,V),
(iv) it holds forallk € {1,2,...,n}, 81,82, ..., 8 € [0, 1/2) with Zle 8; < 1/2 that

[Zf:lsi i t,
sup  sup sup ”(axkd)a)( v)u”v oo, (136)

k
&,1€(0,T1veH u=(uy ,u,....ux)€(H\{0)¥ [Tich luillm_s,

and
(V) it holds for all k € {1,2,...,n}, §1,82,...,8k € [0, 1/2) with Zle 8 < 12 and

VElLipk (a1 1) T 1BlLipk (s H_py) 1@ Lipk (ar,v) < O© that

I k k
2= [ e )t v)— (3 0e) (1, w) Ju,
sup  sup sup T
£,1€(0,T] v,u:H, u=(uy,uz,...,ux) €(H\{OD¥ lv—wla [Tz luilla,
vFEW
(137)

Proof Note that items (i) and (ii) follow immediately from item (i) of Theorem 2.1 in [2]
withT =T, n=n,H=H,U=UW=W,A=A,n=nF=F,B=B,a =0,
B = 0in the notation of Theorem 2.1 in [2]) and item (i) of Corollary 2.10 in [1]. Moreover,
observe that items (iii)—(v) follow directly from items (i)—(iii) of Lemma 4.1. The proof of
Corollary 4.2 is thus completed. O
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