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Preface to the first version

These lecture notes originate from the master course Numerical Analysis of Stochastic
Ordinary Differential Equations — also called Computational Methods in Quantitative
Finance I — which was taught at ETH Ziirich from 2008 to 2011. It includes a review
on probability theory, basics on the generation of random numbers, and an introduction
to Monte Carlo methods in the first part. Then stochastic processes and stochastic
differential equations are introduced and solutions are approximated with strong and
weak approximation schemes.

Ziirich, December 2011
Andrea Barth, Annika Lang, Christoph Schwab

Preface to the second version

These lectures notes are a rewritten version of the lecture notes written by Andrea Barth,
Annika Lang and Christoph Schwab. They have been written for the course “401-4657-
00L Numerical Analysis of Stochastic Ordinary Differential Equations” in the Autumn
Semester 2012. These lectures notes would be in a much worser shape without the help
of a number of people. I am particulary indebted to Sonja Cox and Raphael Kruse for
various valuable suggestions, for proofreading the lecture notes and for their very helpful
advice. Moreover, I am very grateful to Martin Hutzenthaler for his permission to use
parts of the material in [Hutzenthaler and Jentzen(2012)] for these lecture notes. Finally,
special thanks are due to the students of the course “401-4657-00L Numerical Analysis
of Stochastic Ordinary Differential Equations” for pointing out a number of misprints
and for various useful remarks and questions that helped to improve and correct these
lecture notes.

Ziirich, December 2012

Arnulf Jentzen

Preface to the third version

Special thanks are due to Sonja Cox and Raphael Kruse for placing a number of excercises
and their permission to use these excercises as a part of these lecture notes. Stefan
Geiss, Johannes Muhle-Karbe and Josef Teichmann are also gratefully acknowledged for
a number of insightful comments concerning mathematical finance. The students of the
course “401-4657-00L Numerical Analysis of Stochastic Ordinary Differential Equations”
are also gratefully acknowledged for pointing out a number of misprints and for asking a
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number of questions that helped to improve these lecture notes. Finally, I am particulary
indebted to Florian Miiller-Reiter from the swissQuant Group AG for a number of quite
instructive demonstrations from the financial pratice.

These lecture notes are still under construction. In particular, these lecture notes do not
yet contain an appropriate classification and an appropriate comparison of the presented
material with the relevant material from the literature. This will be the subject of a
later version of these lecture notes.

Zirich, December 2013

Arnulf Jentzen

Preface to the fourth version

These lecture notes are still under construction. In particular, these lecture notes do not
yet contain an appropriate classification and an appropriate comparison of the presented
material with the relevant material from the literature. This will be the subject of a
later version of these lecture notes. Special thanks are due to Lukas Herrmann and Ryan
Kurniawan for their substantial help with the solutions of the exercises.

Ziirich, September 2014

Arnulf Jentzen

Preface to the fifth version

These lecture notes are still under construction. In particular, these lecture notes do not
yet contain an appropriate classification and an appropriate comparison of the presented
material with the relevant material from the literature. This will be the subject of a
later version of these lecture notes.

Ziirich, September 2015
Arnulf Jentzen

Preface to the sixth version

These lecture notes are still under construction. In particular, these lecture notes do not
yet contain an appropriate classification and an appropriate comparison of the presented
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material with the relevant material from the literature. This will be the subject of a
later version of these lecture notes.

Ziirich, September 2015

Arnulf Jentzen
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Exercises

Exercises series

Solutions to the exercises can be handed in before the start of the lecture or in the
designated mailbox in front of room HG G 53.2. Please also submit your Matlab code
and your figures at https://sam-up.math.ethz.ch.

Series | Exercises Deadline Solutions
1 Exercises 0.2.8, 0.2.43, 0.4.7, & 0.4.14 03.10.2018, 13:15 PM | Chapter 8
2 Exercises 1.2.16, 1.2.24, 1.2.25, & 1.2.26 | 10.10.2018, 13:15 PM | Chapter 8
3 Exercises 1.2.27, 1.2.30, 1.2.38, & 1.2.39 | 17.10.2018, 13:15 PM | Chapter 8
4% Exercises 1.3.7, 1.3.9, 1.3.11, & 2.1.12 24.10.2018, 13:15 PM | Chapter 8
5* Exercises 2.1.13, 2.2.8, 2.2.10, & 2.2.13 | 31.10.2018, 13:15 PM | Chapter 8
6* Exercises 2.3.9, 2.3.10, 2.4.10, & 3.1.9 07.11.2018, 13:15 PM | Chapter 8
* Exercises 3.1.10, 3.2.23, 3.3.9, & 3.3.10 | 14.11.2018, 13:15 PM | Chapter 8
8 Exercises 3.3.11, 3.3.15, 3.4.20, & 3.4.22 | 21.11.2018, 13:15 PM | Chapter 8
9* Exercises 5.2.4, 5.2.7, 5.3.3, & 5.3.4 05.12.2018, 13:15 PM | Chapter 8
10* Exercises 5.5.6, 5.5.9, 5.6.7, & 5.6.8 12.12.2018, 13:15 PM | Chapter 8

(..)* The PhD students of the Department of Mathematics of ETH Zurich must solve
this exercise series successfully to get the credit points of the course.

Rules for the Matlab exercises

For each Matlab exercise we expect that you hand in:
(i) A printout of the .m-file containing the Matlab commands.

(ii) A printout of the exact output of your .m-file (where all outputs are properly
labelled). This printout should also contain all graphics produced by your .m-file.
Your .m-file should only output those values for which you are asked for in the

Matlab exercise. You can use “;” at the end of your Matlab code lines to suppress
the output of intermediate results.

In addition, we also expect you to submit your .m-file at https://sam-up.math.ethz.
ch.
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0 Preliminaries from measure and
probability theory

These lecture notes use a number of concepts and results from measure and probability
theory. Some of these notions and results are briefly reviewed in this preliminary chapter
(see Sections 0.2, 0.3, and 0.4 below). Further concepts and results from measure and
probability theory can, for example, be found in [Klenke(2008)] and [Bauer(1991)]. In
addition, several important probability distributions from the literature are considered
in Section 0.4 of this preliminary chapter.

0.1 Basic notation

Definition 0.1.1 (Set of numbers). We denote by R the set of real numbers, we denote
by C the set of complex numbers, and we denote by N, Ny, and R the sets given by

N={1,2,...},
No=NuU{0} ={0,1,2,...}, (0.1)
R=RU{—o00}U{ocl.

Definition 0.1.2 (Intervals of extended real numbers). Let a,b € R. Then we denote
by [a,b], (a,b], [a,b), and (a,b) the sets given by

[a,b] = {z € R: a < x < b},
(a,b] = {r € R: a < x < b},
[a,b) = {r € R: a < x < b},
(a,b) ={r € R: a < z < b}.

(0.2)

Definition 0.1.3 (Absolute value). We denote by |-|g : R — [0,00) the function which
satisfies for all a € [0,00) that

la|g = |—alg = a, (0.3)
we denote by || : C — [0,00) the function which satisfies for all a,b € R that
la +1ib|c = Va? + 12, (0.4)

and we denote by |-| : C — [0, 00) the function which satisfies for alla € C that |a| = |ale.
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Definition 0.1.4 (Euclidean norm and Euclidean scalar product). Let n € N. Then we
denote by ||-||gn : R® = [0,00) and (-,-)g. : R" x R® = R the functions which satisfy
forallv = (vy,...,v,) € R", w= (wy,...,w,) € R" that

ol = [Z W] and (0, 0)g0 = Y viw (05)
i=1 =1

Note that for every n € N it holds that (R", ||-||gn , (-, -)gn) is an inner product space.

Definition 0.1.5 (Identity function). Let A be a set. Then we denote by idsa: A — A
the function which satisfies for all a € A that

ida(a) =a (0.6)

and we call ids: A — A the identity function on A.

Definition 0.1.6 (Identity matrix). Let d € N. Then we denote by Iza € R4 the
d x d-matrix given by

10 ... 0 0
0 1 0 ... 0
Iga = . (0.7)
0O ... 0 1 0
0 0 0 1

Definition 0.1.7 (Transpose). Let n,m € N be natural numbers and let A € R™™ be
an n x m-matriz. Then we denote by AT € R™*™ the transpose of A.

Definition 0.1.8 (Power set). Let Q be a set. Then we denote by P(2) the power set
of Q (the set of all subsets of 2).

Definition 0.1.9 (Set of functions). Let A and B be sets. Then we denote by M(A, B)
the set of all functions from A to B.

Definition 0.1.10 (Extended composition of functions). Let A, A, B, and B be sets
and let f: A — A and g: B — B be functions which satisfy that g(B) € A. Then we
denote by f o g: B — A the function which satisfies for all b € B that

(f 0 9)(b) = f(g(b)) (0.8)

and we call f o g the composition of f and g.
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0.2 Measure theory

0.2.1 Measurable spaces

Definition 0.2.1 (Sigma-algebra). We say that A is a sigma-algebra on ) if and only
iof it holds that

(i) D e ACP(Q),
(ii)) VAe A: A°=Q\A € A (A is closed under complementation), and

(111) YAy, Ag, ... € A: Upen An € A (A is closed under countable unions).

Item (i) in Definition 0.2.1 is equivalent to the assumption that A is a non-empty sub-
set of P(€2). More precisely, if A C P(2) is a non-empty set which is closed under
complementation in the sense of Item (ii) in Definition 0.2.1 and which is closed under
countable unions in the sense of Item (iii) in Definition 0.2.1, then there exists an A € A
and Ttem (ii) and Item (iii) ensure that A > (AU A°)° = Q¢ = ().

For every set 2 it holds that the power set P(Q2) is the largest sigma-algebra on (.
Moreover, for every set € it holds that the set {0), 2} is the smallest sigma-algebra on
Q.

Definition 0.2.2 (Sigma-algebra). We say that A is a sigma-algebra if and only if there
exists a set Q such that A is a sigma-algebra on ).

Definition 0.2.3 (Measurable space). We say that €2 is a measurable space if and only
if there exist sets Q0 and A such that it holds

(i) that Q@ = (2, A) and

(i) that A is a sigma-algebra on §Q.

Definition 0.2.4 (Measurable set). We say that A is measurable with respect to € (we
say that A is measurable) if and only if there exist sets Q) and A such that it holds

(i) that A is a sigma-algebra on €2,
(i1) that Q@ = (2, A), and
(ii1) that A € A.

Let (€2,.A) be a measurable space and let A C Q be an arbitrary subset of 2 which is
not necessarily measurable with respect to (€2,.4). In some situations one is interested
to equip the set A with a suitable sigma-algebra. For this the following two concepts,
Definition 0.2.5 and Definition 0.2.9, are useful.
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Chapter 0. Preliminaries from measure and probability theory

Definition 0.2.5 (Trace set). Let A and A be sets. Then we denote by Am.A the set
given by

AnNA={ANBePA):Bec A} ={CeP(A): (3BcA: AnB=C)} (0.9)
and we call AM A the trace set of A in A (we call Am A the trace set).

Class exercise 0.2.6. What is {1,2} m P(N)?

Class exercise 0.2.7. Prove or disprove the following statement: For all sets A and A
it holds that

(AmA) #0 (0.10)
if and only if A # 0.

Exercise 0.2.8. Let (2, A) be a measurable space and let A C Q be a subset of Q. Prove
that (A, Am.A) is a measurable space.

Definition 0.2.5 and Exercise 0.2.8 suggest the following notion.

Definition 0.2.9 (Trace sigma-algebra). Let (Q2,.A) be a measurable space and let A C €
be a subset of Q. Then we call AMA the trace sigma-algebra of A in A (the trace sigma-
algebra).

Observe that for every measurable space (2, 4) and every A € A it holds that

AMA={BeA: BCA}=PA)NA (0.11)

Definition 0.2.10 (Generation of a sigma-algebra). Let Q be a set and let A C P(Q)
be a subset of the power set of Q). Then we denote by oq(A) the set given by

oo(A) = (| B (0.12)
B is a sigma-algebra
on Q with BDA

and we call oq(A) the sigma-algebra on Q generated by A (we call oo(A) the sigma-
algebra generated by A).

Note that for every set Q2 and every subset A C P(Q) of the power set of € it holds that
o0a(A) is the smallest sigma-algebra on 2 that contains A.

Lemma 0.2.11 (Generator of a trace sigma-algebra). Let Q2 be a set, let A C P(Q) be
a subset of the power set of ), and let A C ) be a subset of 2. Then

AMoqg(A) =oca(AMA). (0.13)
Lemma 0.2.11 is, e.g., proved as Corollary 1.83 in [Klenke(2008)].
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0.2.2 Topological spaces and their sigma-algebras

We first recall the notion of a topology.
Definition 0.2.12 (Topology). We say that £ is a topology on § if and only if

(i) it holds that {0,Q} C € C P(Q),

(ii) it holds for all A,B € € that AN B € £ (€ is closed under finite intersections),
and

(#i) it holds for all sets I and all families (A;)ier C & that UicrA; € € (€ is closed
under arbitrary unions).

Definition 0.2.13. We say that £ is a topology if and only if there exists a set ) such
that £ is a topology on €.

Definition 0.2.14 (Topological space). We say that Q2 is a topological space if and only
if there exist sets ) and £ such that it holds

(i) that Q@ = (,€) and
(i) that £ is a topology on €.

Definition 0.2.15 (Open set). We say that E is open in Q (we say that E is open) if
and only if there exist sets 0 and € such that it holds

(i) that & is a topology on €2,
(i) that Q = (2,€&), and
(iii) that E € €.
In the next step we briefly recall the notion of a metric.

Definition 0.2.16 (Metric). We say that d is a metric on E if and only if
(i) it holds that d € M(E x E,[0,00)) is a function from E x E to [0,00),

(it) it holds for all v,y € E that (d(x,y) = 0 if and only if x = y) (positive definite-
ness),

(i11) it holds for all x,y € E that d(z,y) = d(y,z) (symmetry), and
(iv) it holds for all x,y,z € E that d(z,z) < d(z,y) + d(y, z) (triangle inequality ).

Definition 0.2.17. We say that d is a metric if and only if there exists a set E such
that d s a metric on E.

Definition 0.2.18 (Metric space). We say that E is a metric space if and only if there
exist a set E and a metric d on E such that E = (E,d).
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Observe that for every normed R-vector space (V, ||-||,,) it holds that the function
VxV 3w |lv—uwl|,€l0,00) (0.14)
is a metric on V. In particular, note that for every d € N it holds that the function
R x R* 3 (2,y) = ||z — yl|ga € [0, 0) (0.15)

is a metric on R In the next well-known lemma we recall that a metric space (E,d)
(see Definition 0.2.18) induces a topology on E (see Definition 0.2.12).

Lemma 0.2.19 (The topology induced by a metric). Let (E,d) be a metric space. Then
it holds that

{AeP(E): (Vae A: Je € (0,00): {b€ E:d(a,b) <e} C A)} (0.16)

s a topology on E.

Definition 0.2.20 (The topology induced by a norm). Let (V,|-||;;) be a normed R-
vector space. Then we denote by E(V,||-||,,) the set given by

EV ) ={UCV: (VueU:3ece (0,00): {yeV: |Ju—ylv <et CU)}. (0.17)

Observe that for every normed R-vector space (V,|||,,) it holds that the pair
(V,E(V,|I“l1/)) is a topological space.

Definition 0.2.21 (Borel sigma-algebra). Let (E,&) be a topological space. Then we
denote by B(E) the set given by B(E) = og(€) and we call B(E) the Borel sigma-algebra
of (E,E).

Definition 0.2.22 (Borel set). We say that A is a Borel set with respect to E if and
only if there exist a set E and a topology € on E such that

E=(EE) and A€ B(E)=o0g(&). (0.18)

Observe that for all d € IN it holds that

ER, [ |xe) € BRY) € P(RY). (0.19)
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0.2.3 Measure spaces

Definition 0.2.23 (Measure). We say that p is a measure on S if and only if there
exist sets 0 and A such that

(i) it holds that A is a sigma-algebra on €2,
(1) it holds that Q@ = (Q, A),
(111) it holds that 1 € M(A, [0, 00]) is a function from A to [0, 00),
(iv) it holds that (D) = 0, and
(v) it holds for every function A: N — A with¥Vn € N,m € N\{n}: 4, N A, =0

that
1 ( U An> = Z ,u(An). (sigma additivity)
n=1

nelN

Definition 0.2.24. We say that i is a measure if and only if there exists a measurable
space 2 such that p is a measure on €.

Definition 0.2.25. We say that €2 is a measure space if and only if there exist a mea-
surable space (£, A) and a measure p on (2, A) such that & = (0, A, ).

Definition 0.2.26 (On sets of measure zero (null sets) and negligible sets). We say that
A is a p-negligible set if and only if there exist ), A, and B such that it holds

(i) that p is a measure on (92, A),
(ii) that AC B € A, and
(#i) that u(B) = 0.
Definition 0.2.27 (Completeness of a measure). Let p be a measure. Then we say that

1 1s complete if and only if there exist a set ) and a sigma-algebra A on ) such that u
is a measure on (€, A) and such that for every p-negligible set A it holds that A € A.

Definition 0.2.28 (Completeness of a measure space). Let Q = (2,4, 1) be a measure
space. Then we say that €2 is complete if and only if p is a complete measure.

Any arbitrary (not necessarily complete) measure can be extended to a complete mea-
sure. This is the subject of the next concept.
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Definition 0.2.29 (Completion of a measure). Let (2, A, 1) be a measure space. Then
we denote by A* the set given by

A" ={AeP(Q): (3B,Ce A:BCACC and u(C\B)=0)}, (0.20)

we denote by p*: A* — [0,00] the function which satisfies for all A € P(Q), B,C € A
with B C A C C and u(C\B) = 0 that

p(A) = u(B), (0.21)
we call p* the completion of wu, and we call the triple (2, A*, u*) the completion of
(92, A, ).

Observe that for every measure space (€2, A, 1) it holds that the triple (€2, 4%, u*) is a
complete measure space.

Definition 0.2.30 (Lebesgue-Borel measure). Let d € N and let A € B(R?).
Then we denote by Borelga: B(R?) — [0,00] the measure which satisfies for all
A1y...,0q,b01,...,bg € R with a1 < by, ..., ag < by that

d
Borelga ((ar,b1] x - -+ x (ag, ba]) = H (bi — a;), (0.22)
i=1
we denote by By: B(A) — [0, 00] the measure given by By = Borelga |54y, and we call

B4 the Lebesgue-Borel measure on A.

Definition 0.2.31 (Lebesgue measure). Let d € N. Then we denote by Aga: B(RY)* —
[0, 00] the measure given by Aga = B, and we call Aga the Lebesgue measure on R4

Definition 0.2.32. We say that P is a probability measure on € if and only if there
exists a measurable space (2, A) such that it holds

(i) that P is a measure on (Q,A),
(i1) that P(Q2) =1, and
(iii) that @ = (22, .A).

Definition 0.2.33 (Probability measure). We say that P is a probability measure if and
only if there exists a measurable space € such that P is a probability measure on 2.

Definition 0.2.34. We say that € is a probability space if and only if there exist €2, A,
and P such that Q = (82, A, P) and such that P is a probability measure on (2, A).
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Definition 0.2.35 (Indicator function). Let € be a set and let A € P(QQ) be a subset of
Q. Then we denote by 1%: Q — {0,1} the function which satisfies for all v € ) that

I(x) = {é i Z j (0.23)

and we call 1%: Q — {0, 1} the indicator function of A in Q.

Definition 0.2.36. Let x and 2 be sets. Then we denote by 1g(x) € R the real number

given by
1 :x2€Q)
1 = . 0.24

Definition 0.2.37 (Dirac measure). Let Q be a set and let x € 2. Then we denote by
65t P(Q) — [0, 00] the function which satisfies for all A € P(Q) that

0 (A) = 1%(2) (0.25)
and we call 5 the Dirac measure associated to x in €.

Definition 0.2.38 (Counting measure). Let ) be a set. Then we denote by #*: P(Q) —
[0, 00] the measure given by

#0=> 50 (0.26)

weN

and we call # the counting measure on €.

Definition 0.2.39 (Number of elements of a set). Let Q) be a set. Then we denote by
#q € NoU {oo} the extended real number given by

#aq = #7(Q). (0.27)

Definition 0.2.40 (Support of a measure). Let (E,&) be a topological space and let
w: B(E) — [0,00] be a measure on (E,B(F)). Then we denote by supp(u) the set given

b
’ supp(p) ={z € E: VU e€&:2e€U = pulU)>0)} (0.28)

and we call supp(p) the support of .

Class exercise 0.2.41. Let z € R. What is supp (6% |sm)) ?
Class exercise 0.2.42. Let d € N. What is supp(Bga) ?

Exercise 0.2.43. Let (E,E) be a topological space and let p: B(E) — [0,00] be a
measure on (E,B(FE)). Prove that supp(p) is a closed set in (E,E), i.e., prove that

E\ supp(p) € €.
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0.2.4 Measurable functions

Definition 0.2.44 (Measurable function). We say that X is an A/A-measurable func-
tion (we say that X is a measurable function) if and only if it holds

(i) that X is a function,
(i1) that A is a sigma-algebra on domain(X),
(iii) that A is a sigma-algebra on codomain(X), and
(iv) that VA e A: XY(A) = {z € domain(X): X(z) € A} € A.

Lemma 0.2.45 (Measurability of functions). Let A and B be sets, let B C P(B) be a
subset of the power set of B, and let X: A — B be a function. Then

{X7(9): SeopB)} =0a({X(S): SeB}). (0.29)

Proof of Lemma 0.2.45. Throughout this proof let A, A, and B be the sets given by
A={X"(S): Seop(B)},
A=o,({X7(S): SeB}), (0.30)
B={SeP(B): X(S) e A}.
Next observe that the fact that op(B) is a sigma-algebra on B, the fact that
VS1,8,... € P(B): X N UnenSn) = Upen X 1(Sy), (0.31)
and the fact that
VS eP(B): X HB\S)=XHB)\X(S) =A\X19) (0.32)
ensure that A is a sigma-algebra on A. This and the fact that
AD{X(S): S e B} (0.33)

imply that A D A. It thus remains to prove that A C A. For this note that (0.31),
(0.32), and the fact that A is a sigma-algebra on A establish that B is a sigma-algebra
on B. Next note that the fact that

A=o,({X7(9): SeB}) 2{X!S): S € B} (0.34)

shows that for all S € B C P(B) it holds that
X148 e A (0.35)

Hence, we obtain that .
B CB. (0.36)
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This and the fact that B is a sigma-algebra on B prove that
op(B) C B. (0.37)

Therefore, we get that for all S € op(B) it holds that S € B. Hence, we obtain that for
all S € op(B) it holds that )

X1(9) e A (0.38)
This implies that A C A. The proof of Lemma 0.2.45 is thus completed. O]

Lemma 0.2.45 above is, for instance, also proved as Theorem 1.81 in [Klenke(2008)].
The next result, Corollary 0.2.46, is an immediate consequence of Lemma 0.2.45 above.

Corollary 0.2.46 (Measurability of functions on generators). Let Q1 and Qq be sets, let
A1 CP(8y) be a subset of the power set of Qq, let Ay C P(Qs) be a subset of the power
set of Qq, and let X : Qy — Qy be a function. Then it holds that X is oq, (A1) /oq,(As)-
measurable if and only if it holds for all A € Ay that

XY(A) € a0, (A). (0.39)
A)
th

e

Definition 0.2.47 (Sigma-algebra generated by a function). Let Q be a set, let (€,
be a measurable space, and let X : Q@ — € be a function. Then we denote by oq(X)
set given by 3

oo(X)={X""(4) e P(Q): Ae A} (0.40)
and we call oo(X) the sigma-algebra generated by X .
Note that for every set (), every measurable space (Q, A), and every function X: Q — Q
it holds that oq(X) is the smallest sigma-algebra A on Q with respect to which X

is A/A-measurable. A measurable function on a measure space naturally induces a
measure on its range. This is the subject of the next definition.

Definition 0.2.48 (Image measure/Push forward measure). Let (A, A, i) be a measure
space, let (B,B) be a measurable space, and let X: A — B be an A/B-measurable
function. Then we denote by X(u)g: B — [0,00] the function which satisfies for all
S € B that

X(u)s(S) = (X € 8) = u(X7($) (0.41)

and we call X (p)g the image measure associated to X and B (we call X (p)p the push
forward measure associated to X and B).

Definition 0.2.49 (Random variable). We say that X is a random variable on A with
respect to B (we say that X is a random variable on A, we say that X is a random
variable) if and only if there exist A, A, P, B, and B such that it holds

(i) that A = (A, A, P) and B = (B, B),
(i) that A is a probability space,
(iii) that B is a measurable space, and

() that X is an A/B-measurable function.
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Definition 0.2.50 (Probability distribution of a random variable). We say that  is the
probability distribution of X under P with respect to B (we say that p is the distribution
of X under P with respect to B, we say that p is the probability distribution of X under
P, we say that p is the distribution of X wunder P, we say that p is the probability
distribution of X, we say that p is the distribution of X ) if and only if there exist A, A,
and B such that it holds

(i) that P is a probability measure on (A, .A),
(ii) that (B, B) is a measurable space,
(111) that X is an A/B-measurable function, and

(iv) that p = X(P)g.

0.2.5 Products of measurable spaces and measure spaces

Definition 0.2.51 (Product sigma-algebra). Let I be a non-empty set and let (2, F;),
1 € I, be measurable spaces. Then

(i) we denote by ng)-,jel,: [XerS] = Q, i € I, the functions which satisfy for all

1€ ]7 (Wj>jel € [Xje[Qj] that
ng-JeI,((%)jeI) = Wi, (0.42)
(i) for every i € I we call Ws(zij)-,jefﬁ [%,er€2;] = Q; the i-th projection function for ),
JEel,

(11i) we denote by ®;c;F; the sigma-algebra given by

®i€[ E = UXjeIQj ( U’LEI JXjeIQj (WS)-,]‘GI,)>7 (043)

and
(iv) we call ®;c1F; the product sigma-algebra of F;, i € I.

Note that the product sigma-algebra is the smallest sigma-algebra so that every projec-
tion function is a measurable function. Moreover, observe that for all measurable spaces

(©q, F1) and (€9, F2) it holds that
®ie{1,2} E = f1 ®F2 = UﬂleQ({Al X A2 g Ql X QQI Al € f1 and A2 € ]:2}) . (044:)

We also briefly recall the notion of the product measure (see, e.g., Section 38 in
[Halmos(1950)]). To do so, we first introduce the following concept.
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Definition 0.2.52 (Sigma-finiteness). Let  be a measure space. Then we say that Q
1s sigma-finite if and only if there exist sets 2, F, and p and a function w: N — F
such that it holds

(i) that @ = (©, F, p),
(i) that¥Vn € N: u(w,) < oo, and

iii) that Upexw, = Q.
(i) e

Definition 0.2.53 (Products of measures). Let I be a non-empty finite set and let
(Q4, Fi, i), © € 1, be sigma-finite measure spaces. Then we denote by

®ier pi: Rier Fi — [0, 00] (0.45)
the measure which satisfies for alln € N, i1,...,1, € I, Ay, € Fiy, ..., A;, € Fi, with
#{h 77777 in} =nNn that

(®ieriti) ({”g;,)jef, € Ail} n...n {Ws(zzf)]ez € Azn}) = Huik(Aik) (0.46)
k=1

and we call Q;erp; the product measure of p;, 1 € I.

Observe that (0.46) ensures that for all probability spaces (4, Fi1, Py) and (Qq, Fa, P)
and all A; € Fq, Ay € F5 it holds that

(P @ Po)(Ar x Ag) = Pi(Ay) - Py(As). (0.47)

Definition 0.2.54 (Powers of a sigma-algebra). Let (€2, F) be a measurable space and
let n € N. Then we denote by F®™ C P(Q™) the sigma-algebra given by

WF=F8. 8F. (0.48)

------

Definition 0.2.55 (Powers of a measure). Let (£, F, 1) be a sigma-finite measure space
and let n € N. Then we denote by p®": F*" — [0, 00] the measure given by

P = @12y W= @ .. Q[ (0.49)
—_——
n-times
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0.2.6 Integration of measurable functions

Definition 0.2.56 (Lebesgue integral for nonnegative functions). Let (Q,.A, 1) be a
measure space and let X: Q — R be an A/B(R)-measurable function with X () C
0,00). Then we denote by [, X du € [0,00] the extended real number given by

Xdp
Q
Y:Q—[0,00) is an (0.50)
= sup Z y-u(Y ' {y})) € [0,00]: A/B(]0,0))-measurable function
yey (Q) with Y < X and #y @) < 0o

Definition 0.2.57 (Lebesgue integral for real valued functions). Let (€, A, u) be
a measure space and let X: Q — R be an A/B(R)-measurable function with
min{ [;, max{X,0}dy, [,max{—X,0}du} < oco. Then we denote by [, Xdu €

[—00, 0] the extended real number given by
/Xd,u = / max{X,0} du — / max{—X, 0} du. (0.51)
Q Q Q

Definition 0.2.58 (Lebesgue integral for vector /matrix valued functions). Let (€2, A, i)

..........

an A/B(R™™)-measurable function with [, || X||gnxm dp < oo. Then we denote by
fQXdu € R™"™ the n X m-matriz given by

Q Q (¢,5)€{1,....n}x{1,....m}

77777777

The next result is known as change of variables formula in the literature.

Theorem 0.2.59 (Change of variables formula). Let (€2,A, 1) be a measure space, let
(2, A) be a measurable space, and let X : 2 — Q be an .4/ A-measurable function. Then

(i) it holds for all A/B(R)-measurable functions f: ! — R that

/ 0 dy = / X ()4 (0.53)
Q Q

and

(i) it holds for all A/B(R)-measurable functions f: Q — R with Jo If(X)]dp < oo
that

| s)du= [ raxqos (0.54)
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0.2.7 Absolute continuity of measures

Definition 0.2.60 (Measures with densities). Let (€2, .A, 1) be a measure space and let
f:Q—10,00) be an A/B([0,00))-measurable function. Then we denote by f ©pu: A —
[0, 00] the function which satisfies for all A € A that

(f © 1)(A / F() - 19(w) pu(dw) = /Q f 1% du. (0.55)

Lemma 0.2.61 (Measures with densities). Let (2, A, 1) be a measure space and let
f:Q—10,00) be an A/B([0, 00))-measurable function. Then (0, A, f © u) is a measure
space.

Definition 0.2.62 (Densities and absolute continuity of measures). We say that v is
absolutely continuous with respect to p with density f if and only if there exists a mea-
surable space (2, A) such that it holds

(i) that p is a measure on (€2, A),
(ii) that f is an A/B(]0,00))-measurable function, and
(i1i) that v = f ® p.

Definition 0.2.63. We say that v is absolutely continuous with respect to p if and only
iof there exists a f such that v is absolutely continuous with respect to p with density f.

Definition 0.2.64. We say that [ is a density of v with respect to p if and only if v is
absolutely continuous with respect to p with density f.

Definition 0.2.65 (Absolute continuity with respect to the Lebesgue-Borel measure).
We say that v is absolutely continuous with density f if and only if there exists a natural
number d € N such that v is absolutely continuous with respect to Bra with density f.

Definition 0.2.66 (Absolute continuity with respect to the Lebesgue-Borel measure).
We say that v is absolutely continuous if and only if there exists a natural number d € N
such that v 1s absolutely continuous with respect to Bra.

Definition 0.2.67 (Density). We say that f is a density of v if and only if v is absolutely
continuous with density f.

Several important probability measures from the literature are absolutely continuous.
Probability measures that are discrete in a certain sense are not absolutely continuous.
Discrete measures are the subject of the next definition.

Definition 0.2.68 (Discrete measure). Let u be a measure. Then we say that p is
discrete if and only if there exist sets Q and A and an at most countable set A € A such
that 1 is a measure on (£, A) which satisfies

1(Q\A) = 0. (0.56)
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Observe that for every measure space (€2, .4, i) it holds that u is discrete if and only if
there exist an at most countable set I, a family x; € 0, ¢ € I, of elements in (), and a
family p; € [0,00], 7 € I, of real numbers such that

p=> pidy, (0.57)

el

i.e., such that for all A € A it holds that

p(A) =Y i 0, (A). (0.58)

0.3 Random variables

0.3.1 Expectation and covariance

Definition 0.3.1. Let (2, A, P) be a probability space and let X : Q@ — R be an A/B(R)-
measurable function with min{ [, max{X,0}dP, [, max{—X,0}dP} < oco. Then we
denote by Ep[X] € [—00, 00] the extended real number given by

Ep[X] = /Q X dp (0.59)

and we call Ep[X] the P-expectation of X (the expectation of X ).

The expectations of vector valued and matrix valued random variables are defined anal-
ogously; cf. Section 0.2.6.

Definition 0.3.2. Let (€2, A, P) be a probability space, let n,m € N, and let X: Q —
R™™ be an A/B(R™™)-measurable function with Ep ||| X||gaxm| < oco. Then we denote
by Ep[X] € R™™ the n x m-matriz given by

Ep[X] = /Q XdP (0.60)

and we call Ep[X] the expectation of X (the P-expectation of X ).

Definition 0.3.3. Let (2, A, P) be a probability space and let X : Q@ — R be an A/B(R)-
measurable function with Ep[|X|g] < co. Then we denote by Varp(X) € [0,00] the
extended real number given by

Varp(X) = Ep[(X — Ep[X])?] (0.61)

and we call Varp(X) the P-variance of X (the variance of X ).
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Definition 0.3.4. Let (2, A, P) be a probability space, let n € N, and let X =
(X100, X0): Q2 >R and Y = (Y1,...,Yn): Q@ — R"™ be A/B(R")-measurable func-
tions with Ep[|| X |3 + [|[Y|ke] < oo. Then we denote by Covp(X,Y) € R™" the
n X n-matriz given by

Covp(X,Y) =Ep[(X — Ep[X])(Y —Ep[Y])"]

B (EP[(X Ep[Xi)(Y; — Ep[yjm) (0.62)

(4,5)e{1,....,n}x{1,....n}

and we call Covp(X,Y) the P-covariance of X and Y (the covariance of X andY).

Definition 0.3.5. Let (2, A, P) be a probability space, let n,m € N, and let X =
(X1,...,X,): Q@ = R™ be an A/B(R")-measurable function with Ep[||X|%.] < oc.
Then we denote by Covp(X) € R™™ the n X n-matriz given by

Covp(X) = Covp(X, X) (0.63)

and we call Covp(X) the P-covariance of X (the covariance of X ).

Definition 0.3.6 (Uncorrelated). We say that X and Y are P-uncorrelated (we say
that X and Y are uncorrelated) if and only if there exists a probability space (2, A, P)
such that it holds

(i) that X is a random variable on (€2, A, P) with respect to (R, B(R)),
(ii) thatY is a random variable on (2, A, P) with respect to (R, B(R)),
(iti) that E[X? +Y?] < oo, and
(iv) that Covp(X,Y) = 0.

In the next step we record a useful identity for the covariance matrix of a random
variable. More precisely, observe that for every probability space (€2, .4, P), every d € N,
and every A/B(R")-measurable function X: Q — R? with Ep[||X|%.] < oo it holds
that

Covp(X) = Ep (X — Ep[X]) (X — Ep[X])]
= Ep[XXT] - Ep[X]Ep[XT] — Ep[X]Ep[XT] + Ep[X]Ep[XT] (0-64)
=Ep[XXT]| —Ep[X]Ep[XT].

0.3.2 Distribution functions

An important instrument to describe probability measures on (R, B(R)) are distribution
functions. They are the subject of the next definition.
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Definition 0.3.7 (Distribution function). We say that F is a distribution function if
and only if it holds

(i) that F € M(R, [0, 1]) is a function from R to [0,1],

(i1) that F' is non-decreasing (it holds for all x1,29 € R with xy < x5 that F(x;) <
F(;Ug)),

(#i) that lim,_,_ F(x) =0 and lim,_,., F(z) =1, and
(iv) that F is a cadlag (continue a droite, limite a gauche) function (it holds for all
r € R that limy, ~, F'(y) and lim,\, F'(y) exist and that lim,~, F(y) = F(x)).

As announced above, a probability measure on (R, B(R)) induces a distribution function.
This is the subject of the next lemma.

Lemma 0.3.8. Let (2, A, P) be a probability space with QAB(R) C A and P(QNR) = 1.
Then it holds that the function

R >z +— P((—o0,2]NQ) €0,1] (0.65)

s a distribution function.

The proof of Lemma 0.3.8 is elementary and left to the reader. Lemma 0.3.8 motivates
the next definition.

Definition 0.3.9 (Distribution function of a probability measure). We say that F is
the distribution function of P if and only if there exists a measurable space (€2, A) such
that it holds

(i) that P is a probability measure on (2, A),
(i1) that QM B(R) = A, and
(iti) that F = (R 3z — P((—o0,z] N Q) € [0,1]).

We also present the definition of a distribution function of a random variable.

Definition 0.3.10 (Distribution function of a random variable). We say that F is the
distribution function of X if and only if there exists a probability space (2, A, P) and a
set B € P(R) such that it holds

(i) that X is an A/(B mB(R))-measurable function and
(it) that F = (R 2>z +— P(X <z) = P({w € Q: X(w) < z}) € [0,1]).

Definition 0.3.11 (Equality in distribution). Let (Q, A, P) and (S0, A, P) be proba-
bility spaces, let (S,8) be a measurable space, let X: Q — S be an A/S-measurable
function, and let X:Q = S bean A/S measurable function. Then we write X = X
in distribution on S (we write X = X in distribution) if and only if

X(P)s = X(P)s. (0.66)
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Definition 0.3.12 (Distributed according to a given probability measure). We say that
X is P-distributed on (we say that X is P- dzstmbuted} if and only if there exist a
probability space (0, F, P) and a measurable space (Q, F) such that it holds

(i) that Q@ = (Q, F, P),
(ii) that X is an F /F-measurable function, and

(iii) that X(P) s = P.

0.4 Examples of probability distributions

This section briefly reviews a few important probability distributions from the literature.

0.4.1 Discrete probability distributions

0.4.1.1 Discrete uniform distribution

Definition 0.4.1 (Discrete uniform distribution). Let Q) be a non-empty finite set. Then
we denote by Unify,: P(Q) — [0, 00] the probability measure given by

Unif,, = (Z 59> (0.67)

and we call Unifg, the discrete uniform distribution on Q.

0.4.1.2 Bernoulli distribution

Definition 0.4.2. Letp € [0,1]. Then we denote by Ber,: B(R) — [0, o] the probability
measure given by

Ber, = (1 —p) - &g’ |s@w) + 1 - 07 [3(w) (0.68)
and we call Ber, the Bernoulli distribution with parameter p.

Observe that for every p € [0,1] and every = € R it holds that

0 cx <0,
Ber,((—oc,a]) =4 1—p :0<z<1, (0.69)
1 x> 1.

Moreover, note that for every p € [0, 1], every probability space (2, F, P), and every
Ber,-distributed random variable X : 2 — R it holds that

Ep[X]=p and  Varp(X)=p(l—-p). (0.70)
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0.4.1.3 Binomial distribution
Definition 0.4.3 (Binomial distribution). Let p € [0,1], n € N. Then we denote by
bnp: B(R) — [0, 00] the probability measure given by

n

n -
bnp = Z (kz) P (1= )" 6 sy (0.71)

k=0

and we call by, the binomial distribution with parameters n and p.

Observe that for all n € N, p € [0,1], all probability spaces (2, F, P), and all P-
independent Ber,-distributed random variables Xi,..., X, : © — Ron (2, F, P) it holds
that the function

QBwHZXk(w) ceR (0.72)
k=1
(number of successes in n independent Bernoulli experiments with parameter p) is b, ,-
distributed (binomially distributed with parameters n and p).

0.4.1.4 Geometric distribution

Definition 0.4.4 (Geometric distribution). Let p € (0,1]. Then we denote by
geom,,: B(R) — [0, 0o the probability measure given by

geom,, = Zp (1—p)" 5}?|B(IR) (0.73)
n=0

and we call geom,, the geometric distribution with parameter p.

Note that for all p € (0,1], all probability spaces (2, F, P), and all P-independent
Ber,-distributed random variables X7, X,...: Q — R on (Q,F, P) it holds that the
function

Q5w ﬂgkew{xk:u(w) -min({k € No: Xj11(w) =1} U{o0}) € R (0.74)

(waiting time for the first success minus 1/number of failures before the first sucess) is
geom,-distributed (geometrically distributed with parameter p).

0.4.1.5 Shifted geometric distribution

Definition 0.4.5 (Shifted geometric distribution). Let p € (0,1]. Then we denote by
sgeom,,: B(R) — [0, 00] the probability measure given by

sgeom,, = Zp (1—p)" V6% 5w (0.75)
n=1

and we call sgeom,, the shifted geometric distribution with parameter p.
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Note that for all p € (0,1], all probability spaces (€2, F, P), and all P-independent
Ber,-distributed random variables X, Xs,...: Q@ — R on (Q,F, P) it holds that the
function

Q53w ﬂgkeN{szl}(w) -min({k € N: Xj(w) =1} U{o0}) € R (0.76)

(waiting time for the first success) is sgeom,-distributed (shifted geometrically dis-
tributed with parameter p).

0.4.1.6 Poisson distribution

Definition 0.4.6 (Poisson distribution). Let A € (0,00). Then we denote by
Poiy: B(R) — [0, 00] the probability measure given by

, e\ g
Poiy = ) ——0n 5r) (0.77)
n=0 ’

and we call Poiy the Poisson distribution with parameter \.

The Poisson distribution with parameter A € (0,00) appears, for example, as an ap-
proximation of the binomial distribution with parameters n € N and p € (0,1) with n
large, p small, and np ~ X in a suitable sense. Details can be found in Theorem 0.4.8
below, which is sometimes also referred to as law of rare events in the literature. The
proof of Theorem 0.4.8 uses the following exercise on approximations of the exponential
function.

Exercise 0.4.7 (Approximations of the exponential function). Let a; € R, | € N, be a
convergent sequence and let ny € N, | € N, satisfy liminf;, ., n; = oo. Prove that

lim [ [1 + ﬂ} l] = exp(lim al> : (0.78)
l—o00 ™ l—00
We now present the promised law of rare events in the following result, Theorem 0.4.8.

The proof of Theorem 0.4.8 uses Exercise 0.4.7.

Theorem 0.4.8 (Poisson approximation: Law of rare events). Let A € (0,00), k € N
and let ny € N, I € N, and p; € [0,1], | € N, satisfy that liminf, ,.on; = 0o and
limsup,_, . |rupi — A| = 0. Then

limsup [p| =0 and lim sup by, », ({k}) — Poix({k})| = 0. (0.79)
l—00 l—00
Proof of Theorem 0.4.8. First, we note that the assumptions liminf; ,.,n; = oo and
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limsup;_, .. |mupi — A| = 0 ensure that limsup,_,. |p;| = 0. Next observe that

. . n _
lim by ({F}) = lim [( ) pl (1= p)™ ’“’}
l—o0 l—o00 ]{:

i nm—1)-...-(my—k+1) 1 oy —
= Jim 202D k( : )'_,'(nlpl)k'(l—pl)(l &
=00 (nl) kf
( ) ( ) (0.80)
_1 . mng—1)-...-(np—k+1 ) k . (nlfk)}
k! llggo [ (m)k lliglo [(nlpl) ] zgrilo [(1 n)
)\k . ny . —k )\k . p "
=S fim [0 =)™ ] Jim [0 p) ™) = Gy - im H*TZ} } -
Exercise 0.4.7 hence proves that
) A\F ) e AN
1im by, ({k}) = S - exp(— fim nipr) = (0.81)
The proof of Theorem 0.4.8 is thus completed. O]

0.4.2 Absolutely continuous probability distributions
0.4.2.1 Continuous uniform distribution

Definition 0.4.9 (Continuous uniform distribution). Let d € N and let A € B(R?) be
a set with 0 < Aga(A) < 0o. Then we denote by Ua: B(R?) — [0, oc] the function which
satisfies for all B € B(R?) that

R W (0.82)

and we call Uy the uniform distribution on A.

0.4.2.2 Exponential distribution

Definition 0.4.10 (Exponential distribution). Let A € (0,00). Then we denote by
expy: B(R) — [0, 00] the function which satisfies for all B € B(R) that

exp,(B) = /B)\e_’\’“" LS ooy () d (0.83)

and we call exp, the exponential distribution with parameter \.
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0.4.2.3 Cauchy distribution

Definition 0.4.11 (Cauchy distribution). Let u € R and A € (0,00). Then we denote
by Cauy,: B(R) — [0, 00] the function which satisfies for all B € B(R) that

Cay r(B) = / L

B T\ (1 4 (50;_5)2> dx (0.84)

and we call Cauy, ) the Cauchy distribution with parameters p and .

0.4.2.4 Laplace distribution

Definition 0.4.12 (Laplace distribution). Let A € (0,00). Then we denote by
Laplacey: B(R) — [0, 00] the function which satisfies for all B € B(R) that

A
Laplace, (B) = 5/ e Ml dg
B

and we call Laplace, the Laplace distribution with parameter X\ (we call Laplace, the
double exponential distribution with parameter \).

0.4.3 Normal distribution

In the next definition we introduce the normal distribution. We achieve this by using
the explicit density in the case of the standard normal distribution and by means of an
affine transformation in the case of the general normal distribution.

Definition 0.4.13 (Normal distribution). Let d € N, v € R? and let Q € R™? be a
nonnegative symmetric d x d-matriz. Then we denote by Noz,: B(R?) — [0,00] the
function which satisfies for all B € B(RY) that

1 —1 2
No,.(B) = d/Q/ez”w”Rd d, (0.85)
" 2m)* JB

we call Nor, the d-dimensional standard mnormal distribution, we denote by

Nog: B(RY) — [0,00] the function which satisfies for all B € B(R?) that

Noo(B) :./\/;]JRd(\/@ idga +v € B) = No1 ({x eR% \/Qr+ve B}) ,  (0.86)

and we call N, g the normal distribution with mean v and covariance Q.

We note that for all d € N, v € R and all symmetric nonnegative d x d-matrices
Q € R¥? it holds that N, o(R?) = 1. It thus holds for every d € N, v € R? and
every nonnegative d x d-matrices Q € R%? that N, ¢ is indeed a probability measure.
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Furthermore, we observe that for all d € N, v € R% and all symmetric nonnegative d x d-
matrices Q € R¥? it holds that the probability measure N, ¢ is absolutely continuous
if and only if @ is invertible. Moreover, we note that for all d € N, v € R? and all
symmetric nonnegative d x d-matrices @Q € R?*? it holds that the probability measure
N,.q is discrete if and only if @ = 0 € R¥?. In the next exercise, Exercise 0.4.14, a
simple property of the probability measure N, 1.4 18 formulated.

Exercise 0.4.14. Prove that for alld € N, i,j € {1,...,d} it holds that

1 1=y

0 : else

/ xi./\[()JRd(dl'l,...,dl'd):O, / l’i'$]’ NoJRd(dl’l,...,dl’d): {
R4 R4

The normal distributed is preserved under affine linear transformations. This is the
subject of the next proposition.

Proposition 0.4.15 (Affine linear transformations of the normal distribution). Let
(2, A, P) be a probability space, let d,m € N, v € R™ b € R A € R¥™, let
@ € R™*™ be a nonnegative symmetric m x m-matrix, and let

X:Q—=R"™ (0.87)
be an N, o-distributed random variable. Then the random variable
Qo>wr AX(w)+beR? (0.88)

is N ay1p,.aga7-distributed.
Proof of Proposition 0.4.15. We prove Proposition 0.4.15 by using characteristic func-

tions. More formally, note that for all z € R™ it holds that

E[¢Xhun] = i) —4(o @5l (059)

(see, e.g., Remark 15.54 in Klenke [Klenke(2008)]). This implies that for all y € R? it
holds that
E[el<AX+b’y>]Rd:| — ei<b7y>]Rd . E[€Z<Ax’y>]Rd:| — €i<bvy>]Rd . E |:eZ<X7ATy>Rm]
= ei<b’y>md . ei<U’ATy>1Rm_%<ATy’QATy>]Rm (090)

: 1 T
_ eZ<Av+b,y>Rd—§(y,AQA v) Rd_

This shows that
Qo>wr AX(w)+beR? (0.91)

is N ayyp,a0a7-distributed. The proof of Proposition 0.4.15 is thus completed. O]

The next result, Corollary 0.4.16, is an immediate consequence from Proposition 0.4.15
and Exercise 0.4.14.
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Corollary 0.4.16. Let (Q, A, P) be a probability space, let d € N, v € R?, let Q € R4
be a nonnegative symmetric d x d-matriz, and let X: Q — R be an N, g-distributed
random variable. Then

Ep[X] = and Covp(X) = Q. (0.92)

Corollary 0.4.16 motivates the following notion.

Definition 0.4.17 (Normally distributed random variable). We say that X is normally
distributed on €2 (we say that X is normally distributed, we say that X is jointly normally
distributed, we say that X s Gaussian distributed, we say that X is jointly Gaussian
distributed) if and only if there exist a natural number n € N and a probability space

(Q, F, P) such that it holds

(i) that Q = (Q, F, P),

(ii) that X is an F /B(R")-measurable function,
(iti) that Ep ||| X||}n] < 0o, and

(iv) that X (P)p(wrn) = Nep[x].Covp(X)-

Definition 0.4.18 (Standard normal random variable). We say that X is a standard
normal random variable on Q (we say that X is a standard normal random variable) if
and only if there exists a probability space (0, F, P) such that it holds

(i) that Q = (Q, F, P),
(ii) that X is an F /B(R)-measurable function, and
(ZZZ) that X(P)B(]R) = -/\[O,IR-
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1 Generation of random numbers

1.1 Pseudo random number generators

If one talks about random numbers, first of all the question arises what randomness
means. Does randomness exist? What do we mean by random numbers? Discussing
these questions, one very quickly ends up in a philosophical discussion. One possible
real random number generator is a USB stick which returns zeros and ones according
to physical phenomena like. Here we do not focus on this discussion but we will briefly
sketch the concept and the generation of U 1)-pseudo random numbers.

Definition 1.1.1. Let (€2, A, P) be a probability space and let U,: Q@ — R, n € N, be
a sequence of P-independent U 1)-distributed random variables. Uy y-pseudo random
numbers are sequences of real numbers that are calculated by a deterministic algorithm
and that have — in an appropriate sense — similiar statistical properties as (U, )nen-

Clearly, this is a very vague definition and the reader is referred to the literature
(e.g., [Knuth(1998), Kloeden and Platen(1992), Higham(2004), Glasserman(2004)] and
the references mentioned therein) for a more elaborate treatment of Uo,1)-pseudo ran-
dom numbers. An advantage of U 1)-pseudo random numbers compared to “real”
random numbers is the fact that they can be reproduced and one can repeat exper-
iments or variants of experiments with the same pseudo random input (cf. the com-
mand “rng(’default’)” in Matlab). The algorithms that produce U 1)-pseudo random
numbers are called U 1)-pseudo random number generators (U(o,1)-PRNGs for short).
Examples of classical U 1)-PRNGs are Knuth’s Algorithm K, Lehmer’s linear congru-
ent pseudo random number generator, which imitates Roulette, and IBM’s RANDU
(see, e.g., [Knuth(1998)]). These generators should not be used nowadays. When many
random numbers are needed, U(o,1)-PRNGs with large periods have to be used. Today ex-
amples of in this sense “good” Uo,1)-PRNGs are Marsaglia’s Mother, Mersenne Twister,
Kiss, .... The function “rand” in MATLAB allows to use different /o ;)-PRNGs, where
Mersenne Twister is used in the R2011a release by default.

In the following we assume that we are given a method that generates independent Ug 1)-
distributed random numbers (compare with the command “rand” in Matlab). We then
present different methods how to transform these ¢/ )-distributed random numbers into
random numbers with other distributions. First, in Section 1.2, we present methods that
work for a general class of distributions. Later, in Section 1.3, specific methods for the
normal distribution are presented.
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File Edit View Search Terminal Help
jentzena@sripati% matlab -nodesktop
<MATLABI(R =
Copyright 1984-2014 The MathWorks, Inc.

R2014a (8.3.0.532) 64-bit (glnxabd)
February 11, 2014

To get started, type one of these: helpwin, helpdesk, or demo.
For product information, visit www.mathworks.com.

== rand
ans =
0.8147
== rand(1,4)
ans =
0.9858 @.1270 0.9134 0.6324

=> rng('default')
>> rand

ans =
0.8147

=> rand(1,4)

ans =
0.9858 0.1270 0.9134 0.6324

=1

The content of this chapter is well known in the literature on the generation of random
numbers. It can in a similar form be found in several books and lectures notes containing
a section on the generation of random numbers; cf., e.g., in [Kloeden and Platen(1992)],
[Wichura(2001)], [Glasserman(2004)], [Ross(2006)], [Asmussen and Glynn(2007)] and
[Miiller-Gronbach et al.(2012)Miiller-Gronbach, Novak, and Ritter].

1.2 Methods for general distributions

1.2.1 Inversion method

This subsection presents the inversion method (also known as inverse transformation
method) which transforms uniformly distributed random numbers to those of an arbi-
trary distribution by using a suitable generalized inverse of the distribution function.
This generalized inverse of the distribution function is the subject of the next definition.

Definition 1.2.1 (Generalized inverse distribution function associated to a distribution
function). Let F': R — [0, 1] be a distribution function. Then we denote by Irp: (0,1) —
R the function which satisfies for all y € (0,1) that

Ir(y) = inf{z € R: F(z) > y} = inf (F'([y, 1])) (1.1)

and we call Ir the generalized inverse distribution function associated to F.
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Definition 1.2.1 plays a key role in the inversion method which we present in Theo-
rem 1.2.7 below. In the following we present a few comments regarding Definition 1.2.1.

(1)

(i)

(iii)

Let F: R — [0,1] be a distribution function. Then note that for every y € (0,1)
it holds that the set
{reR: F(z) >y} (1.2)

(see Definition 1.2.1) is not empty and bounded from below. Indeed, the fact that
F' satisfies

a:h_)rgo F(z)=1 (1.3)
ensures that for every y € (0,1) it holds that {x € R: F(xz) > y} is not empty.
Moreover, the fact that F' satisfies

xgr_noo F(z)=0 (1.4)
implies that for every y € (0,1) it holds that {z € R: F(z) > y} is bounded from
below. Therefore, the function Ir: (0,1) — R in Definition 1.2.1 is well defined.

Let F: R — [0, 1] be a distribution function. The generalized inverse distribution
function associated to F' is sometimes also referred to as quantile function associated
to F (cf. Item (iii) below).

Let (2, F, P) be a probability space, let X: Q@ — R be an F/B(R)-measurable
function (we think of X as a model for the change of the value of a given portfolio
of financial assets within a given time period), let F': R — [0, 1] be the distribution
function of —X and let a € (0,1) (we think of o as a confidence level for the
statement below, which is typically a number close to 1 such as 99% or 95%, and
we think of 1 — « as a small number such as 1% or 5%). Then the real number

Ir(a) =min{z € R: F(z) > a} =min{r € R: P(—X <z) > a}
=min{z € R: P(-[-X > z]) > a} (1.5)
=min{r €e R: P(-X >z) <1—a}
is sometimes referred to as the value at risk with confidence level a associated to —X

(VaR with confidence level a associated to —X) in the financial risk management
literature. Observe that (1.5) ensures that

P(—X < Ip(a)) = P(=[-X > Ir(a)]) > a. (1.6)

It thus holds with a probability of at least o that the loss —X will not exceed the
number Ir(«) (the value at risk with confidence level «).

In the next step we illustrate Definition 1.2.1 by means of a simple example.

Example 1.2.2 (Generalized inverse distribution function for the Bernoulli distribu-
tion). Let p € [0,1] be a real number and let F': R — [0,1] be the distribution function
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of the Bernoulli distribution with parameter p € [0, 1], i.e., assume that for all x € R it
holds that
F(x) = Bery((—00,2]) = (1 = p) - 65 ((—00,2]) + p - 61 ((—00, ])
0 cx <0,
=ql—p 0<2x<1,
1 cx>1

(1.7)

(see Subsection 0.4.1.2). Then the generalized inverse distribution function Ir: (0,1) —
R associated to F satisfies that for all y € (0,1) it holds that

0 :0<y<1—p

. (1.8)
1 :1l-p<y<l

Ir(y) = inf{z € [0,00): F(z) >y} = {

Class exercise 1.2.3. Let (2, F, P) be a probability space, let ¢ € R, let X: Q — R be
an F /B(R)-measurable function which satisfies for all w € Q that

X(w)=c¢ (1.9)

and let F': R — [0, 1] be the distribution function of X. What is Ir(y), y € (0,1)?

A few essentially well-known properties of the inverse distribution function are collected
in the following two lemmas, Lemma 1.2.4 and Lemma 1.2.5. Most of the statements
and most of the proofs of Lemma 1.2.4 and Lemma 1.2.5 can, for example, be found in
Theorems 2 and 3 in the first section in [Wichura(2001)]. In particular, we also follow
[Wichura(2001)] by referring to the properties in Item (iv) and Item (v) in Lemma 1.2.4
as “switching formulas”.

Lemma 1.2.4 (Properties of generalized inverse distribution functions). Let F': R —
[0,1] be a distribution function and let Ir: (0,1) — R be the generalized inverse distri-
bution function associated to F'. Then Ig fulfills the following properties:

(i) I is non-decreasing, i.e., for all y1,y2 € (0,1) with y1 < ya: Ip(y1) < Ir(ys),

(ii) for all y 6 (0,1) F(Ip(y) = y. Uy, 1)) = [Ir(y),0), and Ip(y) =

min (F~ 1]))
(iii) for allz € F71((0,1)) ={z € R: F(2) € (0,1)}: Ir(F()) < z,
() forallz € R, y € (0,1): Ip(y) <z if and only if y < F(x) (switching formula),

(v) for allz € R, y € (0,1): Ip(y) > x if and only if y > F(x) (switching formula),
and

(vi) for all open sets D C R with the property that F|p: D — [0,1] is injective and all
y € F(D): Flp'(y) = Ir(y).
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Proof of Lemma 1.2.4. First of all, observe that for all y;,y> € R with y; < 95 it holds
that

{reR: Flz) >y} D{x € R: F(x) > ya}. (1.10)

This proves the monotonicity of I as asserted in Item (i). Next let y € (0,1) be
arbitrary and let (z,)nen € F~'([y,1]) be a non-increasing sequence of real numbers
which satisfies
lim z, = inf{z € R: F(z) >y} = Ip(y). (1.11)
n—o0

The definition of the infimum ensures that such a sequence does indeed exist. The right
continuity of I' assures that

y < lim F(z,) = F( lim xn> = F(Ip(y)). (1.12)

n—oo n—o0

This proves Item (ii). In the next step we observe that for all z € F~1((0,1)) C R it
holds that

Ip(F(z)) =inf{z € R: F(z) > F(z)} < inf{z} = z. (1.13)

This establishes Item (iii). The switching formula in Item (iv) follows immediately from
Item (ii), from Item (iii), from the monotonicity of F', and from the monotonicity of Ir
(see Item i). Clearly, the switching formula in Item (iv) is equivalent to the switching
formula in Item (v). Next let D C R be an open set such that F'|p: D — [0, 1] is injective
(which is equivalent to the assumption that F|p: D — [0, 1] is strictly increasing). The
fact that F': R — [0, 1] is non-decreasing and the fact that D is an open set ensure that
for all z € F(D) it holds that

F YY) ={reR: F(z) =z} = {F|p'(2)}. (1.14)
This implies that for all z € F(D) it holds that

Ir(z) =inf{x e R: F(z) >z} =inf{z e R: F(z) = 2z}
~ i {FI5 ()} = FI5'(). )

The proof of Lemma 1.2.4 is thus completed. O]

Distribution functions are cadlag (continue & droite, limitée a gauche) functions and
are, in particular, right continuous; recall Definition 0.3.7 in Chapter 0. The generalized
inverse distribution function associated to a given distribution function is, in turn, a
caglad (continue a gauche, limitée a droite) function and is, in particular, left continuous.
This is the subject of the next lemma.

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 31
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 1. Generation of random numbers

Lemma 1.2.5 (Continuity properties of generalized inverse distribution functions). Let
F: R — [0,1] be a distribution function and let Ir: (0,1) — R be the generalized inverse
distribution function associated to F'. Then I fulfills the following properties:

(i) Ir is a caglad (continue & gauche, limitée a droite) function, i.e., for all y €
(0,1): lim, », Irp(2) and lim.~, Ir(2) exist and lim, ~, Ir(z) = Ip(y),

(i) for ally € (0,1): [Tr(y),limoy Tr(2) € F({y}) € [To (), limey T ()],
(1i) for all y € (0,1): Ir is continuous in y € (0,1) if and only if #]R(F_l({y})) =
#r({z € R: F(z)=y}) < 1.

Proof of Lemma 1.2.5. First of all, observe that the fact that I is non-decreasing (see
Item (i) in Lemma 1.2.5) implies that for every y € (0,1) it holds that the limits

lim 1 d lim [ 1.16
ZI}IZIJ F(2) an Zl\H; r(2) ( )

exist. The monotonicity of I also proves that for all y € (0, 1) it holds that

lin £ (=) < Ir(y). (1.17)

It thus remains to establish that for all y € (0,1) it holds that

lim Ip(2) > Ir(y). (1.18)

2,y

For this observe that Item (ii) in Lemma 1.2.4 and the fact that F' and Iy are non-
decreasing imply that for all y € (0,1), € € (0,y) it holds that

F(l;n 1F<z>) > F(Iply—) >y <. (1.19)

This, in turn, ensures that for all y € (0, 1) it holds that

F(lim IF(z)> > y. (1.20)
2/
The definition of Ir hence establishes that for all y € (0, 1) it holds that
Ip(y) =inf{z € R: F(z) >y} < inf{li}n IF(z)} = li;n Irp(2). (1.21)
% %

This proves Item (i). In the next step we note that for all y € (0,1) and all z € F~1({y})
it holds that

F(zx) > y. (1.22)

The fact that
Vye (0,1): Ir(y) = min{z € R: F(2) >y} (1.23)
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hence implies that for all y € (0,1) and all z € F~'({y}) it holds that
o> Ir(y). (1.24)
This ensures that for all y € (0, 1) it holds that

F7 ({y}) C [Ir(y), 00). (1.25)

Next we note that for all z € R, y € (0,1) with lim,\, Ir(2) < x it holds that there
exists a real number z € (y, 1) such that

Ir(2) < . (1.26)

The switching formula in Item (iv) in Lemma 1.2.4 therefore implies that for every z € R,
y € (0,1) with lim,\ , Ir(2) < x it holds that there exists a real number z € (y, 1) such
that

z < F(x). (1.27)

This proves that for every x € R, y € (0,1) with lim,\, /r(z) < x it holds that
y < F(x). (1.28)

This implies that for all y € (0,1) it holds that

Qi\n; Ir(2), oo> C{reR: F(z) >y} =Fy1]). (1.29)
This, in turn, ensures that for every y € (0,1) it holds that
F{y}) € F7H([0,9]) = F7H([0, 1\(y, 1]) = R\F~'((y, 1))
C R\ (hm 1F<Z),oo> = (—oo,y\n; h(z)} : 30

2Ny

Combining (1.25) and (1.30) proves that for every y € (0, 1) it holds that

0D < [1e).00) 0 (= tim 1e(2)] = |1e( i 1e()] . (130

Next we note that for every x € R, y € (0,1) with y < F(x) it holds that there exists a

real number z € (y, 1) such that
z < F(x). (1.32)

The switching formula in Item (iv) in Lemma 1.2.4 hence implies that for every x € R,
y € (0,1) with y < F(z) it holds that there exists a real number z € (y, 1) such that

Ir(z) <z (1.33)

This ensures that for every x € R, y € (0,1) with y < F(x) it holds that

lim Ip(2) < z. (1.34)
2\
WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 33

DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 1. Generation of random numbers

This proves that for every y € (0,1) it holds that

F Y (y,1]) ={z e R: F(x) >y} C {li{r‘;]p(z),oo> (1.35)

Hence, we obtain that for all y € (0, 1) it holds that

(oo tim fr(s) ) = R\ [t (), 00 ) € RAF (1) = £ (0.5 (130
Z\Y ZN\Y
This together with the fact that

Yy € (0,1): [Ir(y),00) = F([y, 1]) (1.37)

(see Item (ii) in Lemma 1.2.4) implies that for every y € (0, 1) it holds that

2Ny
C FH([0,y]) N FY([y,1])
= FH(0,9]N [y, 1)) = F ' ({y}).

This proves Item (ii). Item (iii) is an immediate consequence of Item (ii). The proof of
Lemma 1.2.5 is thus completed. O

l[F(y)ali\r‘I?lJ[F(z)) = (_oo’hm [F(Z)) )= (1.38)

Class exercise 1.2.6. Prove or disprove the following statement: For every distribution
function F: R — [0,1] and every y € (0,1), x € R it holds that F(x) >y if and only if
x> Ip(y).

In the following we assume that there exists a method to generate U )-distributed
random numbers. Then the next proposition results in a method to generate realizations
of a real valued random variable with an arbitrary given distribution function. This
method is referred to as inversion method or inverse transformation method in the
literature.

Theorem 1.2.7 (Inversion method). Let F: R — [0,1] be a distribution function, let
(2, F, P) be a probability space, and let U: Q@ — R be an U 1y-distributed random vari-
able with U(Q) C (0,1). Then F is the distribution function of the F /B(R)-measurable
function Ip(U) =IpoU: Q — R, i.e., it holds for all x € R that

P(Ip(U) < z) = F(x). (1.39)

Proof of Theorem 1.2.7. Observe that the switching formula in Item (iv) of Lemma 1.2.4
implies that for all x € R it holds that

P(Ip(U) <z) = P(U < F(z)) = F(z). (1.40)
This completes the proof of Theorem 1.2.7. O]
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We add some remarks concerning Theorem 1.2.7. Let (2, F, P) be a probability space,
let U: Q — R be an Uy 1)-distributed random variable with U(£2) C (0,1), let X: Q@ — R
be an arbitrary F/B(RR)-measurable function with distribution function F': R — [0, 1]
(i.e., assume for all z € R that F(z) = P(X < z)), and let X: Q@ — R be the function
given by X=1 r(U). Theorem 1.2.7 proves that X and X have the same distribution
on B(R), i.e., Theorem 1.2.7 proves that

X(P)sw) = X(P)s(w)- (1.41)

If we thus want to simulate a realization from X, it is thus sufficient to calculate the
generalized inverse distribution function Ir: (0,1) — R associated to F, to simulate a
realization from U, and then to put this realization as an argument of /.

Class exercise 1.2.8. Let (2, F, P) be a probability space, let U: Q@ — R be an U q)-
distributed random variable, let X : Q — R be a function which satisfies for all w € <)
that

X(w) = sin(U(w)), (1.42)

and let F: R — [0, 1] be the distribution function of X. What is Ir(y), y € (0,1)7

We now calculate the generalized inverse distribution function for a few example prob-
ability distributions which are absolutely continuous with respect to the Lebesgue mea-
sure.

Example 1.2.9 (Absolutely continuous distributions). Let (2, F, P) be a probability
space, let X: Q — R be an F/B(R)-measurable function with distribution function
F:R—[0,1], and let U: Q@ — R be an U q)-distributed random variable with U(§) C
(0,1).

(i) In this item let n € N be a natural number and assume that F satisfies for all
z € (0,1) that

F(z) =" (1.43)
Then F|1y: (0,1) = [0,1] is injective and it holds for all y € (0,1) that
- 1
F|(0T1)(y) =yr. (1.44)

Item (vi) in Lemma 1.2.4 and Theorem 1.2.7 hence prove that
X =Usx (1.45)

in distribution on B(R).

(ii) In this item let X € (0,00) be a real number and assume that X is exp, -distributed
(exponentially distributed with parameter \; see Subsection 0.4.2.2). Then it holds
for all x € R that

F(z) (( ]) 0 <0
Tr) = ex —00, ) = z =x :
P fo e ™ Mdy = [—6_’\?/]?;:0 =1—e™ 2>0
(1.46)
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In particular, it holds that F|: (0,00) — [0,1] is injective and Item (vi) in
Lemma 1.2.4 therefore shows that for all y € (0, 1) it holds that

Ie(y) = —+—— ln(i Y (1.47)

Theorem 1.2.7 hence proves that

(1.48)

in distribution on B(R).

1 = 1075;

2 lambda = 0.1;

3| X=1log(rand(1,N))/lambda ;
4| hist(X,10°3);

Matlab code 1.1: A Matlab code which plots 10° realizations of a pseudo expy ;-

distributed random variable in an histogram with 1000 bins.

1200

1000 N

800 b

600

400

200

60 80 100 120

Figure 1.1: Result of a call of the Matlab code 1.1.
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(111) In this item let p € R and X € (0,00) be real numbers and assume that X is Cauy, -
distributed (Cauchy distributed with parameters p and A; see Subsection 0.4.2.3).
Then it holds for all x € R that

Fl) = Gt ((=o0,a]) = /oo m (1 iw)

T—p

1 v _ 1 [ 1.49
== /Oo arctan’ (52) dy = ;/ arctan'(y) dy (1.49)

—00

1 T arctan(*=4)

1
— t T—p :| — A
|:G,7“C an( by ) + 5 —_— 4+ =

This shows that F': R — [0, 1] is injective and that for all y € (0,1) it holds that
F~'(y) = Atan(n(y — 3)) + p (1.50)
Item (vi) in Lemma 1.2.4 and Theorem 1.2.7 hence show that
X = Man(n(U - 3)) +p (1.51)

in distribution on B(R).

After having presented the inverse transformation method for a few distributions that
are absolutely continuous with respect to the Lebesgue-Borel measure, we now intend
to illustrate the inverse transformation method in Theorem 1.2.7 in the case of a few
discrete distributions. For this the following two notions are used.

Definition 1.2.10 (Round down to the grid). We denote by |-],: R — R, h € (0,00),
the functions which satisfy for all h € (0,00), x € R that

|z]n = max((—oo,z] N {0, h, —h,2h, —2h,...}). (1.52)

Definition 1.2.11 (Round up to the grid). We denote by [-]n: R — R, h € (0,00),
the functions which satisfy for all h € (0,00), x € R that

[2]n = min([z,00) N {0, h,—h,2h, —2h,...}). (1.53)

Class exercise 1.2.12. Let © € R, h € (0,00). What is max{x, |z]p, [z]|n} and
min{z, [x]p, [x]n}?

Class exercise 1.2.13. What is |1/81, [—2]o3, and [—2]o3?

Example 1.2.14 (Discrete distributions). Let (pp)nen, € [0, 1] be a family of real num-
bers with

n=0
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let (2, F, P) be a probability space, let U: @ — R be an U q)-distributed random variable
with U(Q) C (0,1), let X: Q2 — R be an F/B(R)- measumble function with

B(IR an(S \B (R)» (1-55)

and let F': R — [0, 1] be the distribution function of X. Note that for all z € R it holds
that

> o lz]1
- Zl[nvoo) “Pn = ZﬂnnJrl (Zpk) = an. (1.56)
n=0 n=0

n=0

Hence, we get for all y € (0,1) that

Ir(y) = min{n € Ny: F(n) >y} = min{n € Np: Zpk > y} . (1.57)

We illustrate (1.57) through a few more specific examples.

1) In this item let p € (0,1) be a real number and assume that X is Ber,-distributed
P
(Bernoulli distributed with parameter p; see Subsection 0.4.1.2). Then it holds for
alln € N that

p=1-p,  p1=p, and  prin = 0. (1.58)

The distribution function F: R — [0,1] of Ber, and the generalized inverse dis-
tribution function Ip: R — (0,1) associated to F' are presented in Example 1.2.2
above. According to Theorem 1.2.7, the following algorithm returns as an output a
realization of a random variable which is Bernoulli distributed with parameter p.

Output: Realization x of X ~ Ber,

Generate realization u of U ~ U1

ifu<1l—p then

rz=0
else

r=1
end if

Using the observations that

U=1-U (1.59)

in distribution on B(R) and that for all w € (0, 1) it holds that

u<l-—p if and only if p<1l—u (1.60)
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results in the following alternative algorithm.

Output: Realization x of X ~ Ber,
Generate realization u of U ~ U 1)
if u <p then
r=1
else
=0
end if

In Matlab the above algorithm can be implemented through the command “randjp”

(see Figure 1.2 below).

Terminal

File Edit View Search Terminal Help
jentzena@sripati% matlab -nodesktop
<MATLAB (R >
Copyright 1984-2014 The MathWorks, Inc.

R2014a (8.3.0.532) 64-bit (glnxaB4)
February 11, 2014

To get started, type one of these: helpwin, helpdesk, or demo.
For product information, visit www.mathworks.com.

>>p =0.5; N =10"6;
>> rand(1,20)<p

ans =

[¢] €] 1 [¢] €] 1 1 €] Q [¢] 1 Q [¢] 1 Q 1 1 Q [¢] €]
== sum(rand(1,N)<p) /N
ans =

0.4995

>

Figure 1.2: Simulating realizations of a pseudo Berg 5-distributed random variable.

(ii) Let A € (0,00) be a real number and assume that X is Poiy-distributed (Poisson
distributed with parameter \; see Subsection 0.4.1.6). Then it holds for alln € Ny

that p, = % Hence, we obtain for all n € Ng that

)\(n+1) A

n+1)ler  (n+1

DPn+1 = DPn -
( )
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FEquation (1.57), equation (1.61), and Theorem 1.2.7 result in the following algo-
rithm for generating realizations of X.

Output: Realization x of X ~ Poiy
Generate realization u of U ~ U 1)

n=20
p=e?
F=p

while u > F do
p=p-A(n+1)
F=F+p
n=n+1

end whitle

r=n

If the parameter X is large, then much more efficient algorithms can, e.g., be found
in Section 5 in [Ahrens and Dieter(1974)].

(111) In this item let n € N and p € (0,1) be real numbers and assume that X is by, -
distributed (binomial distributed with parameters n and p; see Subsection 0.4.1.3).
Then it holds for all k € {0,1,...,n} that

= () pra-p (1.62)

and it holds for all k € {n+1,n+2,...} that p, = 0. Note that the coefficients
(Pr)kefo,1,...n} satisfy the recursion that for all k € {0,1,...,n — 1} it holds that

po = (1 —p)" (1.63)

and

n e
Pyt = ( )p(k“’ (1-p)

k+1
n! .
- (1fp) (n—k—l)!(k:+1)!pk(1_p)( g (1.64)
p  (n—k)

I

Ezploiting (1.57), (1.64), and Theorem 1.2.7 results in the following algorithm for
generating binomial distributed random numbers.

Output: Realization x of X ~ by,

Generate realization u of U ~ U 1)

k=0
r=p/(1—p)
¢=1-p)"
F=gq

while v > F do
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a=r-q-(n—k)/(k+1)
F=F+gq

k=k+1

end while

r =k

(iv) In this item let p € (0,1) be a real number and assume that X is geom,,-distributed

(geometrically distributed with parameter p; see Subsection 0.4.1.4). Then it holds
for all n € Ny that

pn=p(1—p)" (1.65)
This implies for alln € {—1,0,1,2,...} that

N N _p(1-(1-p=) it
F(ﬂ)—%m—p(%(l—p)k)— =) —=1—(1—p)"*.

Therefore, we obtain that for every u € (0,1) and every n € Nq it holds that

Fln—1)=1-(1-p"<u<F(n)=1-(1-p)""
S1-p">1-u>(1-p
& n-In(l-p)>In(l-u) > (n+1) - In(l - p)

In(1 —u) < 1 (1.66)
@n<m_n+
In(1 — u) .
- [m(l—p)k_ o

This shows for all u € (0,1) that
In(1 —
Ir(u) = [uw ~1. (1.67)
1

Hence, we get

in distribution on B(R). Please compare (1.68) for the geometric distribution with
(1.48) for the exponential distribution.

Above we have used the inversion method (see Theorem 1.2.7 above) for the simulation
of real valued random variables. The inversion method also has an interesting purely
analytical consequence. More precisely, Lemma 0.3.8 in Subsection 0.3.2 illustrates that
every probability measure on (R, B(IR)) induces a distribution function. Corollary 1.2.18
below, in turn, shows that every distribution function also induces a probability mea-
sure on (R,B(R)). Corollary 1.2.18 is a consequence of Theorem 1.2.7. In our proof
of Corollary 1.2.18 we also employ the unique theorem for probability measures, see
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Theorem 1.2.15 below, as well as Lemma 1.2.17 below. Theorem 1.2.15 is, e.g., proved
as a special case of Lemma 1.42 in [Klenke(2008)].

Theorem 1.2.15 (Uniqueness theorem for probability measures). Let Q be a set, let
A CP() be a set which satisfies for all A, B € A that

ANBe A, (1.69)
and let py: oq(A) — [0,00], k € {1,2}, be probability measures which satisfy that

piala = p2fa. (1.70)

Then

Exercise 1.2.16 (An N-stable generating system for the Borel sigma-algebra). Let d €
N and let A C P(R?) be the set given by

A_ le ..... xdER{(_Oo7xl) X X <_Oo,xd)}~ (172)
(i) Prove for all A, B € A that
ANBe A (1.73)
(ii) Prove that
B(R?) = ora(A). (1.74)

The following lemma can, e.g., be proved analogously as Exercise 1.2.16.

Lemma 1.2.17 (Another N-stable generating system for the Borel sigma-algebra). Let
d € N and let A C P(R?) be the set given by

A=U;  azyer {(—00,21] X -+ X (—00,24] }. (1.75)
Then
(i) it holds for all A, B € A that
ANBe A (1.76)
and
(ii) it holds that
B(R?%) = ora(A). (1.77)

We now present the promised corollary of Theorem 1.2.22, Corollary 1.2.18 below. Ob-
serve that Lemma 0.3.8 in Subsection 0.3.2 above ensures that ¢ in (1.78)-(1.79) in
Corollary 1.2.18 below does indeed exist.

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 42
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 1. Generation of random numbers

Corollary 1.2.18 (Bijection between probability measures on (R, B(R)) and distribu-
tion functions). Let

¢H{ P: B(R) — [0,00]: }%{ F:R—[0,1]: } (1.78)

P is a probability measure F is a distribution function

be the function which satisfies for all probability measures P: B(R) — [0,00] and all
r € R that

(®(P))(x) = P((—o0,x]). (1.79)

Then @ s bijective.

Proof of Corollary 1.2.18. Theorem 1.2.15 and Lemma 1.2.17 ensure that ® is injective.
It thus remains to prove that ® is surjective. For this let F': R — [0, 1] be an arbitrary
distribution function, let Q@ = (0,1), let A = B((0,1)), let P: A — [0,00] be the
probability measure given by

P = U1, (1.80)

and let U: Q — R be the function which satisfies for all € 2 that
U(z) = z. (1.81)

Then it holds that the triple (€2, .4, P) is a probability space and that U: Q@ — R is an
U o,1)-distributed random variable with U(€2) = (0,1). We can thus apply Theorem 1.2.7
to obtain that F': R — [0, 1] is the distribution function of the random variable IpoU =
Ir(U): Q — R. We hence obtain that

@«hoUﬂmmm>:E (1.82)

This completes the proof of Corollary 1.2.18. O]

In Theorem 1.2.22 below we intend to develop a deeper understanding of the relation
between a probability measure, a distribution function, and the generalized inverse dis-
tribution associated to it. The proof of Theorem 1.2.22 uses the following lemma.

Lemma 1.2.19 (Co-domain of the generalized inversion function). Let (2, F, P) be a
probability space, let U: Q — R be an U q)-distributed random variable with U(§)) C
(0,1), and let G: (0,1) — R be a non-decreasing and left continuous function. Then it
holds that

G = IRses P(G(U)<2)€[0,1] (1.83)
i.e., it holds for all y € (0,1) that

Gy) = inf{x eR: P(G(U) < 1‘) > y} = I]RBxb—)P(G(U)Sx)E[O,l] (y). (1.84)
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Proof of Lemma 1.2.19. Throughout this proof let F': R — [0,1] be the distribution
function of the measure (G o U)(P)pm), i.e., assume that for all # € R it holds that

F(z) = ((GoU)(P)pm)) ((—o0,2]) = P(GU) < z). (1.85)
Observe that the fact that GG is non-decreasing ensures that for all € R it holds that

Flz)=P{w e Q: GUWw)) <z}) =P{we: Uw) € G ((—o0,2])})

= Mg (G ((—o0,2])) = sup(G~"((—o0,2])) . (1.86)
The left continuity of G hence proves that for all z € F~1((0,1)) it holds that
G(F(z)) = G(sup(G"((—o00,2]))) = sup(G(G~'((—o0,2]))) < z. (1.87)

This and the fact that G is non-decreasing imply that for all y € (0,1), + € R with
y < F(x) < 1 it holds that

Gly) < G(F(x)) < =. (1.88)

Moreover, we note that (1.86) proves that for all y € (0,1), z € R with F(z) = 1 it
holds that

G(y) < w. (1.89)
This and (1.88) show that for all y € (0,1), z € R with y < F(z) it holds that

G(y) <= (1.90)
Hence, we obtain that for all y € (0, 1) it holds that
G(y) <min{z € R: F(z) > y} = Ip(y). (1.91)
It thus remains to prove that for all y € (0, 1) it holds that
G(y) = Ir(y). (1.92)
For this note that (1.86) implies that for all y € (0,1) it holds that

F(G(y) = sup (G ((=00,G(y)]) ) = sup{z € (0,1): G(2) < G(y)}
> sup{y} =v.

(1.93)

The switching formula in Item (iv) in Lemma 1.2.4 hence implies that for all y € (0,1)
it holds that

Gy) > Ir(y). (1.94)
The proof of Lemma 1.2.19 is thus completed. [
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Combining Item (i) in Lemma 1.2.4 and Item (i) in Lemma 1.2.5 with Lemma 1.2.19
motivates the following definition.

Definition 1.2.20 (Generalized inverse distribution function). We say that G is a gen-
eralized inverse distribution function if and only if it holds

(i) that G € M((0,1),R) is a function from (0,1) to R,

(ii) that G is non-decreasing (it holds for all yi,ys € (0,1) with y; <y that G(y;) <
G(y2)). and

(iii) that G is left-continuous (it holds for all y € (0,1) that lim, », G(2) = G(y)).

Lemma 1.2.21. Let G: (0,1) — R be a function. Then G is a generalized inverse
distribution function if and only if there exists a distribution function F: R — [0,1]
such that

Ir =G. (1.95)

Proof. Ttem (i) in Lemma 1.2.4 and Item (i) in Lemma 1.2.5 prove the “<” statement
in Lemma 1.2.21. Lemma 1.2.19 proves the “=" statement in Lemma 1.2.21. The proof
of Lemma 1.2.21 is thus completed. [
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Theorem 1.2.22. Let (2, A,Q) be a probability space, let U: Q — R be an Ug,)-
distributed random variable with U () C (0,1), let

(I):{ P e M(B(R), [0,0]): }_){ F € M(RR,[0,1]): } (1.96)

P s a probability measure F is a distribution function

be the function which satisfies for all probability measures P: B(R) — [0, 00] and all
x € R that
(3(P)) (@) = P((~o0.]), (197

let
G e M((0,1),R):

T: . o E.M(.R’ [.0’ 1): : — ¢ G is a generalized inverse (1.98)
F s a distribution function R .
distribution function

be the function which satisfies for all distribution functions F': R — [0, 1] that
Z(F) = Ip, (1.99)
and let

GeM((0,1), R): P e M(B(R), [0, 00]):
v G is a generalized inverse » — P babilit
distribution function 15 G probasraty measure

} (1.100)

be the function which satisfies for all generalized inverse distribution functions
G:(0,1) = R that
V(G) = (GoU)(Q)sm)- (1.101)

Then
(i) it holds that ®, I, and ¥ are bijective and

(i) it holds that

DoVoT = Idami), ZoPoU =Idgmw), and WoZod =Idgm() - (1.102)

Proof of Theorem 1.2.22. First, recall that Corollary 1.2.18 ensures that ¢ is bijective.
Moreover, note that Theorem 1.2.7 proves that

®oWoT = Idaome) - (1.103)

This implies that
VoZ=0" (1.104)

This and the fact that ®~! is bijective prove that

UoZl (1.105)
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is bijective. This implies that Z is injective. Next note that Lemma 1.2.19 ensures that
7 is surjective. This together with the fact that Z is injective ensures that Z is bijective.
Furthermore, observe that (1.104) proves that

UV=¢"toz " (1.106)

This together with the fact that ® and Z are bijective ensures that ¥ is bijective too.
The second and the third identity in (1.102) follows from the first identity in (1.102).
The proof of Theorem 1.2.22 is thus completed. O

Class exercise 1.2.23. Let F': R — [0,1] be a distribution function, let (Q,A, Q) be
a probability space, and let U: Q@ — R be an U -distributed random variable with
U(Q2) € (0,1). What is

((Ir o U)(Q)sm))? (1.107)

Exercise 1.2.24. Let a,b € R be real numbers with a < b and let F: R — [0,1] be a
distribution function which satisfies for all y € (0,1) that

Ir(y) =yb+ (1 —y)a. (1.108)
Specify F(x), x € R, explicitly and prove that your result is correct.

Exercise 1.2.25. In this exercise we do not distinguish between pseudo random num-
bers and actual random numbers. Write a Matlab function Cauchy (N ,u,\) with
input N € N, u € R, A\ € (0,00) and output a realization of an (Cauy, )" -
distributed random variable generated with the inversion method. The Matlab function
Cauchy (N ,u,\) may use at most N realizations of an U 1)-distributed random vari-
able. Type Cauchy (10,0, 1) to test your implementation.

Exercise 1.2.26. Let A € (0,00) and let F: R — [0, 1] be the distribution function of
the Laplace distribution with parameter .

(i) Specify F(z), x € R, explicitly.
(ii) Specify Ir(y), y € (0,1), explicitly.

Exercise 1.2.27. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers.

(i) Write a Matlab function Laplace(N,\) with input N € N, X € (0,00) and
output a realization of an (Laplace,)®" -distributed random variable generated with
the inversion method. The Matlab function Laplace (N ,\) may use at most N
realizations of an U,1)-distributed random variable. Type Laplace(10,0.5) to
test your implementation.

(11) Write a Matlab function LaplacePlot() which plots 10° realizations of an
Laplace, ; -distributed random wvariable generated with your Matlab function
Laplace(N,\) in a histogram with 1000 bins.
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1.2.2 Acceptance-rejection method

This subsection presents the acceptance-rejection method (also known as rejection sam-
pling). Tt is a method to simulate from a complicated distribution by using simulations
from a simpler distribution from which one assumes to be able to simulate from. To get
an idea of the acceptance-rejection method, we first consider the special situation of the
uniform distribution.

Lemma 1.2.28 (Acceptance-rejection method in the case of the continuous uniform
distribution). Let (Q, A, P) be a probability space, let d € N, let A, B € B(R?) with
AC B and 0 < Aga(A) < A\ga(B) < o0, let Y,: Q — R, n € Ny, be P-independent
Up-distributed random variables, and let L: 2 — Nq be the function which satisfies for
all w € § that

Nog: A : Y,eA
0 tw € Q\ (Uneno{Yn € A})
Then it holds that Yr: Q@ — R is Ux-distributed.
Proof of Lemma 1.2.28. Note that for all C' € B(IR?) it holds that
P(Y,eC)=)Y P{Y,eC}n{L=n}
=Y P{Y, € CNAYN{Y,,Y,...,Y, 1 € B\A})
n=0
=Y P(Y,€CnA)-P(Yy,Y1,....Y,_1 € B\A)
?fy ccna 10
1
= PE € A) ZPY € A)-P(Yy,Y1,...,Y,_, € B\A)
Z/{B(C N A >
=—" P{{Yy, e A Yo, Y1,...,Y, 1 € B\A
L{B(A) nz ({Yn € AN {Yo,Y1,..., Y1 € B\A})
= P(L = ——" = C
)\Rd Z )\]RJ(A) UA( )
This completes the proof of Lemma 1.2.28. ]

Lemma 1.2.28 motivates the following algorithm. Let (€2, A, P) be a probability space,
let d € N, let A, B € B(RY) with A C B and 0 < Aa(A) < Age(B) < 00, let Y: Q — R
be an Up-distributed random variable, and let X : @ — R? be an U -distributed random
variable. Then the following algorithm generates a realization from X.

Output: Realization x of X ~ Uy
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Generate realization y of Y ~ Up
if y € A then

r =1y (ACCEPT)
else

Restart the algorithm (REJECT)
end if

Remark 1.2.29. Let us point out that the above presented algorithm is not completely
correct since it may happen that the algorithm never terminates and thus does not return
a realization of an Ux-distributed random variable. In a Matlab implementation this is,
however, often not a problem since the U 1y-pseudo random number generator in Matlab
will in the case of many choices for A and B always produce at some point a realization
which is in A. In the following acceptance-rejection algorithms this point is neglected.

Exercise 1.2.30. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers. Let A C R? be the set given by

2
A:{(x,y)EIRQ: %+y2§2}. (1.111)

(i) Write a Matlab function AcceptanceRejection(N) with input N € N and out-
put a realization of an (Ua)®Y -distributed random variable generated with the
acceptance-rejection method. Type AcceptanceRejection(6) to test your imple-
mentation.

(ii) Write a Matlab function AcceptanceRejectionPlot () which uses your Matlab

function AcceptanceRejection(N) from Item (i) and the built-in Matlab func-

tion plot(...) to plot 10° realizations of an U,-distributed random variable in a
coordinate plane.

In the next step we extend the idea in Lemma 1.2.28 to more complicated distributions.

For this we need the notion of the subgraph of a nonnegative function. This is the subject
of the next definition.

Definition 1.2.31 (Subgraph of a real valued nonnegative function). Let d € N and let
f:R*—[0,00) be a function. Then we denote by subgraph(f) the set given by

subgraph(f) = {(z,y) € R* x R=R*™: 0 <y < f(x)} (1.112)

and we call subgraph(f) the subgraph of f.

For every d € N and every B(R%)/B([0, 00))-measurable function f: R? — [0, 00) it
holds that the set

subgraph(f) € R*™ (1.113)
is Borel measurable too. This is the subject of the next lemma.

Lemma 1.2.32. Let d € N and let f: RY — [0,00) be an B(R?)/B(]0, 00))-measurable
function. Then
subgraph(f) € B(R*"). (1.114)
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Proof of Lemma 1.2.32. Throughout this proof let f : R — R be the function which
satisfies for all z € R?, y € R that

fz,y) =y - f(@). (1.115)

Observe that the assumption that f is B(R®)/B(]0, 00))-measurable ensures that f is
B(R41)/B(R)-measurable. This implies that

subgraph(f) = f~!((—o0,0]) N (R? x [0,00)) € B(R*). (1.116)
eB(E{rdH) EB(?R:l+1)
The proof of Proposition 1.2.35 is thus completed. O

Observe that for all d € N and all B(R%)/B([0,00))-measurable functions f: R¢ —
[0,00) it holds that

f(=)
Aga+1 (subgraph(f)) = /Rd/o dy dx = » f(z)dx. (1.117)

In the next step the acceptance-rejection method is presented and analyzed for more
general distributions. For this the following notion is used.

Definition 1.2.33 (Unnormalized density functions with respect to the Lebesgue-Borel
measure). We say that f is an unnormalized density of p if and only if there exists a
natural number d € N such that it holds

(i) that u is a measure on (R, B(RY)),

(ii) that f is an B(RY)/B(|0, c0))-measurable function,
(i1i) that [g. f(x) Aga(dz) € (0,00), and

(iv) that for all A € B(R?) it holds that

S f(@) Aga(dz)
Jra f(#) Aga(dax)

Lemma 1.2.34 (Properties of Usybgrapn(s)-distributed random variables). Let d € N, let
f: R —[0,00) be an B(R?)/B([0,0))-measurable function with 0 < [, f(x)dx < oo,
let (2, A, P) be a probability space, and let X = (Xi,..., X4 Xap1): @ — R be
an Ugypgrapn(f)-distributed random variable. Then it holds that f: R¢ — [0,00) is an
unnormalized density of (X1,..., Xq)(P)gma)-

n(A) =

(1.118)

Proof of Lemma 1.2.34. Note that for all A € B(R?) it holds that
P((X17"'7Xd) S A) = P((le"'adeXd-i-l) € Ax IR’)

B Aga+i ((A x R) N subgraph(f)) ~ [uf(x)da (1.119)

ARd+1 (subgraph(f)) f]Rd f(z)dx
This completes the proof of Lemma 1.2.34. O]
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The following proposition results in a method to generate Usypgrapn(r)-distributed random
variables.

Proposition 1.2.35 (Generation of realizations of an Usupgrapn(s)-distributed random
variable). Letd € N, let (2, A, P) be a probability space, let X : Q@ — R® be an A/B(RY)-
measurable function, let U: 0 — R be an U 1-distributed random variable, let f: R? —
[0,00) be an unnormalized density of X(P)gway, and assume that X and U are P-
independent. Then the function Y : Q — R given by

Y = (X, f(X)-U) (1.120)

18 Usubgraph( ) -distributed.

Proof of Proposition 1.2.35. Let A € B(R*!) and let A, € B(R), x € RY, be the sets
which satisfy for all € RY that

A, ={y e R: (z,y) € A}. (1.121)
Next observe that

P(Y € A)=P((X, f(X)-U) € A)
La(z, f(z) - w) (X,U)(P)pmwe+y) (dz, du)

/0 La(x, f(z) - u) du (X (P)pga)) (dx) (1.122)
d / Lo, (£() - w) du (X (P)sa) (d)
1
f(z)

xdx/Rd/oﬂA u) du f(z) dx

This shows that

P(Y € A)

1 1
- 1 ) d d
)\]R<d+1>(subgraph(f)) /{yERd:f(y);éo}/o A, (f(z) - u)du f(z) dv
f(z)
. / (w

1 (1.123)
u) dudz
)\]R<d+1> ( subgraph( ) Jiyera: s
(:v)
/ / u) dudz.
)\]R(d+1> ( subgraph R4
WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. o1

DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 1. Generation of random numbers

This implies that

1 f(@)
rrea= La(z,u)dud
( ) )\]R(d—O—l)(SUng‘aph(f)) /Rd/o A(l’ u) wdx

1
= Ta(x,u) - g pen(u) dude
Age+ (subgraph(f)) /]R /R al@,u) - T s () (1.124)
1
= Ta(z,u) - Togbera T,U) A du, dx
)\R<d+1>(subgfaph(f)) /IR(d-H) alzw) baraph(1) (7 ) Apisen )
= z/{subgmph(j") (A) .
The proof of Proposition 1.2.35 is thus completed. O

We now formulate the acceptance-rejection method. Let d € N, let f,g: R? — [0, 00)
be B(R%)/B([0, 00))-measurable functions which satisfy for all y € R? that f(y) < g(y)
and

0< f(z)dx < / g(x)dx < oo, (1.125)
R R4

let (€2, A, P) be a probability space, let X : Q — R? be an A/B(RY)-measurable function
which satisfies for all A € B(R?) that

_ fAf(x) dx
Jga f (@) dx’

and let U: Q — R and Y: Q — R? be P-independent random variables which satisfy
for all A € B(R?) that U is Ug)-distributed, that U(€2) C (0, 1), and that

_ Ji9(x)dx
Jrag(x) dx

The goal of the acceptance-rejection method is to generate realizations from X where it
is assumed that one can generate realizations from (Y, U). Thus one can also generate
realizations from the Usybgrapn(g)-distributed random variable (Y, g(Y') - U) (see Propo-
sition 1.2.35). The condition f < g ensures that subgraph(f) C subgraph(g). Using
Lemma 1.2.28 one can then obtain realizations from an Usypgrapn(r)-distributed random
variable. For this observe that for every u € (0,1) and every y € R¢ it holds that

X(P)pra)(A) (1.126)

Y(P)pma(A) (1.127)

(y,9(y) - u) € subgraph(f) if and only if  g(y) - u < f(y). (1.128)

According to Lemma 1.2.34, the first d-components of the Usybgrapn(s)-distributed ran-
dom variable are then realizations from an X (P)gga)-distributed random variable. The
algorithm thus reads as follows.

Acceptance-rejection method

Output: Realization x of X ~ X(P)gga) (with unnormalized density f)
Generate realization y of Y ~ Y (P)gge) (with unnormalized density g)
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Generate realization u of U ~ U 1)
if g(y)-u < f(y) then

r =1y (ACCEPT)
else

Restart the algorithm (REJECT)
end if

Remark 1.2.36. Note that in the acceptance-rejection algorithm it is not assumed that
f 1s a probability density function, i.e., that fRd f(z)dx =1 and it is also not assumed
that g is a probability density function, i.e., that [, g(x)dx = 1.

Lemma 1.2.37 (Number of rejections before acceptance). Let d € N, let f,g: R¢ —
[0,00) be B(R?) /B([0, 00))-measurable functions which satisfy for ally € RY that f(y) <

9(y) and
0< fz)de < / g(x) dr < oo, (1.129)
R4 R4

let (Q, A, P) be a probability space, let U,: Q@ — R, n € Ny, and Y,,: Q@ — R%, n € Ny,
be P-independent random variables which satisfy for all n € Ny, A € B(R?) that U, is
Uo,1)-distributed, that U,(2) C (0,1), and that

_ J49(z)dx
Jia 9(2) do’

and let L: £ — Nq be the function which satisfies for all w € Q that

(Ya(P)pmay) (A) (1.130)

L(w) = (1.131)
{m({n € No: 9(Ya(@) Un(w) < F(Ya(@)}) @ € (Unemoa(Ya) Un < F(Y)D)

0 tw € O\ (Unexo {9(Ya) Un < f(Ya)})

Then it holds that the function L: Q2 — Nq s BEOM [\ () de/ [,g a(x) 4o -distributed (geo-

metrically distributed with parameter p = %}.
R

Proof of Lemma 1.2.37. By definition it is clear that there exists a real number p € (0, 1]
such that L is geom -distributed (geometrically distributed with parameter p € (0,1]).
Moreover, observe that Proposition 1.2.35 ensures that

p=P(L=0) = P(g0)Us < f40)) = P( (Yo, 9(¥)Ui) € subgraph(/))

_ g (subgraph(f))  [oa f(x) da (1.132)
Aga+i (subgraph(g))  [rag()dz

= Usubgraph(g) (Subgraph( f ))

This completes the proof of Lemma 1.2.37. m
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Exercise 1.2.38. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers. Let f, f: R — [0,00) be the functions which satisfy for all
x € R that

1 1 1
f(x)= \/ﬁe 2 and  f(x) = S (1.133)
and let A C R be the set given by
A:{CER: (VxelR:f(x)ng(x))}. (1.134)

Note that f is the density of No.ig (1-dimensional standard normal distribution) and
that f is the density of Caug; (Cauchy distribution with parameters 0 and 1).

(i) Prove that for all C' € R it holds that C € A if and only if for all y € [0,00) it
holds that
V2C ev
VT
(ii) Specify A explicitly and prove that your result is correct.

(iii) Specify ‘o
- sup 22| f(z) da :
e g e .

explicitly and prove that your result is correct.

142y < (1.135)

(iv) Write a Matlab function AcceptanceRejectionGaussianCauchy (N ) with input
N € N and output a realization of an (No 1 )®Y -distributed random variable gen-
erated with the acceptance-rejection method with f as the density of the target
distribution and

Rz {sup M] f(x) €[0,00) (1.137)
yer 7@
as the unnormalized density of the proposal distribution Caug . Your Matlab func-
tion AcceptanceRejectionGaussianCauchy (N ) should use the inversion method
for the generation of realizations of an Caug;-distributed random variable. Type
AcceptanceRejectionGaussianCauchy (6) to test your implementation.

(v) Write a Matlab function AcceptanceRejectionGaussianCauchyPlot () which
plots 10° realizations of an Ny 1, -distributed random variable generated with your
Matlab function AcceptanceRejectionGaussianCauchy (N) in a histogram with
1000 bins.

Exercise 1.2.39. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers. Let f, f: R — [0,00) be the functions which satisfy for all
x € R that

1 1.2 A eIl
x) = e 2" and x) = 1.138
f) = 7 fla) =5 (1.138)
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and let A C R be the set given by
A:{CGR: (vxeR:f(:c)gcf(x))}. (1.139)

Note that f is the density of Ny (1-dimensional standard normal distribution) and
that f is the density of Laplace, (Laplace distribution with parameter 1).

(i) Specify A explicitly and prove that your result is correct.
(i) Specify

1 f)| »
f]R dx/]R [yEJR f(y)] f(z)dx (1.140)

explicitly and prove that your result is correct.

(iii) Write a Matlab function AcceptanceRejectionGaussianLaplace(N) with in-
put N € N and output a realization of an (No 1, )*" -distributed random variable
generated with the acceptance-rejection method with f as the density of the target
distribution and

Rz~ {sup (y)] f(x) €0, 00) (1.141)
en JW)
as the unnormalized density of the proposal distribution Laplace;. Your Matlab
function AcceptanceRejectionGaussianLaplace(N) should use the inversion
method for the generation of realizations of an Laplace,-distributed random vari-
able. Type AcceptanceRejectionGaussianLaplace(6) to test your implementa-
tion.

(iv) Write a Matlab function AcceptanceRejectionGaussianLaplacePlot () which
plots 10° realizations of an Ny 1, -distributed random variable generated with your
Matlab function AcceptanceRejectionGaussianLaplace(N) in a histogram with
1000 bins.

1.3 Methods for the normal distribution

This section considers several methods for the generation of realizations of independent
normally distributed random variables. We first consider methods for the generation
of (approximative) realizations of independent standard normal random variables; see
Subsection 1.3.1-Subsection 1.3.3. Then in Subsection 1.3.4 we consider methods for
the generation of realizations of independent normally distributed random variables with
mean v € R? and covariance matrix Q € R%*? where v € R? is a vector, where () € R%*¢
is a nonnegative symmetric matrix, and where d € N is a natural number.

One possibility to generate realizations of standard normal random variables is to use the
inverse transform method presented in Subsection 1.2.1. For this the generalized inverse
distribution function associated to the one-dimensional normal distribution has to be
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calculated (cf. the function “erfinv” in Matlab). This is typically computationally very
expensive. Further methods for the generation of realizations of independent standard
normal random variables are the Box-Muller method which will be considered in Sub-
section 1.3.2 and the Marsaglia polar method which is the subject of Subsection 1.3.3.
Another method which will not be considered here is the Ziggurat method. It is nowa-
days used in the Matlab function “randn” and it is based on the acceptance-rejection
method presented in Subsection 1.2.2.

1.3.1 Central limit theorem

Before we present the Box-Muller method and the Marsaglia polar method for the gener-
ation of realizations of standard normal random variables, we briefly consider a method
for the generation of realizations of random variables that are approximatively normally
distributed in a suitable sense. For this we recall the central limit theorem.

Theorem 1.3.1 (Central limit theorem — scalar case). Let (2,.A, P) be a probability
space, let Y,: Q@ — R, n € N, be P-independent and identically distributed random
variables (i.i.d. random variables) which satisfy Ep[|Y1]?] < oo and Varp(Yy) > 0. Then
it holds that
Yi+...+Y,—n-Ep[Y]]
nVarp(Y7)

converges in distribution to Ny rg, i.e., it holds for all x € R that

, neN, (1.142)

n—oo

lim P(EJF"'*Yn—"'EP[K]

nVarp(Y;) = 5”) = Now (=00, z]). (1.143)

The proof can, e.g., be found in Theorem 15.37 in [Klenke(2008)]. Now let (2,4, P)
be a probability space and let U,: @ — R, n € N, be P-independent U/ 1)-distributed
random variables. Note that for all n € N it holds that

E[U) =5 and  Varp(Uy) =E|(Un - 3)°] = 1—12 (1.144)

Next let S, : 2 — R, n € N, be the functions which satisfy for all n € N that

_U1+...+Un—IE[U1+...+Un} Ui+ + U, -3

Sh
VVarp(Uy + ...+ U,) 5

(1.145)

The central limit theorem then proves that S,,, n € N, converges in distribution to No .
Thus, if n € N is large, then S, (P)pm) is a good approximation of Ny r,, in the sense of
Theorem 1.3.1. In computer programs sometimes realizations of S,, for large n € N are
used as approximative realizations of a standard normal random variable. For example,
in the case n = 12 we obtain S;y = Uy + ...+ U — 6 € (—6,6) and in that case the
algorithm reads as follows.

Output: Realization z of X ~ Si2(P)sm) =~ Nom
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s=0

forn=1—12do
Generate realization u of U, ~ U 1)
s=s+u

end for

r=5—06

In Matlab the command “sum(rand(1,12))-6" generates a realization of a pseudo
S12(P)B(R)-distributed random variable; cf. Figures 1.3 and 1.4 below.

Terminal

File Edit View Search Terminal Help
jentzena@sripati% matlab -nodesktop

<MATLAEBE(R) >
Copyright 1984-2014 The MathWorks, Inc.
R2014a (8.3.0.532) 64-bit (glnxaB4)
February 11, 2014

To get started, type one of these: helpwin, helpdesk, or demo.
For product information, visit www.mathworks.com.

=> sum(rand(12,18),1)-6
ans =
1.36568 1.9485 -0.6199 0.1462 -0.0358 0.2492 0.1915 0.1659 -1.1318 0.1476

>> R = sum(rand(12,18076),1) - 6;
>> hist(R,100)
B |

Figure 1.3: Matlab commands for generating realizations of an approximatively pseudo
No 1, -distributed random variable.

1.3.2 Box-Muller method

In this subsection the Box-Muller method is presented and analyzed and in the next
subsection the Marsaglia polar method is investigated. Both methods are based on
a polar representation result for the 2-dimensional standard normal distribution. To
present this result, we use the following definition.

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 57
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 1. Generation of random numbers

x 10

Figure 1.4: Output of the hist Matlab command in Figure 1.3.
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Chapter 1. Generation of random numbers

Definition 1.3.2 (arg-function). We denote by arg: {(z,y) € R*: z*+y* = 1} — [0, 27)
the function which satisfies for all a € [0,27), (z,y) € R? with x* + y* = 1 that

arg( cos(a), sin(a)) = a (1.146)

and
(cos(arg(m, y)) , sin( arg(z, y))) = (z,y). (1.147)

The function arg introduced in Definition 1.3.2 is thus the inverse of the continuous and
bijective function

[0,27) 3 a + (cos(a),sin(a)) € {(z,y) € R*: 2* +y* = 1}. (1.148)

Observe that arg is an B({(z,y) € R*: 2* + y* = 1})/B([0, 27))-measurable function.
We are now ready to present the polar representation result.

Proposition 1.3.3 (Polar representation for the two dimensional standard normal dis-
tribution). Let (2, A, P) be a probability space, let R: Q — [0,00) be an A/B([0,00))-
measurable function, and let S = (Si,52): Q@ — {(z,y) € R*: 22 +y? = 1} be an
A/B({(x,y) € R?: 2% + y? = 1})-measurable function. Then it holds that

Q2w Rw) - Sw) = (Rw) - S1(w), R(w) - Sa(w)) € R? (1.149)
is No,1,, -distributed if and only if
Q3w (JRw)]* arg(S(w))) € R? (1.150)
is (expy o @ U(o,2r)) -distributed.
Proof of Proposition 1.3.3. Let (Q, A, P) be a probability space, let R: Q — [0,00) be

an ./Zl/B_([O, o0))-measurable function, let S = (S, 5): Q@ — {(z,y) € R?: 22 + 4> =1}
be an A/B({(x,y) € R?: 2% + y? = 1})-measurable function, assume that

Q>w— |[RW)PeR (1.151)
is expy jp-distributed, assume that
Q3w arg(Sw)) e R (1.152)

is U(o,2m)-distributed, and assume that R and S are _P—i{ldependent. (Observe that such
a probability space does indeed exist.) Next let X: Q — R? be the function which
satisfies for all w € ) that

X(w)
_ {R(w) - S(w) = (R(w) - cos(arg(S(w))), R(w) - sin(arg(g(w)))) : R(w) >0 .
S(w) : R(w) =0
(1.153)
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The P-independency of R? and arg(S), the integral transformation theorem, and (1.153)
then prove that for all bounded B(IR?)/B(IR)-measurable functions g: R* — R it holds
that

- / g(V7 - cos(a), v/ - sin(a) (B2, are(5)) (P)so.e) 2o (dr.da) (1 154

0,00) % [0,27)
/02 /0 VT - cos(a), /7 - sin(a)) ((R2)(p>)[>’([0,oo))(dr) da
—/ / g(V/r - cos(a),v/r - sin(a)) e dr da
T J{o,2m) J (0,00)
1 27 2
— o / g(r - cos(a),r - sin(a)) e rdrdo.
2 0

A polar coordinate transform hence gives that for all bounded B(IR?)/B(R)-measurable
functions g: R? — R it holds that

/Qg()_() dP = % . g(x) e iz gy = /]R2 g9(z) No1, (dz) . (1.155)
This, in particular, implies that for all A € B(IR?) it holds that
(X(P)pm2)(A) = Mo, (A). (1.156)
This proves the “«<” statement in Proposition 1.3.3. Next assume that
Q2w Rw) - Sw) = (Rw) - S1(w), R(w) - S2(w)) € R? (1.157)

is N, Iy, -distributed and let X: ©Q — R? be the function with the property that for all
w € Q it holds that

X(w) = R(w)-Sw) :R(w)#0 (1.158)
S(w) :R(w)=0
Then we obtain that o
X(P)B(RQ) — %’IRQ — X(P>B(IR2) (1159)
Hence, we get that
Q2w+ (\R(w)| ,arg(S(w))) € R?)(P)sma)
(23w (IX@)Ee arg (4 ) € B (Phsey
_ _ ) 2(w) 5\ = (1.160)
= (23w (1K@ arg (175 )) € B2) (Psmey
- (Q Sw <‘R(w) 2 arg(S(w)) ) € 1R2>(P) (R2) = €XPy /2 @ Ulo2x
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This proves the “=" statement in Proposition 1.3.3. The proof of Proposition 1.3.3 is
thus completed. O

The following result, Corollary 1.3.4, presents a property for the 2-dimensional normal
distribution and is a slightly different perspective on Proposition 1.3.3. Corollary 1.3.4
follows immediately from Proposition 1.3.3.

Corollary 1.3.4 (A property for the 2-dimensional normal distribution). Let (€2, A, P)
be a probability space, let X : Q — R? be an ./\/'O,IRQ—distributed random variable, and let
Q,U: Q — R be the functions which satisfy for all w € Q) that

X(w
arg(HX(uE)H)Rz) : X(w) #0 .

(1.161)
0 . otherwise

Q) = IX@)lE:  and U(w):{

Then it holds that Q) and U are P-independent, that ) is expy o-distributed, and that U
is Uo,2m)-distributed.

Proof of Corollary 1.8.4. Throughout this proof let X: Q@ — R2 R: Q — [0,00), and
S:Q — {(x,y) € R?: 22 + y? = 1} be the functions which satisfy for all w €  that

oy JX(w)  X(w) #0 e
X(w)_{(l,o) X(w)=0" Rlw) = [ X()

S(w) = %. (1.162)

~—

The fact that X is N s, ,-distributed then shows that it holds P-a.s. that
X =X. (1.163)

Hence, we obtain that X is N I»~distributed too. Combining this and the fact that for
all w € € it holds that

X(w) = R(w) - S(w) (1.164)
allows us to apply Proposition 1.3.3 to obtain that the function
Q5w (IR, arg(S@)) = (IX @) arg (751 )) € B2 (1.165)

is (expy /2 @ Uo 2r) )-distributed. This together with (1.163) completes the proof of Corol-
lary 1.3.4. O

Class exercise 1.3.5. Does there exist a set A € B(R) which satisfies that U 1)(A) #
Up(A)?

The next result, Corollary 1.3.6, results in a method for the generation of realizations of
two independent standard normal random variables. The method is referred to as the
Boz-Muller method in the literature and has been proposed in [Box and Muller(1958)].
Corollary 1.3.6 follows from Proposition 1.3.3.
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Corollary 1.3.6 (Box-Muller method). Let (2, A, P) be a probability space and let
Up,Uz: 2 = R be two P-independent U 1)-distributed random wvariables which satisfy
Ui(2) C(0,1) and Uy(2) C (0,1). Then the function X = (X1, X5): Q — R? given by

X, = -2 h’l(Ul) COS(2'/TU2)7

Xy = +/—2In(U;) sin(27U,)

(1.166)

is No,1,, -distributed.

Proof of Corollary 1.3.6. We prove Corollary 1.3.6 through an application of Proposi-
tion 1.3.3. For this let R: 2 — R and S: Q — {(z,y) € R?: 22 + y?> = 1} be the

functions given by
R=+/—2In(ly) (1.167)

S = (cos(2wUy), sin(27wU3)) . (1.168)

Note that the assumption that U; and U, are P-independent ensures that R and S are
P-independent. Moreover, observe that for all w € €1 it holds that

and

arg(S(w)) = 2nUs(w). (1.169)
This and the assumption that Uj is U 1)-distributed imply that
Q5w arg(Sw)) e R (1.170)

is U(o,2m)-distributed. Next note that for all w € € it holds that

—In(U
[R(w)]* = —2In(U;(w)) = W (1.171)
This and (1.48) prove that
Q3w [RW) eR (1.172)
is exp, jp-distributed. We can thus apply Proposition 1.3.3 to obtain that (X1, Xa): Q —
R? is N, 1»-distributed. The proof of Corollary 1.3.6 is thus completed. O]

Corollary 1.3.6 results in the following algorithm for the generation of two independent
lard | distril | | bl
Box-Muller method
Output: Realization (21, 23) of (X1, Xp) ~ Nor,,
Generate realization (u1,ug) of (U1, Us) ~ U 1y

1 = /—21In(uy) cos(2muy)

Ty = y/—21In(uy) sin(2mus)

Exercise 1.3.7. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers.
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(i) Write a Matlab function BozMuller(N) with input N € N and output a real-
wzation of an ./\fOJRN -distributed random wvariable generated with the Box-Muller
method. Your Matlab function BozMuller(N) may use at most N + 1 realiza-
tions of an U 1)-distributed random variable. Type BoxMuller(11) to test your
implementation.

(ii) Write a Matlab function BozMullerPlot() which plots 10° realizations of
an  No g -distributed random wvariable generated with your Matlab function
BozMuller(N) from (i) in a normalized histogram with 1000 bins and which also
plots the density of No 1y, in this histogram.

Hint: Use the bwilt-in Matlab function hist(...) to obtain the raw data of the
histogram, then normalize it, and then create the plot, for example, with the built-
in Matlab function bar(...). For the plot of the density function of Ny 1, use the
built-in Matlab function plot(...) and the built-in Matlab command hold on.

1.3.3 Marsaglia polar method

The Marsaglia polar method is a slight modification of the Box-Muller method. It
avoids the computationally expensive evalutions of the sine- and the cosine-function and
is therefore typically faster than the Box-Muller method. The theorectical justification
of the method is provided through Lemma 1.2.28 and through the next proposition.

Proposition 1.3.8 (Marsaglia polar method). Let (2, A, P) be a probability space,
let U: Q@ — R? be an Uy y)er2: w24y2e(0,1)}-distributed random variable with U(Q2) C
{(z,y) € R?: 22 +y* € (0,1)}, and let X: Q — R? be the function given by

Uy =2 ([[U]%:)
X = . (1.173)
U |2

Then X is No 1, -distributed.

Proof of Proposition 1.3.8. We prove Proposition 1.3.8 through an application of Propo-
sition 1.3.3. For this let R: 2 — [0,00) and S: Q — {(z,y) € R?: 2* + y* = 1} be the
functions given by

—In(||U]%.) U
R=\/—2In(|U[%,) =/ ——F—* and S= : 1.174
(101 7 e
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Next we observe that for all z,« € R it holds that

P((IU e ax5(S)) € (~00,2) x (~00,a)
= P<||UH%2 < x, arg(S) < a)

= (U(P)s(quer?: jullgzc0.)) ({U €R*: 0 < [lullge <=, arg( i ) < a})

llullg2
)\Ra<{u € R?: 0 < |ul|f: < min{1,z}, arg(W) < a})
Ar2({u € R?: Jullg> € (0,1)})
)\W({u € R*: 0 < [Jullgz < /min{l, max{0,z}}, arg(lluﬁ‘R2> < a})
Ar2({u € R?: [lullg2 € (0,1)})

min{2m,max{0,a}}
27

mmin{1, max{0, x}} -

T

inq2
= min{1, max{0, x}} - min{ 7T,12naX{O, ot}
7r

= Up,1)((—00,2)) - Ui 2m)((—00, @) = (Uo,1) @ Upo,om)) ((—00, ) X (=00, a)).

Combining this with Exercise 1.2.16 and Theorem 1.2.15 implies for all A € B(IR?) that
P((IUgz, arg(S)) € A) = (Uo,1) ® U 2m)) (A). (1.176)

This proves that
Qowr [UW)|% €R (1.177)

is U(o,1)-distributed, that
Q3w arg(Sw)) € R (1.178)

is U(g,2m-distributed, and that (1.177) and (1.178) are P-independent. This together
with (1.48), in turn, implies that

Q5w [Rw)’ eR (1.179)

is exp jp-distributed and that (1.179) and (1.178) are P-independent. We can thus apply
Proposition 1.3.3 to obtain that

Q3w Rw)-Sw) = X(w) € R? (1.180)
is N, I,,~distributed. The proof of Proposition 1.3.8 is thus completed. O
Combining Lemma 1.2.28 and Proposition 1.3.8 results in the following algorithm in

which V = (V1,V3): Q@ — R? is an U(o,1)2-distributed random variable with V/(€2) C
(0,1)2.
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Marsaglia polar method

Output: Realization (z1,z3) of (X1, X3) ~ j\/’O,I]R2

repeat
Generate realization (vq,vy) of (Vi,Va) ~ Uy
q = <2U1 — 1)2 + (27}2 — ].)2

until ¢ € (0,1)

w = /~2In(q)/q

r1 = (201 — Dw

o = (2v3 — Nw

Finally, observe that the acceptance probability in the acceptance-rejection algorithm
in the Marsaglia polar method is
{u e R?: |Ju|lrz € (0,1)})

AR2
U1,1)2 ({u e R?: |||z € (0, 1)}) _ R ( . _

~ 0.78

(1.181)
Thus on average the algorithm in the Marsaglia polar method runs % ~ 1.27-times
through the loop.

N

Exercise 1.3.9. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers.

(i) Write a Matlab function MarsagliaPolar(N) with input N € N and output a
realization of an -/VO,I]RN -distributed random variable generated with the Marsaglia
polar method. Type MarsagliaPolar(11) to test your implementation.

(i) Write a Matlab function MarsagliaPolarPlot() which plots 10° realizations
of an Ny 1 -distributed random wvariable generated with the Matlab function
MarsagliaPolar(N) in a normalized histogram with 1000 bins and which also
plots the density of No 1y, in this histogram.

Hint: Use the built-in Matlab function hist(...) to obtain the raw data of the
histogram, then normalize it, and then create the plot, for example, with the built-
in Matlab function bar(...). For the plot of the density function of Ny 1, use the
built-in Matlab function plot(...) and the built-in Matlab command hold on.

1.3.4 Normally distributed random variables with general mean and
general covariance matrix

In this subsection we illustrate how realizations of a normally distributed random vari-
able with mean v € R? and covariance matrix Q € R%*“ can be generated, where v € R¢
is a vector, where Q € R%*? is a nonnegative symmetric matrix, and where d € N is a
natural number. For this we use the following special case of Proposition 0.4.15.

Corollary 1.3.10. Let (2, A, P) be a probability space, let d € N, b € R¢, A € R¥4,
and let X: Q — RY be an No.1, . -distributed random variable. Then the function

Q3w AX(w)+beR? (1.182)
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is Ny aat-distributed.

Corollary 1.3.10 illustrates for every d € N, v € R? and every strictly positive symmetric
d x d-matrix Q € R¥? that the Matlab command

chol(Q)’ * randn(d,1) + v (1.183)
generates a realization of a pseudo N, g-distributed random variable.

Exercise 1.3.11 (Approximative realizations of a one-dimensional standard Brownian
motion). In this ezercise we do not distinguish between pseudo random numbers and
actual random numbers. Let A be the set given by

A=U2 {t=(t1,....tn) €[0,00)": #r({tr,. .. ta}) = n}, (1.184)

let length: A — N be the function which satisfies for allm € N, t = (t1,...,t,) €
[0,00)" N A that
length(t) = n, (1.185)

and let Q: A — (US2,R™™) be the function which satisfies for all n € N, t =
(t1,...,tn) €10,00)" N A that

Q(t) - (min{tia tj})(i,j)e{l,...,n}Q . (1.186)

Write a Matlab function StandardBrownianMotion(t) with input t € A and out-
put a realization of an Njw)-distributed random variable.  The Matlab function
StandardBrownianMotion(t) may use at most length(t) realizations of an Ny pp-
distributed random variable. Call the Matlab commands

rng( default ’);

N=10"3;

preimage = (0:1/N:1);
X=StandardBrownianMotion (preimage );
plot(preimage ,X);

hold on
X=StandardBrownianMotion (preimage );
plot (preimage , X, 'r’);
X=StandardBrownianMotion (preimage );
plot(preimage , X, g’ );

—_

O O 00 3O Ui Wi

—_

to test your implementation.
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2 Monte Carlo integration methods

Let (A, A, 1) be a finite measure space with u(A) # 0 and let f: A — R be an A/B(R)-
measurable function with [, | f(x)|g p(dz) < oo. This chapter presents numerical meth-
ods for the approximative computation of the real number

/Af(:v) p(dx) € R. (2.1)

Ifd €N, a,be R witha <b,if A=la, b CR? and if 4 = By is the Lebesgue-Borel
measure on A in (2.1), then (2.1) reduces to

(x)dx € R (2.2)
[a,b]?
and in that case, classical deterministic numerical methods can be used for the ap-
proximative computation of (2.2) and (2.1) respectively. These deterministic numerical
integration methods are briefly reviewed in Section 2.2. Sections 2.3-2.6 present and
analyze a random method, the so-called Monte Carlo method, for the approximative
computation of (2.1).

The convergence speed of numerical integration methods for (2.1) and (2.2) often de-
pends on the regularity of the integrand function f: A — R. To study these regularities,
a bit more notation is introduced in the next section, Section 2.1.

The content of this chapter can be found in a similar form in diverse books on nu-
merical integration methods and Monte Carlo methods respectively. We refer, e.g.,
to [Atkinson(1989)], [Fishman(1996)], [Kloeden and Platen(1992)], [Glasserman(2004)]
and [Miiller-Gronbach et al.(2012)Miiller-Gronbach, Novak, and Ritter].

2.1 Regularity of functions

Definition 2.1.1 (Separability). Let E be a topological space. Then we say that E is
separable if and only if there exist E, £, and F' such that

(i) it holds that E = (E,£),
(i) it holds that F is at most countable, and

(iii) it holds that ENF' = E.
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Definition 2.1.2. Let (A, A) and (B,B) be measurable spaces. Then we denote by
M(A, B) the set of all A/B-measurable functions.

Definition 2.1.3 (LP-spaces for p € [0,00)). Let (2, A, u) be a measure space, let
q € (0,00), and let (V,||-|l,,) be a separable normed R-vector space. Then we denote by
LO(p; [Il,) the set given by

L |-lly) = M(A B(V)), (2.3)

we denote by ||-||£q(u;”.||v) : L2 || Ily) — [0, 0] the function which satisfies for all f €
L [Iy,) that

l/q
||f||£q(/i%||'||v) = {/Q 1f ()5 /i(dw)} € [0, ool (2.4)
and we denote by LI(y; ||-||\,) the set given by

L9 (p; Huv) = {f S LO(N% HHv) ”fHﬁq(M;II'HV) < OO} (2.5)

Observe that £%(y; ||-|l,,) and L£P(p; ||-||;,) in Definition 2.1.3 are R-vector spaces. How-
ever, for every ¢ € [1,00) it is in general not true that in the setting of Definition 2.1.3 it
holds that the function ||'||Eq(u;H~||v) is a norm on L£9(y; ||-]];,). This lack of being definite
brings us to the next definition.

Definition 2.1.4 (Equivalence classes). Let (2,4, ) be a measure space, let (E,E) be
a measurable space, let R be a set, and let f: 2 — R be a function. Then we denote by
[fl,.e © M(A,E) the set given by

flpe = {9 € M(AE): (BAE A: p(4) =0 and {w € Q: f(w) £ g(w)} C 4)}
(2.6)

Note that for every measure space (2,4, i), every separable normed R-vector space
(V, Illy/), every p € [0,00), and every f € LP(u;||-||,,) it holds that

[f]M,B(V) C L3 [-]ly)- (2.7)

Definition 2.1.5 (LP-spaces for p € [0,00)). Let p € [0,00), ¢ € (0,00), let (2, A, )
be a measure space, and let (V,|-||,,) be a separable normed R-vector space. Then we
denote by LP(u; ||-||\,) the set given by

L (i ) = { sy € PLP (s -l s f € L7 1-llv) } (2.8)

and we denote by
||'||Lq(M;H.||V) D L0 [[ly) = [0, 00} (2.9)

the function which satisfies for all f € L%(u; ||-|},) that

H[f]u,B(V)HLq(“;”.”V) = Hf”ﬁq(ﬂ;”.nv) € [0700]- (2-10)
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Class exercise 2.1.6. Specify all possible relations (C, 2O, €, 2, &, and 2) be-
tween the sets M([0, 3], R), C([0, 3], R), £0'5(B[073]; HR): £1'5<B[0:3]; H]R): £3(B[073]; HR):
M(]N,]R), LO.S(#N; HIR)? £1'5<#N; HIR)f £3(#]N§ HIR)f 50-5<BR; H]R)J £1.5(BR; |‘|IR)7 and
L3(Brg; | |g)-

Let p € [0,00), ¢ € [1,00), let (2, A, ) be a measure space, and let (V,|-]|;;) be a
separable normed R-vector space. Then observe that the pair

(LG 11 1 o) (2.11)

is a normed R-vector space. Moreover, note that if (V, ||-||,,) is complete, then so is

(L (s H.”V)’H.”L(I(H;H'HV)) (2.12)

(see, e.g., Theorem 7.3 in [Klenke(2008)]). Moreover, as it is usual in the literature, we
do in the following often not distinguish between

fe L) (2.13)

and its equivalence class
flusy € (s -lly) (2.14)

in LP(; ||*]ly) € L°(p; ||-]ly,) and, in particular, sometimes we simply write f instead of
[f]uBev)- In the next step we introduce a tool to investigate continuity properties of a
function.

Definition 2.1.7 (Modulus of continuity). Let (E,dg) and (F,dr) be metric spaces and
let f: E— F be a function. Then we denote by

wy: [0, 00] = [0, 00 (2.15)

the function which satisfies for all h € [0, 00] that

wy(h) = sup({dp(f(x),f(y)) €0,00): x,y € E, dp(z,y) < h} U {0}) (2.16)

and we call wy the modulus of continuity of f.

Observe that Definition 2.1.7 ensures that for all metric spaces (E,dg) and (F,dp) and
all f € M(E, F), z,y € E it holds that

dp(f(x), f(y)) < weldp(z,y)) . (2.17)

Moreover, note that for all d,k € N, A € P(R?), f € M(A,RF), 2,y € A, h € [0,00] it
holds that

wi(h) = sup  [|f(a) = F(b)[m+ € [0, 00] (2.18)
a, S El
lla—bllga<h
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and
1f (@) = fW)llre < wi(llz = yllra)- (2.19)

We also use spaces of Holder continuous functions. This is the subject of the next
definition.

Definition 2.1.8 (Hoélder continuous functions). Let (E,dg) and (F,dp) be metric
spaces and let « € (0,1]. Then we denote by

HCO‘(E,F) : M(Ea F) — [07 OO} (220)

the function which satisfies for all f € M(E, F) that

Fleoiny = sup({ ol T € (0.00) my € B £y p U0} ) € 0] (221

and we denote by C*(E, F') the set given by
Co(B, F) = {f € M(E,F): |flooqsr < oo} . (2.22)

Definition 2.1.9. We say that f is d /0-a-Hélder continuous (we say that f is a-Hélder
continuous) if and only if there exist D and D such that

(i) it holds that d is a metric on D,

(i) it holds that § is a metric on D,

(111) it holds that o € (0,1], and

(i) it holds that f € C*(D, D).

Class exercise 2.1.10. Let o € (0,1] and let f: [0,2] — R be an a-Hélder continuous
function. Is it true that sup,ep o |f(7)] < 00?

Class exercise 2.1.11. Let f: [0,2] — R be a Lipschitz continuous function. Is it true
that f is 1/2-Hélder continuous?

Exercise 2.1.12. Let (FE,dg) and (F,dr) be metric spaces and let f: E — F be a
function. Prove that f is uniformly continuous if and only if

lim wy (h) = w; (0) (2.23)

Exercise 2.1.13. Let (E,dg) and (F,dp) be metric spaces, let o € (0,1], and let f: E —
F be a function. Prove that

wy(h)
[fleo,py = sup { Za } : (2.24)
he(0,00)
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Exercise 2.1.13, in particular, ensures that for all metric spaces (E,dg) and (F,dr) and
all « € (0,1], f e M(E, F), h € (0,00) it holds that

wy(h) < |f|ca(E,F) h. (2.25)

Definition 2.1.14 (Holder continuity of derivatives). Let k € Ny, I,d € N, « € (0, 1],
a,b € R with a < b. Then we denote by C**([a, b]?, R!) the set given by

CP([a, 0", R") = {f € C*([a,}]", RY) : |f™|ca(fapt L (mamy < 00} - (2.26)

There are a number of relations between the above introduced spaces. Some of them
are illustrated in the following example.

Example 2.1.15. Let m,n € {2,3,...}, a,b € R, o, € (0,1], p,q € [0,00) with
m<mn,a<b a<pandp<q. Then

C*([a, 8], R) € C™¥([a,b],R) C C

C C™([a,b], R) € C*¥([a,b],R)
C C%([a,b], R) € C**([a, b], R)
C LP(Biay; 'lg) € LBy |lz) =

“*(la,b0],R) € C™([a,b], R)
C ¢ ([a,b),R) € C'([a, 0], R) (2.27)
C C([a,b],R) € LY Bay; |'Ig)

M(B([a,0]), B(R)) € M([a, b], R).

2.2 Deterministic numerical integration methods
In this section some basic deterministic methods for the approximative calculation of
integrals of the form (2.2) are considered.

Definition 2.2.1 (Quadrature formula). We say that Q is a quadrature formula on A
with quadrature nodes x and quadrature weights w if and only if there exist a natural
number d € N and a finite set I such that

(i) it holds that A € B(RY),
(i) it holds that x € M(I, A),
(i11) it holds that w € M(I,R),
(iv) it holds that Q € M(L(Ba; |-|x), R), and
(v) it holds for all f € LY(Ba;|-|g) that Q[f] = > ,c; wi f(x:).

Definition 2.2.2. We say that Q) is a quadrature formula if and only if there exist A, x,
and w such that Q) is a quadrature formula on A with quadrature nodes x and quadrature
weights w.
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The quadrature nodes and the quadrature weights are typically chosen so that the
quadrature formula Q: £*(By;|-|gp) — R in Definition 2.2.1 is — in a suitable sense
— a good approximation of the function

LY Bai ) 5 f o /Af(x) iz € R, (2.28)

see Propositions 2.2.4 and 2.2.9 below for more details.

2.2.1 Rectangle method

Definition 2.2.3 (d-dimensional left rectangle method). Letd € N, a,b € R with a < b.
Then we denote by
Rfy o L' (Blaa; ['1z) = R, n €N, (2.29)

the functions which satisfy for alln € N, f € LY(Bjyya; ||g) that

el f] = b-a) > flat2b—a),...,a+%b—a)) (2.30)

nd
T genes idG{O,l ..... TL—l}
and we call the sequence Rf; pir T E N, the d-dimensional left rectangle method.

Observe that for every d,n € N, a,b € R with a < b it holds that R ,., is a quadrature

formula on [a, b]? with quadrature nodes o
(a+2(b—a),...,a+2(b—a)), (i1, ... ,iq) € {0,1,...,n — 1}, (2.31)
and quadrature weights
Gt (g, ig) €{0,1,.. ., n — 1} (2.32)

Moreover, note that for all a € R, b € (a,00), n € N, f € L} (Bp; |-|g) it holds that

nalf] = (b—a) (if(aJr %(b—a))) . (2.33)

n -
=0

In addition, observe that for all d € N, a,b € R with a < b and all f: [a,b]? — R with
Vi=(i1,...,iq) €{0,1,...,n —1}%:

(b— a)i, +(b—a)(z‘1+1)) . [H (b — a)ia +(b—a)(z‘d—|—1)>

a+——a , Q@
n n n n
a
C f—l f : ‘I" (b—CL)l
a
(2.34)
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it holds that
R glfl= [ fl)de. (2.35)

[a,b]?
It thus holds for all d € N that the d-dimensional left rectangle method is exact for
all functions that are piecewise constant on the corresponding grid. The error of the
d-dimensional left rectangle method is analyzed in the next proposition.

Proposition 2.2.4 (Error estimate for the d-dimensional left rectangle method). Let
d,neN, ae(0,1], a,b e R witha <b and let f € L'(Bjgya;|-|g)- Then

(b— a)(d+a) dz |f|0a([a,b]d,1R)

< (b= a)"wy () < =

\ p ol = [ fa)ds

[a,b]?

(2.36)

Proof of Proposition 2.2.4. Throughout this proof let 1 € R? be the vector given by
1=(1,1,...,1). Note that

Bl - [ s

_|(—a) 3 f(al + @@) — f(z)dx

d
n d
i=(i1,...,iq)€{0,1,....,n—1}d [a,b] R

f<a1+ (b=a) >da:

/a+(” iy, at Lo (i1 41)] s [at o 0+ L2 (g 41)]

(2.37)

The triangle inequality and (2.19) therefore prove that

Bl - [ g

[a,0]

R

I\g

f(at+ &2%0) = f(@)|_da
/a+(b Wiyt C7 (i 4+1) ] o x [t CTiga+ L7 (g +1)] ‘ "

(b— a)
= - Z /a—l-(b iy at =9 i+ 1) o x [at EDig.a+ 22 (i +1)} <Ha1 " x”Rd> d.

(2.38)
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Inequality (2.25) hence shows that

a1 = f(x)dzx

a1
< 2

i~ da) /[a+<”;%a+“;f”<z‘1+1>]x~-x[a+“:“>idaa+“"ﬂ<id+1>]
{0,1,....n—1}¢

—CLd —a —a
=Y S (SR = (b ) wy ()

R
wy (|21, ) de

» o (b—a)(d+a)d%|f’ca Wbl R
(0= @) flen o [22] " = LR,

/n/Oé

IN

(2.39)

This completes the proof of Proposition 2.2.4. O]

Proposition 2.2.4 proves that for every d € N, a,b € R with a < b, every « € (0, 1], and
every [ € C%([a,b]?,R) it holds that the approximation errors

\ vl = [ fa)ds

[a,b]4

(2.40)

for n € N of the d-dimensional left rectangle method converge with rate o to zero as n
tends to infinity. The convergence rate of the d-dimensional left rectangle method does
in general not improve if f: [a,b] — R in (2.40) enjoys more differentiability regularity.
This is illustrated in the next example.
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Example 2.2.5. Let d € N and let f: [0,1]¢ — R be the function which satisfies for all
x1,...,2q € [0,1] that

flzr, ... xq) = 21. (2.41)

Then we observe that f is infinitely often differentiable and we note that for alln € N
it holds that

S G / F(2) dzg. .. dn,

[0,1)¢ 1=(1,...,8q)E 2 %
{0,1,...,n—1}¢
il ig+1
_ ;(Z. / T @ - 1@ dea . dy o)
i=(i1,..., zd)ed n n
{0,1,...,n—1}
i1 ig+1
= Z s [:vl — 41} dx dxy
’Ll k2
{Z:(’Ll ..... ’id)}Ed n n
0,1,...,n—1

The sequence |Ry 1a[f] — f[O,l]d f(z)dz|, n € N, thus converges to zero with rate 1 but

not with any higher rate.

Class exercise 2.2.6. Does there exist a function f € L'(Byoq); |-|g) and a real number
c € R such that for all n € N it holds that

< &9 (2.43)

2
R n

\R{au 1] - / () de

2.2.2 Trapezoidal rule

In Example 2.2.5 above it is illustrated that the convergence rate of the d-dimensional
left rectangle method does in general not overcome the rate of convergence 1 even if
f:a,b] = R in (2.40) is infinitely often differentiable. However, the rate of convergence
does improve if f: [a,b] — R in (2.40) is smooth and if another quadrature method
is used. This is briefly illustrated in this subsection in the case of the 1-dimensional
trapezoidal method.
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Definition 2.2.7 (Trapezoidal method). Let a,b € R with a < b. Then we denote by
Ty LY (B |'lg) = R, n € N, the quadrature formulas which satisfy for all n € N,
£'€ L (Bius 1) that

gl = L= (ﬂ“);f@ £ fa+ i(b—a)))

n -
=1

(2.44)

b a) §f<a+f;<b—a>>+f(a+@<b—a>)
n — 2

and we call the sequence T[Z’b], n € N, the 1-dimensional trapezoidal method.

Error estimates for the 1-dimensional trapezoidal method are given in the next exercise
and in Proposition 2.2.9 below.

Exercise 2.2.8. Let o € (0,1], n € N, a,b € R with a < b and let f € LY Bjay; |‘|g)-
Prove that

b—a (14+a) N
< (b . a) ) U}f<(bia)> < ( ) |f|c ([a,b},]R)'

. o )" (2.45)

]Tf;z,b] 1] - / () do

Proposition 2.2.9 (Error estimates for the trapezoidal method). Letn € N, o € (0, 1],
a,be R with a <b. Then

(i) it holds for all f € LY(Biay; |-|g) that

b b — q)(1+a) .
Tglf)~ [ 1@ ] < 0-a) ) < T etoin o
’ a R " (2n)
and
(ii) it holds for all f € C'([a,b],R) that
n ’ —a)? —a (b_a>(2+a) ‘f,‘ca a,b],R
Tyl f] —/a f(x) dx ) < 0w () < 90 (ta) (283 (2.47)

Proof of Proposition 2.2.9. Estimate (2.46) follows from Exercise 2.2.8. It thus remains
to show (2.47) to complete the proof of Proposition 2.2.9. For this observe that for all
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f € C'([a,b],R) it holds that

T2 1] /f ) da

nel gy GEDa) [ Fla+ =) 4 f(q 4 GD0-0)

>/ A
i—o /a0 L
) el [ et

= =2+ ¢ "(y)dy| d
;/oj+l<bna> f(a+ n ) + 2 L+i(bna) f (y) y] X
n—1 gy (H1(b=a) - (2.48)

>/ fla+ ) s [ pwdy| o
=0 a+@ a—&-@
nol g (EDboe) [ (60

— " 2 " 1N gl (+1/20=a)y 7| 4
> IZ/WM> Fy) = (o + o200 y] :
=0 n .
Nl qy (D00 [

—Z/ | / fy) — f(a+ TR gy g,
i—o Jat 1 a2l

Therefore, we obtain that for all f € C*([a, ], R) it holds that

T’[ab / f dl‘
1 n—1 +<z+1>(b a) +<i+1)(b7a)

<5 / f'ly)—f CH——(ZH/Q)(I] %) ‘ dy dx
2= Joyil=a) a4 i=0) ( ) R (2.49)
nel g (HD0-a)

+Z/ | | (e 220y gy a
im0 Jat at+ 10 R

—a)? b—a
S(n) 'wf’((gn))-

Combining this with (2.25) proves (2.47). The proof of Proposition 2.2.9 is thus com-
pleted. O

Exercise 2.2.10. Prove or disprove the following statement: For all infinitely often
differentiable functions f: [0,1] — R it holds that

inf (n® T [f] = Jo f(z) dx]) = 0. (2.50)

neN

Class exercise 2.2.11. Let a,b € R with a < b. Does there exists a function [ €
L2(Bay); ||g) such that

[infne]N |RE ) — 2 f(x) dz| > 0 < intoen |T0 4 f] — [ f(z) de] } ? (2.51)
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2.2.3 Curse of dimensionality

In the next step we analyze the number of function evaluations needed to compute the
multi-dimensional rectangle method. For this let d € N, a € (0,1], a,b € R with

a < band let f € C%([a,b]?,R). Then observe that for every n € N it holds that the
computation of

fap)a ] (2.52)

requires N = n? € N evaluations of the function f. Moreover, we get from Proposi-
tion 2.2.4 that for all N € {1424 3¢ ...} it holds that

< (b— a)(d+a) d: |f|Ca([a,b]d,IR)

= g
R N

. (2.53)

RN~ | flx)da

[a,0]

The quantity szlb/]j[ f1 thus converges to [, .q f(2)dz with order § as the number of
function evaluations N € {14,243 ...} tends to infinity. Note that if d € N increases,
then the convergence order § < é decreases. We have thus sketched that the convergence

speed of quadrature formulas such as (2.30) and (2.44) may be very poor
(i) if the dimension d € N is large (see (2.53)) or

(ii) if the integrand function f: [a,b]? — R has low regularity properties (see, e.g,
(2.36) and (2.46)).

In both cases, Monte Carlo methods provide a competitive alternative. This is illustrated
in the next sections.

Remark 2.2.12 (Sparse grids). A deterministic numerical approximation method
which can be used in moderately high dimensional problems can, e.g., be found in
[Garcke(2008)] and in the references mentioned therein.

Exercise 2.2.13.

(i) Write a MATLAB function RecRule(a,b,d,n, f) with input a € R, b € (a,00),
d,neN, f:[a,b]" 5 R € LYBpya; |-|g) and output Ry, yalf]-

(i1) Let I be the set given by

J =
({1,2,...,8} x {1,2,...,10}) U ({9} x {1,2,...,8}) U ({10} x {1,2,...,6}).
(2.54)

Test your Matlab function RecRule(a,b,d,n, f) in the casesa =0, b =2, (d,n) €
I, and f =10,2]¢> (x1,...,24) = 21 € R and measure the runtime of your Matlab
function RecRule(a,b,d,n, f) in these cases.
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2.3 Monte Carlo methods

Let (A, A, ) be a finite measure space with p(A) # 0 and let f € L£'(u;|-|g). This
section presents the Monte Carlo method for the approximative computation of the real

number
/A () u(dz) € R. (2.55)

It is based on the interpretation of (2.55) as an expectation of a random variable. More
precisely, let (2, F, P) be a probability space and let Y: Q@ — A be an F/A-measurable
function which satisfies for all B € A that

(Y(P)a)(B) = —=<. (2.56)

(Observe that such a probability space and such a random variable do indeed exist. For
example, define (2, F) := (A, A), define P: F — [0, 00| through P(B) := % for all
B € F and define Y: Q — A through Y (w) := w for all w € §2.) Next let X: Q@ — R be
given by

X =uA)-f(Y) (2.57)
and observe that (2.1) reduces to
flz)
| 1@ utaa / ) =) - [ P
=Ep[p(A)- f(Y)] p[X] €R.

The Monte Carlo method then uses realizations of the random variable X to obtain an
approximation of Ep [X } and thereby produces an approximation of the quantity

/A F(#) p(dr) = Bp[X] (2.59)

which we actually want to approximate. Let us formulate this more precisely in the next
definitions.
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Definition 2.3.1 (A Monte Carlo approximation with order n). Let ¢ € R. Then we say
that X is an n-Monte Carlo approximation of ¢ on Q2 (we say that X is a Monte Carlo
approximation of ¢ on 2 with order n, we say that X is an n-Monte Carlo approzimation
of ¢, we say that X is a Monte Carlo approzimation of ¢ with order n) if and only if
there exist 2, F, P such that it holds

(i) that Q = (0, F, P) is a probability space,
(ii) that X € L'(P;||g),

(11i) that n € N, and

(i) that there exist exist Z1,Za, ..., Z, € LY P;||g) such that Zy, Zs, ..., Z, are
P-independent and such that
...+ 2,
Ep(Zi) =¢, Z(P)sm)=-..= Zu(P)sm), and X = % (2.60)

Definition 2.3.2 (A Monte Carlo approximation). Let ¢ € R. Then we say that X is a
Monte Carlo approzimation of ¢ on Q (we say that X is a Monte Carlo approximation
of ¢, we say that X is a Monte Carlo approximation) if and only if there exist n € N
such that X is an n-Monte Carlo approrimation of ¢ on 2.

Definition 2.3.3 (A Monte Carlo approximation sequence). Let ¢ € R. Then we say
that X is a Monte Carlo approximation sequence of ¢ on  (we say that X is a Monte
Carlo approximation sequence of c¢) if and only if there exist Q, F, P such that it holds

(i) that Q = (0, F, P) is a probability space,
(i) that X € M(N, L'(P;|-|g)), and

(iii) that there exists a sequence Z, € L'(P;|-|g), n € N, such that Z,, n € N, are
P-independent and

Vn e N: Ep[Zl] =, ZI(P)B(R) — Zn(P)B(]R); and Xn _ Z1+.7;L-+Zn.
(2.61)

Let us illustrate this definition through the following simple example (see, e.g., Sec-
tion 21.4 in [Higham(2004)] for a similar example).

Example 2.3.4. Suppose in this example that we want to compute the integral

1
/ exp(\/ |x|> dx. (2.62)
-1
In view of (2.58), we rewrite (2.62) by

/1 exp(%) dr = %/11 2 exp(ﬂ) dx = /RQ exp(ﬂ) Ui1y(dx).  (2.63)

-1
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Next let (2, F, P) be a probabilty space and let Y,: Q@ — R, n € N, be a sequence of
independent Uy 1)-distributed random variables. Then it holds that

%<€V|Y1—|—...—|—6V|YN|> (2.64)
for N € N is a Monte Carlo approximation sequence of f_ll exp(d\x!) de. If U,: Q —
R, n € N, are independent U 1)-distributed random variables, then (2.64) suggests in
the case N = 100 the following algorithm.

Monte Carlo approximations
Output: Realization x of X ~ (g5[exp(v/[Y1]) + ... + exp(v/[Yioo])]) (P)smw) ~

1
f—1 exp(+/|z|) dx
s=0
forn=1— 100 do
Generate realization u of Uy, ~ U o)

y=2u—1

s = s+ exp(/[yl)
end for
x = s/50

In  Matlab the above algorithm can be implemented through the command
“sum(exp (sqrt (abs (2*rand (1,100)-1))))/50".

2.3.1 Bias of an estimator

In this subsection we investigate a certain property of Monte Carlo approximations. For
this the following definition is used.

Definition 2.3.5 (Bias). Let (2, F, P) be a probability space, let ¢ € R be a real number,
and let X € LY(P;]-|g). Then we denote by Biasp.(X) the real number given by

Biasp.(X) =Ep[X] — ¢ (2.65)
and we call Biasp.(X) the P-bias of X with respect to c.

Definition 2.3.6 (Unbiased). Let ¢ € R. Then we say that X is P-unbiased with respect
to ¢ (we say that X is P-unbiased for c, we say that X is unbiased with respect to ¢, we
say that X is unbiased for c) if and only if it holds

(i) that P is a probability measure,
(ii) that X € LY(P;|-|g), and

(i11) that Biasp.(X) = 0.
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Definition 2.3.7 (Biased). Let ¢ € R. Then we say that X is P-biased with respect to
¢ (we say that X is P-biased for ¢, we say that X is biased with respect to c, we say that
X is biased for c) if and only if it holds

(i) that P is a probability measure,
(i) that X € LY(P;|-|g), and
(111) that Biasp.(X) # 0.

Lemma 2.3.8 (Unbiasedness of Monte Carlo approximations). Let (Q, F, P) be a prob-
ability space, let X, € LY(P;]-|g), n € N, be i.i.d. random variables, and let N € N.
Then it holds that %(Xl + ...+ Xy) is P-unbiased with respect to Ep[X4], i.e., it holds
that

Ep[§(X1+...+ Xn)] =Ep[Xy]. (2.66)

Lemma 2.3.8 follows immediately from the linearity of the expectation.
Exercise 2.3.9. Let A, B C R? be the sets given by
A= {(z,y) € R*: ]m—2|§{+y2§4}, (2.67)
B:{(x,y)€R22x2+|y—2|%§4}, (2.68)
let f: R? — R be the function with the property that for all x,y € R it holds that
F(@,y) = Long (2,y) - 2l (2.69)
let (2, F, P) be a probability space, let Y, Z,: Q@ — R, n € N, be independent U 1)-

distributed random variables, and let Iy: 2 — R, N € N, be the functions with the
property that for all N € N it holds that

4 N
Iy =+ [Z f(2Y,,27Z,)] . (2.70)

The random wariables Iy, N € N, are thus Monte Carlo approximations of
Ep[4f(2Y1,27,)].

(i) Prove or disprove the following statement: I, N € N, are P-unbiased with respect
2 2
to [ J5 flx,y)dedy.

(i) Write a Matlab function MonteCarlo (N) with input N € N and output a realiza-
tion of In.

(iii) Write a Matlab function MonteCarloPlot () which plots for every k € {2,3,4,5,6}
five realizations of Ligx, each marked by a blue star, in a coordinate plane. Plot
k€ {2,3,4,5,6} on the x-axis and realizations of I g on the y-axis. N.B.: Your
plot should thus contain a total of 25 blue stars.
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Exercise 2.3.10. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers. Let d € N, a € R, b € (a,00), f € LY(Byya;|-Ig), let
(2, F, P) be a probability space, let X;: Q — R, j € N, be independent Uq pa-distributed
random variables with ¥j € N: X;(Q) C [a,b]?, and let Iy: Q — R, N € N, be the
functions with the property that for all N € N it holds that

Zf(Xj)] : (2.71)

Jj=1

(b—a)

Iy ="

Write a Matlab function intMC(a,b,d, f,N) with input a € R, b € (a,00), d € N,
f € LYByuys|g), N € N and output a realization of Iy. Test your Matlab function
intMC(a,b,d, f,N) in the cases a = 0, b = 2, (d,N) € Uz 10 Ureasm {(k, 1F)},
f=la,b¢>2=(21,...,24) = 21 € R.

2.4 Error analysis of the Monte Carlo method

2.4.1 Consistency of the Monte Carlo method

This section presents consistency properties for Monte Carlo approximations.

Definition 2.4.1 (Consistency). Let ¢ € R. We say that X is P-consistent for ¢ (we
say that X is consistent for ¢, we say that X is consistent) if and only if there exist a
measurable space (2, F) such that it holds

(i) that P is a probability measure on (2, F),
(i1) that X € M(N, M(F,B(R))), and
(iii) that
Ve e (0,00): limsup P(| X, —c|g >¢) =0. (2.72)

n—o0

Definition 2.4.2 (Strong consistency). Let ¢ € R. We say that X is strongly P-
consistent for ¢ (we say that X is strongly consistent for ¢, we say that X is strongly
consistent) if and only if there exist a measurable space (2, F) such that it holds

(i) that P is a probability measure on (£, F),
(i) that X € M(N, M(F,B(R))), and
(iii) that
Ve e (0,00): P(lim sup |X,, — clg > 5) = 0. (2.73)

n—o0

The convergence property in (2.73) is equivalent to almost sure convergence. This is the
subject of the next lemma.
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Lemma 2.4.3 (A characterization for almost sure convergence). Let (2, F,P) be a
probability space and let X,,: Q@ — R, n € Ny, be F /B(R)-measurable functions. Then

sup P<limsup | Xn — Xolg > 8) = sup P(limsup | X — Xolg > 5)

€€(0,00) n—0oo e€(0,00) n—00
= limP(Iim sup |X,, — Xo|g > 5> = lim P(Iim sup | X, — Xo|p > 5> (2.74)
eNo n—oo eNo n—o0o

= P<limsup | Xn — Xolg > 0) .

n—oo

Lemma 2.4.3 is an immediate consequence from the fact that probability measures are
continuous from below. The next lemma provides a well-known relation between con-
sistency and strong consistency.

Lemma 2.4.4 (Almost sure convergence implies convergence in probability). Let
(Q, F, P) be a probability space and let X,: Q@ — R, n € Nq, be F/B(R)-measurable
functions which satisfy that

n—o0

P(lim sup | X, — Xo|g = O) = 1. (2.75)

Then it holds for all e € (0,00) that

limsup P(|X,, — Xo|g > ¢) = limsup P(|.X,, — Xo|z >¢) =0. (2.76)

n—oo n—o0

Proof of Lemma 2.4.4. First, note that (2.75) ensures that

P(limsup | X — Xo|g > O) =0 (2.77)

n—oo

This and Lemma 2.4.3 imply that for all ¢ € (0,00) it holds that

P(lim sup | X,, — Xo|g > 5) = 0. (2.78)

n—oo

The fact that P is continuous from above and monotonicity of P hence establish that
for all € € (0, 00) it holds that

limsup P(| X, — Xo|g > ¢) < limsup P(UmeNm[nm) {1 X — Xolg > 8})

n—o0 n—o0

= P(mnE]N UmeNn[n, o) {|Xm - X0|]R > 5}) (2.79)
= P(lim sup | X, — Xo|g > 6) = 0.

n—o0

The proof of Lemma 2.4.4 is thus completed. O]
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The next theorem, known as strong law of large numbers, proves that Monte Carlo
approximations are strongly consistent and therefore, in particular, shows that Monte
Carlo approximations are consistent (see Lemma 2.4.4 above).

Theorem 2.4.5 (Strong law of large numbers). Let (Q, F, P) be a probability space and
let X,, € LY(P;|-|g), n € N, be i.i.d. random variables. Then the sequence (X1 + ...+
Xn), N € N, converges P-almost surely to Ep[X1], i.e., it holds that

N—oo

P (lim sup

[Xl + .].\/;—|—XN:| _Ep[X)]

= o) =1 (2.80)

In other words, the Monte Carlo approximation sequence + (X1 +...+Xn), NeN, of
Ep [Xl} 15 strongly P-consistent for Ep [Xl].

Theorem 2.4.5 is, for example, proved as Theorem 5.12 in [Klenke(2008)].

2.4.2 Root mean square error of the Monte Carlo method

Lemma 2.4.6 (Variance of a finite sum of random variables). Let (2, F, P) be a prob-
abilty space, let N € N, and let X1,...,Xn € L%(P;]-|g). Then

Varp (Z XZ-> = Covp(X;, X;) =) Varp(X;)+ > Covp(X;, X;). (2.81)

ij=1 i=1 ije{l,...N},
i#]
Proof of Lemma 2.4.6. Note that
N N 2
Varp (Z XZ) <Z (X, — Ep[X. )
i=1 =1
2.82
N N (2.82)
= EP[(Xi —Ep[Xi]) (X; — EP[XJ]):| = Covp(X:, X;).
i,j=1 i,j=1
This completes the proof of Lemma 2.4.6. O]

Corollary 2.4.7 (Variance of a finite sum of uncorrelated random variables). Let
(Q, F, P) be a probabilty space, let N € N, and let X1,..., Xy € L*(P;|-|g) be pairwise
P-uncorrelated. Then

Varp(X; + ...+ Xy) = Varp(Xy) + ...+ Varp(Xy) . (2.83)

Using Corollary 2.4.7, we now analyze the mean square error of Monte Carlo approxi-
mations.
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Theorem 2.4.8 (Root mean square error of the Monte Carlo method). Let (2, F, P)
be a probability space and let X,, € L*(P;|-|g), n € N, be i.i.d. random variables. Then
it holds for all N € N that

Proof of Theorem 2.4.8. Lemma 2.3.8 and Corollary 2.4.7 imply that for all N € N it
holds that

Xi+ ...+ XN
N

_ VVare(h) (2.84)

Ep|Xi| — = )
P[ 1} L2(P;]1r) \/N

2

E, Ep[Xl}—X1+"'+XN :VarP(X1+...+XN)
N R N (2.85)
_ Varp(Xy)+...+Varp(Xy) N -Varp(X;) Varp(Xy)
B N2 B N2 - N
This completes the proof of Theorem 2.4.8. n

Theorem 2.4.8, in particular, proves that the Monte Carlo approximations % (X 1+...+
X N), N € N, of Ep [Xl] converge in the root mean square sense with order % to the
real number Ep[X;] and that the constant appearing in the error estimate (2.84) is the

standard deviation \/Varp(X7) of Xj.

Remark 2.4.9. Let (2, F, P) be a probability space and let X,, € L°(P;|-|g), n € N,
be i.i.d. random wvariables. Then observe that Theorem 2.4.8 is applicable under the
assumption that for all n € N it holds that

Xo € L2(Ps ] |g) € LY(P: |]g) (2.86)

while Theorem 2.4.5 is applicable under the assumption that for all n € N it holds that
X, € LY(P; || R)- (2.87)

Exercise 2.4.10. Let (2, F, P) be a probability space, let f € M(B(R),B(R)) be a

bounded function, and let U, € M(F,B(R)), n € N, be independent U _; 1)-distributed
random variables. Prove or disprove the following statement: It holds that

27\ /2
(]Ep ] ) < SUDPgcR ’f(x)l]R (2.88)

30
2.4.3 Markov’s and Chebyshev’s inequality

f(U) + ...+ f(Usono) !
. 5000 _/_lf(w) dr

In this subsection the Markov inequality (see Lemma 2.4.11 below) and the Chebyshev
inequality (see Corollary 2.4.12) are presented.
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Lemma 2.4.11 (Markov inequality). Let (0, F, 1) be a measure space, let € € (0,00),
and let X: Q — [0,00) be an F /B([0, 00))-measurable function. Then

Xd
u(X > o) < Ja X (2.89)
€
Proof of Lemma 2.4.11. The fact that X > 0 proves that
e 19 X - 1% X
Q _ {X>e} {X>e}
Uixsg = - < . < = (2.90)

Integration of (2.90) with respect to p results in (2.89). This completes the proof of
Lemma 2.4.11. [

A direct consequence of the Markov inequality is the Chebyshev inequality which is
presented in the next corollary.

Corollary 2.4.12 (Chebyshev inequality). Let (Q,F, P) be a probability space, let
X:Q = R be an F/B(R)-measurable function with Ep[|X|r] < oo, and let £,q €
(0,00). Then

P(|X —Ep[X]|g >¢) < (EP“X ;iEP[X”q]> (2.91)
and  P(|X —Ep[X]ly >¢) < Varg;Z(X) (2.92)

An immediate consequence of the Markov inequality is the fact that strong convergence
implies convergence in probability. This is the subject of the following lemma.

Lemma 2.4.13 (LP-convergence implies convergence in probability). Let (2, F, P)
be a probability space, let p € (0,00), and let X, € LP(P;|-|g), n € N, satisfy
limsup,, o | Xallerpiip) = 0 Then (Xp)nen converges to zero in probability, i.e., it
holds for all e € (0,00) that limsup,,_,., P(|Xn|lr > ¢) = 0.

Proof of Lemma 2.4.13. First of all, observe that the Markov inequality proves that for
all n € N, € € (0,00) it holds that

Ep[| X2
P(|Xalr =€) = P(IX,[5 > ) < % (2.93)

The assumption that limsup,_,. Ep[|X,[%] = 0 hence implies that for all € € (0, 00) it
holds that limsup,,_, ., P(|X,|r > €) = 0. The proof of Lemma 2.4.13 is thus completed.
[
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2.4.4 Examples and counterexamples

Proposition 2.4.14. Let X,,: [0,1] — R, n € N, be the functions which satisfy for all
neN, x € [0,1] that
n 40,1
Xo(w) = 2" 1), (). (2.94)
Then

(i) it holds for all x € [0,1] that limsup,,_, . | X,(z)| =0,
(it) it holds that Bjo 1) (limsup,_,. | X, =0) =1,
(iti) it holds for all e € (0,00) that limsup,,_,., B (| X.| >¢€) =0, and
() it holds for all p € (0,00) that liminf, , Ep, [|X,[P] = .
Proof of Proposition 2.4.14. Observe that for all x € (0,1] and all n € NN (%, 00) it

holds that
Xn(x) = 0. (2.95)

This proves Item (i). Item (ii) is an immediate consequence from Item (i). Item (iii)
follows from Item (ii) together with Lemma 2.4.4. Moreover, observe that for all n € N,
p € (0,00) it holds that

Epgy [ XalP] =277 - L. (2.96)

n

This establishes Item (iv). The proof of Proposition 2.4.14 is thus completed. O

Proposition 2.4.15. Let X,,: [0,1] = R, n € N, be the functions which satisfy for all
neN,leNy, ke{l,2,3,...,2}, 2 €[0,1] withn=2"+k —1 that

Xo(x) = 150 4 (). (2.97)

Then

(i) it holds for all p € (0,00) that limsup,,_, . Ep , [1X.[7] =0,

(it) it holds for all £ € (0,00) that limsup,_,., Bjo1)(|X,| >€) =0, and
(iii) it holds that {z € [0,1]: limsup,,_, |X,(z)] =0} = 0.

Proof of Proposition 2.4.15. Observe that for all p € (0,00), n € N, I € Ny, k €
{1,2,3,...,2'} with n = 2! + k — 1 it holds that
_ [0,1] _
Esg, [|Xal?] = Egg, [n[%;]} - 1. (2.98)
This implies Item (i). Item (ii) is an immediate consequence from Item (i) and

Lemma 2.4.13. Item (iii) follows from the fact that for all x € [0,1] it holds that
limsup,,_, . X,(z) = 1. The proof of Proposition 2.4.15 is thus completed. O
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2.5 Approximating the variance of a random variable

Let (2, F, P) be a probability space and let X,, € L2(P;|-|) be i.i.d. random variables.
Then Lemma 2.4.4, Theorem 2.4.5, and Theorem 2.4.8 prove that the Monte Carlo
approximation sequence
(X14 ...+ Xn)

N )
of Ep[X}] converges P-almost surely, in probability, and in the root mean square sense to
Ep[X;]. In that sense the random variable + (X + ... + Xy) is a good approximation
of the expectation Ep[X;] of the random variable X; if N € N is sufficiently large. In
this subsection we are interested to compute an approximation of the variance

N €N, (2.99)

Val’p(Xl) :Ep[(Xl —Ep[Xl])z} (2100)

of the random variable X;. A central reason why we are interested to obtain such an
approximation is that the variance of X; appears on the right hand side of the root mean
square error estimate (2.84) in Theorem 2.4.8. To compute an approximation of (2.100),
we consider random variables X,, € L}(P;|-|g), n € N, which satisfy for all n € N that

X, = (X, — Ep[X1])?. (2.101)

Then we obtain from Theorem 2.4.5 that the sequence %()_{1 + ...+ Xn), N € N, is

strongly P-consistent for Ep[X;] = Varp(X;). This suggests that

X1+ N + Xn _ % (Z (X, — EP[Xl])2> (2.102)

n=1

is a good approximation of Varp(X;) if N € N is sufficiently large. However, (2.102) does
only help in simulations if one already knows the exact value of the expectation Ep[X|]
of the random variable X;. If one does not know the exact value of the expectation
Ep[X;] of the random variable X; (which is often the case), then one can in general not
generate realizations of the random variables X,,, n € N. Instead we are looking for
random variables that are — in an appropriate sense — good approximations of Varp(X7)
and from which one can generate realizations without the explicit knowledge of Ep[X].
An obvious idea is to replace the expectation Ep[X;] in (2.102) by its Monte Carlo
approximations. This leads to the random variables

N 2
1 X1 +...+ Xy
— X, — 2.1
NZ( n N ) ( 03)

n=1

for N € N as approximations of Varp(X;). The random variables (2.103) converge,
under suitable assumptions, in the mean square sense to Varp(X;) (see Subsection 2.5.3
below). However, we will note that the random variables (2.103) are P-biased with
respect to Varp(X7). This is the subject of the next subsection.
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2.5.1 On P-biased and P-unbiased variance approximations and
Bessel’s correction

The next result, Proposition 2.5.1, in particular, proves that the random variables (2.103)
are P-biased with respect to Varp(Xj).

Proposition 2.5.1 (Biasedness and unbiasedness of approximations for the variance of
a random variable). Let (2, F, P) be a probability space and let X,, € L*(P;|-|g), n € N,
be i.1.d. random variables. Then

(i) it holds for all N € N that

Ep

> (Xn _ Kt ~ + XN) ] = (N —1) - Varp(Xy), (2.104)

n=1

(i1) it holds for every N € N with Varp(Xy) > 0 that the F /B(R)-measurable function
% 22;1 (Xn — %)2 is P-biased with respect to Varp(Xy), and

(iii) it holds for every N € {2,3,...} that the F/B(R)-measurable function
(N—l—l) 25:1 (Xn — %)2 is P-unbiased with respect to Varp(Xy).

Proof of Proposition 2.5.1. Lemma 2.4.6 shows that for all N € N it holds that

N 2 N 2
Xi+...+ Xy Xi+...+ Xy
E — :E E X, —
(Xn N )] n=1 " ( " N )]

n=1

Ep

al Xi+...+X
= ;Varp<Xn At N+ N)
N (2.105)
— Z ((N — 1) Varp(3L) + Varp <%;UX1)>
n=1
- N (%—;) Varp(X;) + QL Varp(X1)> - (“ﬂ;” + <N;V”2) Varp (X))
= (N —1)Varp(X;).
This completes the proof of Proposition 2.5.1. O]

Proposition 2.5.1 shows that the random variables (2.103) are P-biased with respect to
Varp(X;) and Proposition 2.5.1 also shows that the random variables

R X+ ..+ X0\
1) > <Xn - ¥ > (2.106)

n=1

for N € {2,3,...} are P-unbiased with respect to Varp(X;). These random variables
also converge in the root mean square sense to Varp(X;) if it holds for all n € N that
X, € LY P;||g)- This is the subject of the next subsection.
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2.5.2 Root mean square error of a P-unbiased variance
approximation (unbiased/corrected sample variance)

In Theorem 2.5.3 below we prove, in particular, that the random variables (2.106) con-
verge in the mean square sense to Varp(X;) if it holds for all n € N that X,, € L*(P; |-|g).
The proof of Theorem 2.5.3 uses the following elementary identity.

Lemma 2.5.2. Let N € N, x1,25,...,2x5 € R. Then

é (xn - W)Q = (ﬁ: (%)2) - % ( ; xn>2. (2.107)

Proof of Lemma 2.5.2. Note that

i . _$1+...+$N 2
" N

n=1
N N N 2
9 r1+...+xN r1+...+xN
= Tn)'| —2 Tn + —_— 2.108
] 2 () [ S () | e
2
n N n
n=1 n=1
The proof of Lemma 2.5.2 is thus completed. O]

Theorem 2.5.3. Let (Q,F, P) be a probability space and let X,, € L*(P;|-|g), n € N,
be i.1.d. random variables. Then

(i) it holds for all N € {2,3,...} that
N

Varp(X1) — (Nl_ 3 D (Xn— X+ .].V.+XN>2

n=1 £2(Pil)

(2.109)

(VS DB — Ep X))+ (4N — N? = 3) Narp (K1)l
VNN=1)

and

(i1) it holds for all N € {3,4,...} that

N 2
Xi+...+X \/IEP [(xX1—Eppxa))?]
1 1 N
Varp(X1) — vy D (Xn TN > = v
n=1 L2(P3]|r)
(2.110)
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Proof of Theorem 2.5.3. Let Y, € L*(P;|-|g), n € N, be random variables which satisfy
for all n € N that

Y, =X, —Ep[X,]. (2.111)

Next observe that Proposition 2.5.1 implies that

s 20 - 7y 3 (- B Y|
:Varp< %( N+XN) ) (2.112)

Lemma 2.5.2 and Lemma 2.4.6 and the fact that Vi € {1,...,N}: Ep[¥;] = 0 hence
show that for all N € {2,3,...} it holds that

- x|
Ep | |Varp(X,) - N 5> ( e N)
( n:l R
N N Y
1 (Zn:l >
= Val’p (Yn>
(N —1)° ; N
Z:n:I}/ Zﬁf_l Yn
— (Nil)Q {VaI’P (2:1 (Yn)2> — 2Covp (2:1 (Yn)Z’ ( 2 ) ) +Varp(( L ) )}
N N .
2 2 Var (Zn 1Y>
= (Ni1)2 {X:IVarp((Yn) ) N ZlCovp((Yn) 7Yzyj) ( = )}
n= n,i,j=
(2.113)
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Again Lemma 2.4.6 therefore shows that for all N € {2,3,...} it holds that

1 . X +...+ Xy 2|?
B [Verr R = v Zl (X" TN ) 0
= ﬁ {NVarP((yl)Z) B %Z;VE‘rP((Yn)Z) . EP[(Zn:l Yn) ]7]\‘[121,[(2”:1%) ”R}

N2

=L p) {(N — 2) VarP(O/l)Q) + Zgbﬂ%%am:l Ep [Ynlyn?Y”SYM]_yvar(zg:l Y”)‘;}
(N-1)

_ (N=2)Var((v1)?)
- (N-1)?
(N —2)

= mvarP«Yl) ) +

4
+ - VN?(N—1)2

NEp[(Y1)"] +3N(N = 1) [Ep[(¥1)*]lz — N [Ep[(Y1)*]|n
N2 (N —1)°
N(N-2) {Ep[(Y1)4] - \EP[(Yl)Z]Ié} Ep[(Y1)Y] + (2N — 3) [Ep[(Y1)?]%
N (N —1)° " N (N -1
(N = 1)*Ep[(Y)"] + (4N = N? - 3) [Ep[(Y)*][5
N (N -1 '

(2.114)

This proves equation (2.109). Moreover, combining (2.114) with the fact that VN €
{3,4,...}: 4N — N? — 3 < 0 proves that for all N € {3,4,...} it holds that

N 2|2
1 X1+ ...+ Xy
Ep Varp(Xl) — m Z (Xn — N )
n=1 R (2.115)
~ (N -DPEp[(0)Y]  Ep[(11)]
-~ N(N-1) N
This completes the proof of Theorem 2.5.3. O

2.5.3 Root mean square error of a P-biased variance approximation
(sample variance)

The random variables in (2.103) also converge in the mean square sense to Varp(X) if
it holds for all n € N that X,, € L*(P;|-|g). This is formulated in the next corollary.
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Corollary 2.5.4. Let (2, F, P) be a probability space and let X,, € L*(P;||g), n € N,
be i.i.d. random variables. Then it holds for all N € N that

Varp(X;) — %Z <Xn _Xi+ N + XN)
n=1 L2(P;|-|g)
\/ (N —1)’Ep[(X) — Ep[X1])4] + (5N — N2 — 3) [Varp(X))[5 (2.116)

N3/2

~ VER[(X1 — Ep[X,])]
< Vi .

Proof of Corollary 2.5.4. First of all, observe that Proposition 2.5.1 implies that for all
N € {2,3,...} it holds that

2

N 2
1 Xi+...+X
Varp(X;) — — E (Xn _Ate et N)

N N
n=1 £2(Pilg)
=~ var(x,) — =DV |24y [ 2 3 v Xt XY e
—‘arp( )= | T Vare anl = ~ :
Varp(X))|% (N —1)? R Xi4 .+ Xn )\
= Vv X, — .
A R Wy ; N

Theorem 2.5.3 hence shows that for all N € {2,3,...} it holds that

1 & X4+ x|
Varp(X;) — — X, —

N n=1 ( N ) L2(P;]-|R)
_ |Varp(X1) |5, 4 (N — 1)’ Ep[(X1 — Ep[X1])*] + (4N — N? — 3) [Varp(X1)[5

N2 N3
_ (N = 1)’Ep[(X1 — Ep[Xu])*] + (BN — N? = 3) |Varp(Xy) [
NS
_ Ep[(X) — Ep[Xy])Y] N (1 —2N)Ep[(X; — Ep[X1])Y] + (5N — N2 — 3) |Varp(X;)|
N N3

(2.118)

The estimate Ep[(X; — Ep[X1])*] > [Varp(X))|?, therefore proves that for all N €
{2,3,...} it holds that

N 21|
1 Xi+...+X
Varp(Xl)—NE j(Xn— i N)

N
n=i 2Pl g) (2.119)
< B[ —Ep[Xa])T] | BN - N°—2) Varp(X1)[5 _ Ep[(X1 — Ep[X1])']
- N N3 - N '
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Combining (2.118) and (2.119) proves (2.116) in the case N € {2,3,...}. Next note
that it is clear that (2.116) holds in the case N = 1. The proof of Corollary 2.5.4 is thus
completed. O

2.5.4 Comparison of the root mean square errors of an P-unbiased
and a P-biased variance approximation

In this subsection we compare the strong root mean square errors obtained in Corol-
lary 2.5.4 and Theorem 2.5.3.

Proposition 2.5.5. Let (2, F, P) be a probability space and let X € L*(P;]-|g) satisfy
Varp(X) > 0. Then

(i) it holds for all N € {2,3,...} that

(N-1)?Ep[(X-Ep[X)"|+AN-N2=3)Varp(X)| _ (N-D?Ep[(X—Ep[X])*]+(5N-N2-3)|Varp(X)|x
N(N-1)2 N3

23+ LIEp[(X — Ep[X])Y] — [3— & + 2] Varp(X) %
N(N-1)

(2.120)
and

(i) it holds that

(N=1)? Ep[(X ~Ep[X])*]+(4N-N2-3)|Varp(X)|%
lim sup (N (N —1) [ N(N—1)* ])

Nesoo _ (N71)2Ep[(Xpr[X])‘*}Jg(E)NfN?fS)|Varp(X)|%
N

(N-1)2 ]EP[(XflEP[X])4]+(4]2\77N273)|Varp(X)|§1 (2.121)
— N(N-1)
N (N 1) . (N=1)2Ep[(X—Ep[X])"]+(5N—N2—3)|Varp(X)|%

NS

= lim inf
N—oo

=2 Ep[(X — Ep[X))*] — 3|Varp(X)| € R.
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Proof. Note that for all N € {2,3,...} it holds that

(N = 1)°Ep[(X — Ep[X])"] + (4N = N* — 3) |[Varp(X) |
N (N —1)°
(N = 1)*Ep[(X — Ep[X])*] + (5N — N* — 3) |[Varp(X) |

N3

{% _ _]\2[?7 il ﬂ Ep[(X — Ep[X])*] (2.122)
(3—N) (5N —N?-3) 2

+ {N(N—l)_ e } |Varp(X)|g

_ [‘(2—% D] Ep[(X — Ep[X])"] + {N2(3_N)‘152?;ﬁ§‘3>(N‘” Varp(X)[;

This implies that for all N € {2,3,...} it holds that

(N = 1) Ep[(X — Bp[X])*] + (4N — N? = 3) Narp(X)
N (N —1)°
(N — 1)*Ep[(X — Ep[X])*] + (5N — N? — 3) |Varp(X)|g
N3
_ {(QN - 1)} En[(X — Ep[X])"] + {(3N2N35N2+N3+3N+5NN23)] Varp(X)[2

N3 N3(N-1)

_ [(QN— 1)

T] Ep[(X — Ep[X])] — [(3N 8N +3)

N3 (N —1)

| are ol
(2.123)
This shows that for all N € {2,3,...} it holds that

(N-1)? Ep[(X-Ep[XD*+(4N-N2-3)Varp(X)[3  (N-1)* Ep[(X—Ep[X])*]+(5N—N?-3)Varp(X) [}

N(N—1)? N3
_ [2N? = 3N + 1] Ep[(X — Ep[X])*] — [BN? — 8N + 3] |Varp(X)|3,
B N3 (N —1)
23 ) Eal(X — BaX) - [3- 5+ 5] Nare(X)[3
N (N -1) ’
(2.124)
This completes the proof of Proposition 2.5.5. m

2.6 Confidence intervals

Let (Q,F, P) be a probability space and let X,, € L2(P;|-|g), n € N, be i.i.d. random
variables. Then Lemma 2.4.4 and Theorems 2.4.5 and 2.4.8 prove that the Monte Carlo
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approximations % (X14+ ...+ Xy), N € N, converge P-almost surely, in probability,

and in the root mean square sense to Ep[X;]. We thus know that the random variable

(X1 +...+Xn)
N

(2.125)

is in the sense above close to the real number Ep[X;] if N € N is large. However, in
many situations it holds for all N € N that

P((Xl + .N+XN)

= EP[X1]> = 0. (2.126)

For instance, identity (2.126) holds if X (P)pm) is absolutely continuous since in that
case it holds for all N € N, ¢ € R that

P((X““J'\}JFXN) :c) =0. (2.127)

Equation (2.126) is somehow plausible since the random variable in (2.125) is close to
Ep[X;]if N € Nis large (according to Lemma 2.4.4 and Theorems 2.4.5 and 2.4.8 above)
but it is very unlikely that the random variable in (2.125) is precisely equal to Ep[X}].
In this subsection we roughly speaking intend to quantify in a suitable sense how close
Ep[Xi] and the random variable in (2.125) are. For this the notion of a confidence
interval is crucial. To introduce this notion, a few technical issues are presented first.

Definition 2.6.1 (Measurable space of nonempty compact intervals). Define the set
Clg = {[a,b] € R: (a,be R and a <b)} of all nonempty compact intervals of real
numbers and define the sigma-algebra

Ig = O'CIR({{A € Clg: inf(A) <c}:c€ R} U{{A € Clr: sup(4d) < c}: ce€ ]R})
= 0ot ( Ol 3 A > inf(4) € R, Cl 3 A > sup(4) € R)
(2.128)

on CI]R

The next lemma provides a describtion of the sigma-algebra Zr on the set of nonempty
compact intervals Clg.

Lemma 2.6.2 (Sigma-algebra on the set of nonempty compact intervals). It holds for
all z € R that {A € Clg: z € A} € TR.

Proof of Lemma 2.6.2. Observe that

{AeClr:z € A} = {A € Clg: inf(A) <z} N{A € Clg: sup(A) > z} € I (2.129)

-

€Tr €Ir
for all x € R. This completes the proof of Lemma 2.6.2. O]
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Definition 2.6.3 (random interval). Let (2, F, P) be a probability space. Then an
F /ITr-measurable function X : Q@ — ClR is called (nonempty compact) random interval.

Using Lemma 2.6.2 and Definition 2.6.3, we now introduce the notion of a confidence
interval.

Definition 2.6.4 (Confidence interval). Let (Q, F, P) be a probability space, let ¢ € R
and « € [0, 1] be real numbers and let A: Q — Clg be a random interval. Then we say
that A is an a-confidence interval for ¢ if P(c € A) > a.

If A is an a-confidence interval for ¢ in Definition 2.6.4, then the parameter a € [0, 1]
is also referred as confidence level of the confidence interval A. Let us collect a few
properties of confidence intervals.

Lemma 2.6.5 (Supersets of confidence intervals). Let (£, F, P) be a probability space,
let a € [0,1] and ¢ € R be real numbers, let Ay: Q — Clg be an a-confidence interval
for ¢ and let Ay: Q — CIgr be a random interval with A;(w) C As(w) for all w € €.
Then A, is an a-confidence interval for c.

Proof of Lemma 2.6.5. The assumption A;(w) C As(w) for all w € Q implies that
{ce A1} ={weQ:ce Aj(w)} C{weQ:ce Ay(w)} ={c € Ay} (2.130)

and the assumption that A; is an a-confidence interval for ¢ and the monotonicity of
the probability measure P hence show that

a<PlceA)) <P(ceA,). (2.131)
This finishes the proof of Lemma 2.6.5. O]
Lemma 2.6.6 (Enlargement of independent confidence intervals). Let (Q,F, P) be a
probability space, let aq, an € [0, 1] and ¢ € R be real numbers, let Ay: Q — ClIg be an ay -
confidence interval for c, let Ay: Q — ClIr be an as-confidence interval for ¢ and assume

that Ay, As are independent. Then the random interval [inf(A;UAy), sup(A1UAs)]: Q —
CIr is an (1 — (1 — aq)(1 — aw))-confidence interval for c.

Proof of Lemma 2.6.6. Observe that

P(c € [inf(4; U Ay), sup(4; U Az)D
> P({ce Ai}U{ceA})=1-P({c¢ Aiyn{c¢ As}) (2.132)
:1—P(C¢A1)~P(C¢A2) >1—(1—a;) (1 —a) =1 +as — jas.

This finishes the proof of Lemma 2.6.6. O]
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2.6.1 (Asymptotically valid) Confidence intervals based on the
Chebyshev inequality

In this subsection confidence intervals based on Monte Carlo approximations and the
Chebyshev inequality are derived.

Corollary 2.6.7 (Confidence intervals based on Monte Carlo approximations and the
Chebyshev inequality I). Let (2, F, P) be a probability space, let o € [0,1) be a real
number and let X,, € L*(P;|-|g), n € N, be i.i.d. random variables. Then

Varp(X1) Varp(X1)
T R e 1)
_ p<

2.133
Xit ..+ Xy <Var_p(X1>)2 | (2133)
In other words, for every N € N the random interval

Ep[Xi] —

N R V({1—a)N

Xit.4Xy _ VVarr(Xi) X4+ Xy Varp(X1)
{ N NAEST N V=T } (2.134)

is an a-confidence interval for Ep[X,].

Proof of Corollary 2.6.7. If Varp(X;) > 0, then the Chebyshev inequality in (2.92) in
Corollary 2.4.12, Lemma 2.3.8, and Theorem 2.4.8 imply that

P - Varp(X1) - Varp(Xﬁ#'*XZ)
R (1 — Oé)N Varp(X1)
(1—a)N (2.135)
_(1—0()N vV X1—|—+XN _(1—0./)N Val’p(Xl)
B Varp(Xl) P N n Varp(Xl) N
This shows in the case Varp(X;) > 0 that

d
:1_p<

and this proves (2.133) in the case Varp(X;) > 0. Moreover, note that (2.133) is clear
in the case Varp(X;) = 0. The proof of Corollary 2.6.7 is thus completed. H

Xi+ ...+ XN
N

Ep[Xi] -

=1—«

X1+ ...+ XN
N

Ep[X,] —

Varp(X1)
R (I—-a)N

Varp(X7) -
r VI0I—-a)N/)

(2.136)
Xi+... 4 Xy

N

Ep[X,] —

In many situations the variance Varp(X;) appearing in the confidence interval (2.134)
is not explicitly known and therefore, the confidence interval (2.134) can not be calcu-
lated in that case. However, in many situations at least an upper bound for Varp(X;)
in Corollary 2.6.7 is known and then confidence intervals can be calculcated. This is
illustrated in the following corollary.
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Corollary 2.6.8 (Confidence intervals based on Monte Carlo approximations and the
Chebyshev inequality II). Let (2, F, P) be a probability space, let o € [0,1) and ¢ €
(0,00), let X, € L2(P;|-|g), n € N, be i.i.d. random variables with \/Varp(X;) < ¢
and define Ey € L2(P;|-|g), N € N, through Ey = 235N for ol N € N. Then

P|Ep[X ] € |Exy — ——,F —
< plXi] € [En SN N+ \/m})
every N € N the random interval [EN — \/ﬁ’EN + \/ﬁ] s an a-confidence

interval for Ep[X7].

> « for all N € N. In other words, for

Proof of Corollary 2.6.8. Corollary 2.6.8 follows immediately from Corollary 2.6.7 and
Lemma 2.6.5. [

If the variance Varp(X;) appearing in the confidence interval (2.134) in Corollary 2.6.7
is not explicitly known and if there is also no upper bound for Varp(X;) available (cf.
Corollary 2.6.8), then it is not clear how to derive suitable confidence intervals for
Ep[X;]. However, a certain weaker statement can be derived. This is the subject of the
next definition (cf. Appendix A in [Glasserman(2004)]).

Definition 2.6.9 (Asymptotically valid confidence intervals). Let (2, F, P) be a prob-
ability space, let m € N, « € [0,1), c € R and let A,,: Q = CIg, n € {m,m+1,...},
be random intervals. Then we say that (An)ne{m7m+1’.__} are asymptotically valid a-

confidence intervals for ¢ if
liminf P(c € A,) > a. (2.137)

n—oQ

In Corollary 2.6.10 below we derive asymptotically valid confidence intervals for the
expectation of a random variable.

Corollary 2.6.10 (Asymptotically valid confidence intervals based on Monte Carlo
approximations, the Chebyshev inequality and variance approximations). Let (2, F, P)
be a probability space, let o € [0,1) be a real number, let X,, € L*P;|-|z), n € N,
be i.i.d. random wvariables and let Ey € L*(P;|-|g), N € N, and Vy € L*(P;]||g),
N € {2,3,...}, be defined through Ey = w for all N € N and through Vy =

(N+1) SN (X, — En)? forall N € {2,3,...}. Then

. i N
lﬂlng(Ep[Xl] € [EN (1—a)N’EN + (1_a)N}) > q. (2.138)

In other words, the random intervals [Ey — \/%, En+ \{YT\’)N} for N e{2,3,...}

are asymptotically valid a-confidence intervals for Ep[X].

Q

—~

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 100
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 2. Monte Carlo integration methods

Proof of Corollary 2.6.10. Observe that

P(MEP[XJ _ Bl < ﬂ)
(1—a)N

VVy
> P {|EP[X1] - EN|IR < m} N { Vv — Varp(X1)|]R < 5})

Ve (%) =)
(1—a)N

Vare (%) = 2)
(1—a)N

> p {|EP[X1] — Eyly < } N { Vi — Varp(X1)|x < 5}> (2.139)

= P |[Ep[X1] — En|y <

V(X))
— P<{|EP[X1] — EN|]R < (1 = a)N } N { |VN — Varp(X1)|]R > 5})

and the Chebyshev inequality in (2.92) in Corollary 2.4.12 therefore shows that

P(MEPM Byl < LY VVN)
(1—a)N
\/(Varp(Xl) — 5) _ _ Var c
> P(HEP[XJ ~ Byl < ) P(IVy — Varp(X))lg > ©)

>1- P<|EP[X1] ~ Exly > v (Varp(X)) — s)) — P(Viy — Vars(X))y, > ) (2.140)
(1—a)N
1— VarP_(EN) — P(|VN — Varp(Xy)|g > €)

- Varp(X1)—e
(1—a)N

—a) Varp(X
=1 — (Ga=t — P(|Vy — Varp(Xy)| > ¢)

for all N € {2,3,...} and all ¢ € (0,Varp(X;)) where we used Theorem 2.4.8 and
Lemma 2.3.8 in the last step. Combining this with Theorem 2.5.3 and Lemma 2.4.13
proves that

o VvV
1 tP||EplXq] - F < —
i (‘ Pl Bl = U0

- (1 —a)Varp(X7) (1 — a)Varp(X7)

> — lim P(|Vy — Varp(X >e)=1-—
2 a0y — ) A PV = Varp(Xy)lg 2 €) (Varp(X,) —2)
(2.141)
for all € € (0, Varp(X7)). Letting € N\, 0 in (2.141) results in (2.138) and this completes
the proof of Corollary 2.6.10. O
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2.6.2 Asymptotically valid confidence intervals based on the
Central limit theorem

Another way to derive asymptotically valid confidence intervals is to use the central limit
theorem in Theorem 1.3.1. This is the subject of the next theorem.

Theorem 2.6.11 (Asymptotically valid confidence intervals based on Monte Carlo ap-
proximations and the central limit theorem). Let (Q2, F, P) be a probability space, let
B,y € [0,00) be real numbers, let X,, € L*(P;||g), n € N, be i.i.d. random variables
and define Ex € L*(P;|-|g), N € N, through Ey = M for all N € N. Then

lim P(Ep[xl] e [EN—‘B—VV;'N’W£N+”—VV”MD \/ﬁ/ e dr. (2.142)

N—oo VN

In particular, the random intervals [EN — B—V\/\a/rﬁp(m, En + 7—”\/\%};()(1)] for N € N are

asymptotically valid (== [7. e~z dx)-confidence intervals for Ep[X,].
Ver J-B

Proof of Theorem 2.6.11. Observe that

P(spix e By - SO0 g, V)

VN
- P(EN — DR < Ep[Xi] < By + DT Vj;“‘”)

(2.143)
—y+/Varp(X1) B+/Varp(X1)
=F (VTP < Ey —Ep[Xi] < ff;)

— P N < X1+...+XN—N~EP[X1] <
( 7= /N Varp(X1) <p

for all N € N. The central limit theorem (see Theorem 1.3.1) hence shows that

i P (B0 € [ - B_vﬁm et _¢TD

N—oo VN
— lim Pl -~ < X1+...+XN*N-]EP[X1] 1 K e#dx
N0 7= /N Varp(X1) - \/_ 27T -8 .
(2.144)
This completes the proof of Theorem 2.6.11. O]

If the variance Varp(X;) in the asymptotically valid confidence intervals (2.134) is un-
known, then it can be approximated by variance approximations (see Section 2.5) as in
Corollary 2.6.10. This is the subject of the following corollary.
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Corollary 2.6.12 (Asymptotically valid confidence intervals based on Monte Carlo ap-
proximations, the central limit theorem and variance approximations). Let (2, F, P)
be a probability space, let B,y € [0,00) be real numbers, let X, € L*P;||g),
n € N, be iid random variables and define Ex € L*P;||g), N € N, and
Vv € L2(P;|-|g), N € {2,3,...}, through Ey := 225N for all N € N and through
VN = (Nl T Zrly (X — Ey)? for all N € {2,3,...}. Then the random intervals

[En — 5\/@ Ex —{—7m] for N € {2,3,...} are asymptotically valid (\/%7 fjﬁ e_%xde)-

confidence intervals for Ep[Xy].
Proof of Corollary 2.6.12. W.l.o.g. we assume that Varp(X;) > 0. Then we obtain that

P(]EP[Xl] € [EN Vo7 N @D

VN VN
> p({Erlx) € [ - 805 By + 2] 0 {1y > o })
ar ar 2.145
> P({Ep[xl] {EN _ o) V) >] } e _VarP;X1>}> (2.145)
Varp (X Varp (X ar 1
> P(Ep[Xl] e {EN TN ”—VWNUD P (v < vt

for all N € {2,3,...} and all p € (1,00). Theorem 2.6.11 hence gives that

lim ian(Ep[Xl] € [EN N N ﬂ})

> lim P<EP[X1] c {EN . 5\/m By + 7@1)
N—oo
— Jlim P(VN — Varp(X;) < M)
_ L ' (2.146)
1 ﬁ + Varp (X -1
S V2m =g 2 <|VN — Varp(Xi)|g > %)
b

1 /f =2
= —_— 62 €T
vamSZ

for all p € (1,00) where we used Theorem 2.5.3 and Lemma 2.4.13 in the last step.
Letting p N\, 1 in (2.146) finishes the proof of Corollary 2.6.12. O

2.6.3 Summary

The confidence intervals and the asymptotically valid confidence intervals derived above
are summarized in the following corollary. It follows immediately from Corollaries 2.6.7,
2.6.8 and 2.6.10 ((asymptotically valid) confidence intervals based on the Chebyshev
inequality) and Theorem 2.6.11 and Corollary 2.6.12 (asymptotically valid confidence
intervals based on the central limit theorem) and from Lemma 2.6.5.
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Chapter 2. Monte Carlo integration methods

Corollary 2.6.13 (Summary for (asymptotically valid) confidence intervals). Let
(Q, F,P) be a probability space, let a € [0,1), ¢,,7 € [0,00) be real numbers with
\/%fjﬁ e 2 dx > a and \/Narp(X,) < ¢, let X,, € L>(P;|-|g), n € N, be i.i.d. ran-
dom variables and define Ex € L2(P;|-|g), N € N, through Ey := 258 for g
N € N. Then

EN . \/Varp(Xl)jEN 4 v/ Varp(X1) ’ N e N, and
v/ (1—a)N v/ (1—a)N

, N eN,

(Chebyshev inequality)

Eyv——¢  Eo4__c
l N =N’ N+\/(1—a)N:|

are a-confidence intervals and

iy — 2SO 4 W N e N, and
(Central limit theorem)

[EN—%,EN+3%],NGN,

are asymptotically valid a-confidence intervals. Moreover, if X, € L*P;|-|g) for
all n € N and if Vy € L2(P;||g), N € {2,3,...}, are defined through Vy :=
ﬁ SN X, — Ex)? for all N € {2,3,...} (variance approzimations) in addition
to the above assumptions, then

_ VW VVN :
[EN \/m,EN + m} , Ne{2,3,...}, and (Chebys. & variance appr.)

[EN _ B\\;T‘\/TN’ En + L\/%TV} , Ne{2,3,...}, (C.Lt. & variance appr.)

are asymptotically valid a-confidence intervals.

Let us briefly compare the (asymptotically valid) confidence intervals presented
in (Chebyshev inequality) in Corollary 2.6.13 and (Central limit theorem) in Corol-
lary 2.6.13 respectively. For this the following simple fact (see Lemma 2.22 in
Klenke [Klenke(2008)]) is used.

Lemma 2.6.14 (Tails for the normal distribution). For all z € (0,00) it holds that

1,2 _ 1.2

—dy < ——. 2.147
s V2T Y T 2T ( )

Proof of Lemma 2.6.14. Integration by parts implies that for all x € (0, 00) it holds that

No,l([l’a 00)) =

Yy=o0o _1,2

/°° e’%y2d /001 y€*%y2d 1 —e2Y +/oo 1 —e 29 g
« V2T v « Y V2m v Yy o \2m - . Y V2r Y 914
1,2 1.2 1.2 - ( ’ 8)
e 2" /°° 1 e 2Y p e 2%
= — - = ——dy < ——.
TV 2 . ¥ V27 Y TV 2T
This completes the proof of Lemma 2.6.14. O]
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In the next step we use Lemma 2.6.14 to establish the following lemma.

Lemma 2.6.15. For all o € [0,1) it holds that

\/07& 1,2
e 2" dxr > a. (2.149)
\/271'/

Proof of Lemma 2.6.15. First of all, we observe that the fact —37°dr = 1 and

Lemma 2.6.14 imply that for all 5 € [1,00) it holds that

\/%flae

1 B 1.2 / 1.2 1.2
— e 2V dr = e 2V dr — — e’ﬁx dx
Var J g \/ V2T
) (2.150)
2 [ 1. 2e 2% \/ieﬁﬂ 1
=1—-— edr>l-——2>1—-—F7—>1—- .
V21 Js BV 21 NZa e3P

The fact that Vy € [0,00): 1 +y + % < e¥ hence proves that for all g € [1,00) it holds
that

L /ﬁ 3y > 1 !
€ x - : 2.151
NET <1+%2 +%1> ( )

The estimate Vy € R: y <1+ 4 + % therefore shows that for all § € [1,00) it holds
that

1.2 1 1

1 /ﬂ

—— G_QIdl'>1— >1 - —.
/ 52 B4 — 2 (2152)
21 J-p (1 + 5 + g) p

This implies that for all « € [0, 1) it holds that

\/2_/ (1 P L S (1-a)=a. (2.153)
v
The proof of Lemma 2.6.15 is thus completed. O]

Lemma 2.6.15 proves that if Varp(X;) > 0, if # = v and if = [" e Fdr =
a in Corollary 2.6.13, then the asymptotically valid a- conﬁdence 1ntervals in
(Central limit theorem) in Corollary 2.6.13 are smaller than the a-confidence intervals
in (Chebyshev inequality) in Corollary 2.6.13. However, observe that the concept of
asymptotically valid confidence intervals (see Definition 2.6.9) is a much weaker concept
than the concept of an confidence interval (see Definition 2.6.4).
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2.7 Monte Carlo algorithms for numerical integration

Let d € N, let A € B(R? be a bounded and Borel measurable set and let f €
LY(Ba; |-|g). Suppose in this section that we want to approximate the real number

/A f(x)dx (2.154)

by Monte Carlo approximations. For this let (2, F, P) be a probability space and let
Y,: Q — A, n € N, be independent U,-distributed random variables. In view of (2.58),
we rewrite (2.154) by

J e = st | Ai@b = rsl4 U f@) Us{de) } (2.155)
=E [)‘]Rd(A) ’ f(Yl)}

Then the random variables

Aga(A)
N

for N € N are Monte Carlo approximations of [, f 1 f(x)dr. If N € N is a given natural
number, then the following algorithm computes reahzatlons of (2.156).

(f(V1) + ...+ f(Yw)) (2.156)

Monte Carlo approzimations I

Output: Realization x of X ~ Pi_, ) x)dx
rd )

s=0
forn=1— N do
Generate realization y of Y,, ~ Uy

s =s+ f(y)

end for
ARd (A)-s
N

(V) ++f(YN) Jat

The above algorithm requires the knowledge of Ar«(A) and also requires realizations
from Uu-distributed random variables (cf. Lemma 1.2.28). To avoid these requirements,
one can choose real numbers aq,...,aq4,b1,...,bg € R with ay < by, ..., ag < by and
A Clay,b1] x ... X [aq,bg). (Such real numbers exist since A is assumed to be bounded.)
Next define a function f: [ay,bi] X ... X [aq,bs] = R by f(z) := f(z) for all z € A and
by f(z) := 0 for all z € (far,b1] x ... x [aq,ba))\A and assume that U,: Q — [a1, b1] ¥

X [ag, bg], n € N, are independent Ulay b1)x...x [agpq)-distributed random variables. Then
we obtain that

[ raraa= [ fa) do

A [al,bl]x...x[ad,bd}

= )\Rd([al, bl] X ... X [ad, bdD / f(:c) u[al,bl]x...x[ad,bd] (d&?) (2157)
[a1 b1]>< X[ad bd]

d
=Ep (H (bi — az‘)) - f(h)
i=1
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The following algorithm computes realizations of the Monte Carlo approximation

(Hizl (]l; - az’>) (f(Ul) T f(UN)> (2.158)

of [, f f(x)dr where N € N is a given natural number.

Monte Carlo approzimations 11

Output: Realization x of X ~ Py, _.,) x)dx

—(bd ) (FU)+..+F(UN)) ~ fA I
s=0

forn=1— N do
Generate realization u of Uy, ~ Uja, b,]x--x[ag,ba]
if u € A then
s=s+ f(u)
end if

end for
T = (b1—a1)-....(bg—aq)-s
N

Next we are interested in an algorithm that returns a confidence interval. For this let
€ (0,1) and ¢ € [0, 00) be real numbers and assume that

<H (b; — Gi)) VarP(f(Ul) <ec. (2.159)

=1

For instance, if f is bounded, then

(H (bi — a; ) \/Var (f (H (b —ai)) (V] P
N \ (H (bl - al)) /[al,bl}x...x[ad,bd} f(x)
= \ (H (bi - ai)) /A |f(x)|2d:v < <H (bi - ai)) [21615) |f(x)|} < 0.

Next define random variables X}, X%: Q — R, N € N, by

1 1 d ~ ~ c
Xy = N (H (i —az‘)> (f(Ul) +---+f(UN)> - m,

i=1

2 . 1 - f f -

i=1

U
8

(2.160)

(2.161)

for all N € N. Corollary 2.6.8 then shows that

P</A f(z)dx € [X}V,X}’V]> >« (2.162)
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for all N € N. The following algorithm returns realizations of X} and X% where N € N
is a given natural number.

Confidence interval
Output: Realization (zy,xs) of (X5, X%)
s=0
forn=1— N do
Generate realization u of U, ~ Uja, b))% x[ag,bd]

if u € A then
s = s+ f()
end if
end for
T = (blfal)'...-(bdfad).s . c
1 N \/(1—a)N
— (blfal)'...-(bdfad).s c
" N N \/(1—a)N

The convidence level a € (0,1) can be increased to 1 — (1 — «)? € (a, 1) if we rerun the
above algorithm and then enlarge the confidence interval in the sense of Lemma 2.6.6.
The above algorithm can be used if the real number ¢ € [0,00) in (2.159) is explicitly
known. We now consider the case where ¢ € [0,00) in (2.159) is not explicitly known.
In that case we additionally assume that [, |f (z)[3, dr < co. Next define a real number
S € (0,00) through
I
— e dr=a« 2.163
V2T /5 ( )
and define random variables Ey, Vi, Z&, Z%: Q — R, N € {2,3,...}, through

Ey = % (ﬁ (b — ai)> (Fw) +...+ fow)

N d 2
V= e ((H (5 - >) AR EN) , (2164)

BV VN

VN '
for all N € {2,3,...}. The value of 5 can, e.g., be computed approximatively with the
Matlab function “erfinv”. To be more specific, note that

1.2 ﬂ/\/i

L[ 1 dr = 2 [ o et )
a=— e 2% dr = —/ eV dr = —/ e ¥ dx =~ “erf(B/sqrt(2
V2m g VT ppva VT Jo
(2.165)
and this illustrates that the Matlab command “erfinv(a)*sqrt(2)” returns an approxi-

mation of 5 € (0,00). In the next step we observe that Corollary 2.6.12 proves that

and 723 = Ey +

limian(/ f(z)dx € [Z}V,Z?V]) > a. (2.166)
N—o00 A
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In addition, note that Lemma 2.5.2 proves that for all N € {2,3,...} and all k € {1,2}
it holds that

k

VN
(-1)" g [zifl FO) T, (b — ;) — Ex?

1/2
= Ex+

VN (N-1)
(—1)" B TT7, (b — a2) [[251 FUP = I8 F(U)2

e (2167)

= FEn+

VN (N=1)

_ OCe) | JO04 W) | gy [Eam FO0P) - S, FO P 1/2
VN N 1) :

The following algorithm uses (2.167) and returns realizations of Z3, and Z% where N €
{2,3,...} is a given natural number.

Asymptotically valid confidence intervals
Output: Realization (z1, 29) of (Zx, Z%)
s=0
r=20
forn=1— N do

Generate realization u of Uy, ~ Uja, by]x--x[ag,ba]
if u € A then
x = f(u)
s=s+x
r=r+x?
end if
end for

q=+VN

rz@,/ﬁ(r—%)

U= (b1—a1)-...-(bg—aq)
q

S
n=v(Z-r
= (i)

22:V<f]+r)

If N € {2,3,...} is large, then the third last command in the above algorithm may
result in a roundoff error that can not be neglected. There are a few algorithms in
the literature that significantly reduce these roundoff errors (see, e.g., [Knuth(1998)]
and the references therein). We close this secton with the following remark on possibly
unbounded domains of integration.
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Remark 2.7.1. Let d € N, let A € B(R%) be a Borel measurable set and let f €

LY(Ba;R). Then fA x)dz can also be approximated by Monte Carlo appro:mmatwns
although A is not assumed to be bounded. For this one just needs to rewrite fA x)dx

as the expectation of an random variable from which one can generate realizations. For
instance, define f: R4 — R through f(z) == V2m - f(x) - e2 1ol for all x € A and
through f(z) := 0 for all x € R\A. Moreover, let (Q, F, P) be a probability space and
let Y,: Q@ — R n €N, be independent Ny ;-distributed random variables. Then

/f Jﬁ Rdf() o 3lal2 da;:Ep[f(Yl)} (2.168)

and the random wvariables

f) + ..+ F(Yw)
= (2.169)

for N € N are thus Monte Carlo approximations of fA f(x)dx.
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3 Stochastic processes and It6
stochastic calculus

This chapter reviews basic ideas, concepts, and facts from the literature on stochastic
processes and Ito stochastic calculus to the extent that they are necessary for the anal-
ysis of numerical approximation schemes for stochastic ordinary differential equations
(SODESs) presented in the subsequent chapters.

Disclaimer: These notes are not intended as a mathematical introduction to stochastic
analysis or stochastic processes; they merely recapitulate main definitions, fix notation
to be used in the sequel, and collect key results from stochastic analysis which will be
used in the chapters ahead for the numerical analysis of SODEs. We therefore often
give results without proof but indicate where these can be found.

For a self-contained introduction to stochastic processes and stochastic analy-
sis, we refer to the course “Stochastic Processes and Stochastic Analysis” and,
in particular, to the Lecture Notes by M. Schweizer. We also recommend
[Kuo(2006), Oksendal(2003), Ikeda and Watanabe(1989), Karatzas and Shreve(1988),
Revuz and Yor(1999), Jacod and Shiryaev(2003)] as references for the content of this
chapter. For an introduction to SODEs with more general semimartingale integrators,
we refer, e.g., to [Métivier(1982), Protter(2004), Kithn(2004)].

3.1 Stochastic processes

Let us begin with the definition of a stochastic process.
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Definition 3.1.1 (Stochastic process). We say that X is an S-valued stochastic process
with time set T on  (we say that X is an S-valued stochastic process with time set T,
we say that X is a stochastic process on Q, we say that X is a stochastic process) if and
only if there exist S, S, Q, F, P such that it holds

(i) that T C R,

(i1) that Q = (0, F, P) is a probability space,
(iii) that S = (S,S) is a measurable space,
(iv) that X € M(T x Q,5), and

(v) that for every t € T it holds that
Qo3w— X(t,w) e S (3.1)

is F /S-measurable.

Definition 3.1.2 (Marginals). Let T C R be a subset of the real numbers, lett € T, let
(Q, F, P) be a probability space, let (S,S) be a measurable space, and let X: T x Q — S
be a function. Then we denote by X;: Q0 — S the function which satisfies for all w € §2
that

Xi(w) = X(t,w). (3.2)

Definition 3.1.3 (State space). We say that S is the state space of the stochastic process
X (we say that S is the state space of X ) if and only if there exist S, T, €2 such that X
is an (S,S)-valued stochastic process with time set T on 2.

In many examples of stochastic processes it holds that there exist 7' € (0,00) and N € N
such that the time interval set T appearing in Definition 3.1.1 is equal to [0, 00), [0, 7],
Ny, or {0,1,..., N}. Moreover, in the case of many examples of stochastic processes it
holds that there exists a natural number d € N such that the measurable space (S,S)
in Definition 3.1.1 is equal to (R%, B(R?)).
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Example 3.1.4 (A simple stochastic process). Let (2, F, P) be a probability space, let
Y,: Q= {-1,1}, n € N, be P-independent Unif;_; 1y-distributed random variables, and
let X: Nogx Q — R be the function which satisfies for all n € Ny that

X, = Y. (3.3)
k=1

Then it holds that X is an (R, B(R))-valued stochastic process with time set Ny on
(Q,F,P).

Remark 3.1.5. Let T C R be a subset of the real numbers, let (2, F, P) be a probability
space, let (S,S) be a measurable space, and let X: T x Q — S be a stochastic process.
There are several ways how a stochastic process X : T x 0 — S can be interpreted:

e as a two-parameter function X : T x Q — S from the cartesian product T x € to
S,

e as a one-parameter family X;: Q@ — S, t € T, of random variables from € to S
with the index set T C R and

e as a family T >t — Xy(w) € S, w € Q, of functions from T to S with the index
set Q (family of “sample paths”).

Example 3.1.6 (Deterministic functions). Let T € (0,00) be a real number, let
f:10,T] = R be an arbitrary not necessarily B([0,T])/B(R)-measurable function, let
(Q, F, P) be the probability space given by

(2. F, P) = ({0}, {0.{0}}, "), (3.4)
and let X: [0, T] x Q — R be the function which satisfies for all t € [0,T] that
X:(0) = f(0). (3.5)

Then it holds that X is an (R, B(R))-valued stochastic process with time set [0,T] on
(Q,F,P). This example, in particular, illustrates that the sample paths of a stochastic
process do not necessarily need to be Borel measurable functions.

We are often interested in stochastic processes whose sample paths enjoy certain reg-
ularity properties (cf. Example 3.1.6) such as, for instance, stochastic processes whose
sample paths are continuous functions. This is the subject of the next notion.
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Definition 3.1.7 (Stochastic process with continuous sample paths). We say that X is
an E-valued stochastic process with continuous sample paths and time set T on Q (we
say that X is an E-valued stochastic process with continuous sample paths, we say that
X is a stochastic process with continuous sample paths) if and only if there ezist E, &,
Q, F, P such that it holds

(i) that E = (E, ) is a topological space,
(ii) that X is an (E,B(FE))-valued stochastic process with time set T on ,
(i1i) that Q@ = (2, F, P), and
(i) that for every w € ) it holds that T 3 t — Xy(w) € E is a continuous function.

Next we address two notions that somehow describe when two stochastic processes are
“equal up to sets of measure zero”.

Definition 3.1.8 (Modifications). Let (2, F, P) be a probability space, let (S,S) be a
measurable space, let T C R be a set, and let X, Y : T x Q2 — S be stochastic processes.
Then we say that X and Y are (S,S)-valued modifications of each other on (2, F, P)
(we say that X and Y are modifications of each other, we say that X is a modification
of Y, we say that Y is a modification of X ) if and only if for every t € T it holds that
there exists an event A € F with P(A) =1 and

ACH{X, =Y} (3.6)

Exercise 3.1.9. Prove or disprove the following statement: For all measurable spaces
(2, F) it holds that {(w,w) € Q*: w e N} € F F.

Exercise 3.1.10. Specify explicitly measurable spaces (Q,F) and (S,S) and F/S-
measurable functions X,Y : Q0 — S such that

{X=Y}={we: X(w)=Y(w)} ¢ F. (3.7)

Prove that your result is correct.

Definition 3.1.11 (Indistinguishablility). Let (2, F, P) be a probability space, let (S,S)
be a measurable space, let T C R be a set, and let X,Y: T x Q@ — S be stochastic
processes. Then we say that X and Y are indistinguishable from each other with values
in (S,S) on (2, F, P) (we say that X and Y are indistinguishable from each other, we
say that X is indistinguishable from Y, we say that Y is indistinguishable from X ) if
and only if there exists an event A € F with P(A) =1 and

AC (Ner{Xe =Y}). (3.8)
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Let us illustrate Definitions 3.1.8 and 3.1.11 through a simple example (see, e.g.,
[Kiithn(2004)]).

Example 3.1.12. Let (2, F,P) be a probability space, let U: Q — R be an Up -
distributed random variable with U(Q) C [0,1], and let X,Y: [0,1] x Q@ — R be the
functions which satisfy for all w € Q, t € [0, 1] that

Xw) =0  and mw):{l 1=Ulw), (3.9)

Then
(i) it holds that

{w €Q: (Vte0,T]: X,(w) :Yt(w))} - {we Q: (vt e[0,T): Vi(w) = )} —0

and
(i1) it holds for allt € [0,T] that
PX,=Y,)=PY,=0)=P(U #1t)=1. (3.11)

This shows that X and Y are modification of each other but X and Y are not indistin-
guishable from each other.

Lemma 3.1.13 (Modifications with continuous sample paths). Let (2, F, P) be a prob-
ability space, let T € [0,00), m € N, let X,Y: [0,T] x Q@ — R™ be stochastic processes
with continuous sample paths which satisfy for all t € [0,T] that P(X; =Y;) = 1. Then
it holds that X and Y are indistinguishable from each other.

Proof of Lemma 3.1.13. First of all, observe that for all ¢ € [0, 7] it holds that

{X; =Y} e F. (3.12)
This implies that
mtE[O,T]ﬂQ {Xt - Y;‘/} € f (313)
The continuity of the sample path of X and Y hence proves that
Necpor { X =Y} ={w e Q: vVt € [0,T]: Xy(w) =Yy (w)}
={weQ:Vte|0,T]NQ: Xi(w) =Yi(w)} (3.14)
= Miejo,1)nQ {X, =Y} eF
This proves that

P(Nuepory {Xe = Yi}) = P(Nieporing { X = Yi})
=1- P(Q\ [ﬂte[O,T}mQ {Xt = K&}]) =1- P(Ute[o,T}m@ {Xt 7’é Y;e})

(3.15)
>1- Y PX,#Y)=1- Y 0=1
t€[0,7]1NQ te[0,7]NQ
The proof of Lemma 3.1.13 is thus completed. [
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3.2 Measurability properites of stochastic processes

3.2.1 Filtrations

The following definition is crucial for the investigation of measurability properites of
stochastic processes.

Definition 3.2.1 (Filtration). We say that F is a filtration on S if and only if there
exist 0 and F such that it holds

(i) that Q = (0, F) is a measurable space,
(ii) that F is a mapping,
(#1i) that domain(F) C [—o0, 0],
(iv) that codomain(F) = P(P(R)), and

(v) that for all ty,ty € domain(F) with t; < ty it holds that oq(Fy,) =F,, CF,, C F.

3.2.1.1 Continuity properties of filtrations

Definition 3.2.2 (Filtrations associated to a filtration). Let (2, F) be a mea-
surable space and let F be a filtration on (Q,F). Then we denote by F~ €
M(domain(F), P(P(R2))) and F* € M(domain(F), P(P(Q))) the filtrations on (£, F)
which satisfy for all t € domain(FF) that

. o0 (Userni—oon Fs) : ¢ > inf(domain(F)) (3.16)
F, : t = inf(domain(FF))
and
pr — | Neemnoa Fo 2 ¢ < sup(domain(F)) (3.17)
F, : t = sup(domain(IF))

Lemma 3.2.3 (Properties of the filtrations associated to a filtration). Let (2, F) be a
measurable space and let F be a filtration on (2, F). Then

(i) it holds for all t € domain(F) that F, C F, C F/,
(i) it holds for all s,t € domain(F) with s < t that F; CF, CF,;, and
(iii) it holds for all s,t € domain(F) with s >t that F; C F; C F,.

Proof of Lemma 3.2.3. Items (i)—(iii) are an immediate consequence of Definition 3.2.1,
(3.16), and (3.17). The proof of Lemma 3.2.3 is thus completed. O
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Lemma 3.2.4 (Further properties of the filtrations associated to a filtration). Let (2, F)
be a measurable space, let a € [—00,00], b € [a,00], and let (Fy)iciap) be a filtration on

(Q,F). Then it holds for all t € |a,b] that

((F;>86[a7b])t_ = Ft_ and ((F:)se[a,b]):_ = IF;F (318)

Proof of Lemma 3.2.4. Throughout this proof assume w.l.o.g. that a < b. Next note
that Item (ii) of Lemma 3.2.3 ensures that for all ¢t € (a,b], r € [a,t) = [a,b] N [—00, )
it holds that

]Fr g (Use[a,b]ﬂ[foo,t) ]Fg_) (319)
This implies for all t € (a, b] that

(Uselagin=o0,t) Fs) € (Usefapin—oo,t) Fy )- (3.20)

Hence, we obtain for all ¢ € (a,b] that

F; = 0a(Useiabini-st) Fs) = 00 (Usciapini—oot) Fs ) = ((F3 )sefasl), - (3.21)
Next observe that Item (iii) in Lemma 3.2.3 shows that for all ¢ € [a,b), r € (¢,0] =

[a, b] N (t,00] it holds that
(Nsefapin(too Fa) C F,. (3.22)

This implies for all ¢ € [a,b) that

((]F;_)se[a,b}):_ - (ﬂse[a,b]ﬂ(t,oo] F:) - (ﬂse[a,b]ﬁ(t,oo] Fs) - ]F?_ (323>

Combining (3.21) and (3.23) completes the proof of Lemma 3.2.4. O

Definition 3.2.5 (Left-continuity of a filtration). We say that F is a left-continuous
filtration on 2 if and only if it holds that F is a filtration on 2 which satisfies for all
t € domain(F) that

F,=TF,. (3.24)

Definition 3.2.6 (Right-continuity of a filtration). We say that F is a right-continuous
filtration on 2 if and only if it holds that F is a filtration on 2 which satisfies for all
t € domain(F) that

F, =TF;. (3.25)

Let (Q,F), let T C [—o00, 00| be a set, and let (F;);er be a filtration on (€2, ). Then, in
general, it does not hold that for all ¢ € T with ¢ > inf(T) it holds that

F, = Usern(—oo,)Fs (3.26)

because, in general, it does not hold that for all ¢ € T with ¢ > inf(T) it holds that
UseTn(—oo,t)Fs is a sigma-algebra on €). This is illustrated in the next example.
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Example 3.2.7. Let (Q, F) be the measurable space given by Q@ = Ny = {0,1,2,...}
and F = P(Q), let T C R be the set given by T = [0,1], and let F, C P(QQ), t € T, be
the sets which satisfy for alln € Ny, t € [1 —1/2n, 1 — 12041 that Fy = P(Q2) and
Fo = oo ({0}, {11, {2} {n}}), (3.27)
Then
(i) observe
that for all t € [0,%/2) it holds that Fy = oo ({{0}}),
that for all t € [/2,3/1) it holds that Fy = oo ({{0},{1}}),
that for all t € [3/1,7/s) it holds that F, = o ({{0},{1},{2}}),

(ii) observe that (F;)ier is a right-continuous filtration on (Q,F),
(111) observe that (Fy)ier is not a left-continuous filtration on (€, F),
(iv) observe that for all n € Q it holds that

{n} € Usern(—ooyFs = Useio, ) Fs, (3.28)
(v) observe that

Un6{072,476,...} {n} = {0, 2, 4, 6, . } ¢ UsETﬁ(—oo,l)Fs = U56[071)F3, (329)
and
(vi) observe that Usern(—co1)Fs = Usejo,)Fs is not a sigma-algebra.

Class exercise 3.2.8. Let (2, F) be a measurable space, let T C [—o00, 0] be a set, and
let Fy CP(Q), t €T, be a filtration on (Q, F).

(i) Is (F; )ier a left-continuous filtration on (2, F)?
(ii) Is (F) )ier a right-continuous filtration on (2, F)?

3.2.1.2 Filtered probability spaces

Definition 3.2.9. We say that Q2 is a filtered probability space if and only if it holds
that there exist ), F, P, F such that it holds

(i) that (2, F, P) is a probability space,
(i) that F is a filtration on (Q,F), and
(iii) that @ = (Q, F, P,T).
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3.2.1.3 Stochastic bases

Next we present the notions of a normal filtration (cf., e.g., Definition 2.1.11
in [Prévot and Rockner(2007)]) and of a stochastic basis (cf. Appendix E in
[Prévot and Rockner(2007)]).

Definition 3.2.10 (Normal filtration). We say that F is a normal filtration on Q if and
only if there exist ), F, P such that it holds

(i) that Q = (Q, F, P) is a probability space,
(i) that F is a right-continuous filtration on (2, F), and
(ZZZ) that {A e F: P(A) = 0} - (mtedomain(]F)]Ft)-

Definition 3.2.11 (Stochastic basis). We say that €2 is a stochastic basis if and only if
there exist 2, F, P, F such that it holds

(i) that Q = (0, F, P,F) is a filtered probability space and
(i) that F is a normal filtration on (2, F, P).

Let a € [—00,00], b € [a,00], let (2, F,P) be a probability space, and let (F¢)cjqp
be a filtration on (2, F). Then sometimes the quadrupel (2, F, P, (F¢)tc[az) is called a
stochastic basis in the literature although (Ft)te[%b] is not necessarily normal.

Proposition 3.2.12 (Construction of a stochastic basis). Let (Q, F, P) be a probability
space, let a € [—00,00], b € [a,00], let (Fy)icap be a filtration on (Q,F), and let
Gt CP(Q), t € [a,b], be the function which satisfies for all t € |a,b] that

Gt =o0q(FtU{A e F: P(A) =0}). (3.30)
Then
(i) it holds that (U, F, P, (G{ )tefap)) is a stochastic basis and

(ii) it holds for all normal filtrations (Hy)icay on (2, F, P) with Vt € [a,b]: F, C H,
that V't € [a,b]: G} C H;.

Proof of Proposition 3.2.12. First, observe that (3.30) ensures that for all ¢ € [a,b] it
holds that
{Ae F: P(A) =0} CGy. (3.31)

Item (i) in Lemma 3.2.3 hence ensures that for all ¢ € [a, b] it holds that
{Ae F: P(A) =0} CG/. (3.32)

Combining this with Lemma 3.2.4 establishes that (G; )tejq4 is & normal filtration on
(2, F, P). This proves (i). Next observe that (3.30) ensures that for all normal filtrations
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(Hy)icpap) on (2, F, P) with Vt € [a,b]: F, C H, it holds that V¢ € [a,b]: G; C H;. This
implies that for all normal filtrations (Hy)cpa5 on (2, F, P) with Vt € [a,b]: F, C H, it
holds that

Vte[a,b]: Gf C HY =H,. (3.33)

This establishes (ii). The proof of Proposition 3.2.12 is thus completed. O

3.2.2 Adaptivity

Every stochastic process induces a filtration. This is the subject of the next definition.

Definition 3.2.13. Let (), F, P) be a probability space, let (S,S) be a measurable space,
let T C R be aset, and let X: T x Q — S be a stochastic process. Then we denote by
FX = (F))er € M(T, P(P(Q))) the function which satisfies for all t € T that

F¥ = 00 ((Xo)setn(-ooi]) (3.34)

and we call FX the filtration on (2, F) generated by the (S, S)-valued stochastic process
X (we call FX the filtration generated by X ).

Note that (FX);cr in Definition 3.2.13 is indeed a filtration on (€, F). The next definition
relates the notion of a filtration with the notion of a stochastic process and is fundamental
in the theory of stochastic integration (which we will treat in Section 3.4 below).

Definition 3.2.14 (Adaptivity). We say that X is F/S-adapted (we say that X is
F-adapted, we say that X is an F/S-adapted stochastic process, we say that X is an
F-adapted stochastic process) if and only if there exist Q, F, P, S such that it holds

(1) that F is a filtration on (2, F),

(i) that X is an (S,S)-valued stochastic process with time set domain(F) on (Q, F, P),
and

(i7i) that ¥Vt € domain(F): X; € M(F;,S).

Class exercise 3.2.15. Let T C R be a set, let (Q,F, P) be a probability space, let
(S,8) be a measurable space, and let X: T x Q — S be a stochastic process. Does it
holds that X is FX /S-adapted?

Lemma 3.2.16 (A characterization for adaptivity). Let T C R be a set, let (Q2, F, P)
be a probability space with a filtration (Fy)er, let (S,S) be a measurable space, and let
X:TxQ — S be a stochastic process. Then the following two statements are equivalent:

(i) It holds that X is (IFy)ier-adapted.
(ii) It holds for everyt € T that F;* C F,.
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Lemma 3.2.16 is an immediate consequence from Definition 3.2.13 and Definition 3.2.14.
Let us illustrate the notions presented above through a simple example; cf. Exam-
ple 3.1.4.

Example 3.2.17. Let N € {3,4,...}, let (2, F, P) be the probability space given by
(L, F, P)= ({-1,1}",P({-1,1}"), Unify ), (3.35)

let U,: Q@ — {—=1,1}, n € {1,2,..., N}, be the functions which satisfy for all w =
(wi,wa, ..., wy) €Q, ne{l,2,... N} that

Un(w) = wy, (3.36)
let T C R be the set given by T ={0,1,...,N}, let X, Y : T x Q — R be the functions
which satisfy for alln € T that

X,=Y Us and Y, =Us, (3.37)
k=1

and let Fy, t € T, be the sigma-algebras which satisfy for allt € T that
]Ft -

{0,Q} ' t=0
O'Q(Ul) _ @,Q, {(—'1722, . ,ZN?Z 19, . AN € {—1, 1}}, F=1
{(177'2""7/LN):227""7/]\[6{_1’1}}
(=1, =1, i5, .. in): Az i € {—1,1}},
—1,1,43,...,0n): t3,...,1 —-1,1 :
O'Q(Ul,Ug):UQ {( ) 72.37 aZ‘N> 2‘37 72.N€{ ) }} t=2
{(1, =143, ... in): d3,...,ix € {—1,1}}
(1, 1,45, .. in): dg,.... i € {—1,1}}
Loa(U1,...,Un) =P(Q) t=N
(3.38)

Then observe

(i) that Uy, U, ..., Uy are P-independent Unif;_; 1,-distributed random variables,
(ii) that (Fy)ier is a filtration on (Q, F),
(iii) that (Fy)ier = (FX)ier, that is, Vt € T: F; = FX,

(i) that X and Y are (R,B(R))-valued stochastic processes with time set T on
(&, F, P),

(v) that X is (Fi)ier/B(R)-adapted, but

(vi) thatY is not (Fy)er/B(R)-adapted as Yo = Us is not a Fo/B(R)-measurable func-
tion.
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3.2.3 Predictability

Definition 3.2.18 (Predictable sigma-algebra). Let (2, F) be a measurable space, let F
be a filtration on (2, F), and let T be the set given by T = domain(F). Then we denote
by Pred(FF) the sigma-algebra given by

Pmﬂmzamgq«&ﬂﬂTwu&AerseTﬂ}um%teT}

u{mmmnmmxAyAengD (3.39)
and we call Pred(IF) the predictable sigma-algebra of F.

Let T € (0,00) be a real number and let (€2, F) be a measurable space with a filtration
(F¢)tcjo,r1- Then note that the definition of Pred((IFt)te[O,T}) depends on the specific
choice of the filtration (F)¢cpo,r)-

Definition 3.2.19 (Predictability). We say that X is F/S-predictable (we say that X
is F-predictable, we say that X is an F-predictable function, we say that X is an F-
predictable stochastic process, we say that X is an F /S-predictable function, we say that
X is an F /S-predictable stochastic process) if and only if there exist Q and F such that
it holds

(1) that F is a filtration on (2, F) and
(i1) that X is a Pred(F)/S-measurable function.

Let T € (0,00), let (€2, F,P) be a probability space with a filtration (IF¢)cjor], let
(S,8) be a measurable space, and let X: [0,7] x Q — S be (F¢).c(0,71/S-predictable.
Then it holds that X is a stochastic process, that is, it holds for every ¢ € [0,T] that
X; is an F/S-measurable function (see Definition 3.1.1 above for the definition of a
stochastic process). This property is an immediate consequence of Corollary 3.2.21
below. Corollay 3.2.21, in turn, is a special case of the following lemma, Lemma 3.2.20.

Lemma 3.2.20 also helps us to better understand the notion of a predictable stochastic
process (cf., e.g., [Kiithn(2004)]).

Lemma 3.2.20 ((Fy).cjo,r)-Predictability implies (F; )icpo,m-Adaptivity). Let T" € (0, 00)
be a real number, let (2, F, P) be a probability space with a filtration (Fy)ico,r, let (S, S)
be a measurable space, and let X : [0, T] xQ — S be an (Fy)ico,r/S-predictable function.
Then it holds that X : [0,T] x Q = S is (F} )icjo,1)/S-adapted.

Proof of Lemma 3.2.20. Lemma 0.2.11 implies that for every ¢y € [0,7T], Ag € S it holds
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that

{to} x X' (Ao) = ({to} x Q)N X'(A4y)
€Pred((Fi)epo,17)

s,t] x A: A€ F, and s,t € [0,T] with s <t
: ({tO}XQ)m[O’T}X“( | U {{0} x A: AE[FO}] })

[\ J/

=Pred((Ft)¢c[o,77)

(s,t] x A: A€ Fy and s,t € [0,T] with s <t
= O{tr}xQ {to} X Q < { ] . U {{0} x A: A E[Fo}] = } >) (3 40>

E{{to}xA A €F; and s,t €0, T]w1ths<t0<t}>

= a{to}XQ

U{({to} N {0}) x A: A € Fy}
{to} x At A € UyepouoFs }
{to} N{0}) x A: Ae ]FO}

c g{to}m({{to} x A Ae 1@;}}) = {{to} x A: A€ F, }.

= O-{t()}XQ

This shows that for every ¢y € [0,7T], Ap € S it holds that
X,.'(Ao) € Fy. (3.41)

The proof of Lemma 3.2.20 is thus completed. [

We now present the promised Corollary 3.2.21, which is a special case of Lemma 3.2.20
above.

Corollary 3.2.21 (Predictability implies adaptivity). Let T € (0,00) be a real number,
let (2, F, P) be a probability space with a filtration (Fy)icpom, let (S,S) be a measur-
able space, and let X: [0,T] x Q — S be an (Fy)icpo,r)/S-predictable function. Then
X:[0,T] x Q= S is (F¢)sejo,r)/S-adapted.

Lemma 3.2.22 (Adaptivity together with continuous sample paths implies predictabil-
itly). Let T € (0,00) be a real number, let (2, F,P) be a probability space with a
filtration (Fy)icpo,r, let (E,dg) be a metric space, and let X: [0,T] x Q@ — E be an
(Ft)ico,1)/B(E)-adapted stochastic process with continuous sample paths. Then X is
(Ft)icpo,1/B(E)-predictable.

The proof of Lemma 3.2.22 is omitted and can, e.g., be found in Lemma 2.5.1 in
[Kallenberg(2002)].

Exercise 3.2.23 (Product measurable random fields). Let (I,Z), (2, F), and (S,S) be
measurable spaces and let X : I x Q — S be an (T ® F)/S-measurable function. Prove
then that for allw € Q it holds that I > i — X (i,w) € S is an I /S-measurable function.
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3.3 Standard Brownian motions

This subsection introduces a class of stochastic processes known as standard Brownian
motions. These stochastic processes are fundamental objects of probability theory (see,
e.g., Section 21 in [Klenke(2008)]). A detailed analysis of various aspects of standard
Brownian motions can be found in the book [Mérters and Peres(2010)] on standard
Brownian motions.

Definition 3.3.1 (Standard Brownian motion with respect to a filtration). We say that
W is an m-dimensional standard -Brownian motion (we say that W is a standard
Q-Brownian motion) if and only if there exist T, ), F, P, F such that it holds

(i) that T € (0,00), m € N,
(ii) that Q = (Q, F, P,F) is a filtered probability space,

(111) that W is an (R™, B(R™))-valued stochastic process with continuous sample paths
and time set [0,T] on (2, F, P),

(i) that W is an F/B(R™)-adapted stochastic process,
(v) that Wy =0¢€ R™,

(vi) that for every ti,ty € [0,T] with t; < ty it holds that Wiy, — Wy, is Ny (ta—t1)gm -
distributed, and

(vii) that for every ti,ty € [0,T] with t, < ty it holds that oq(Wy, — Wy,) and Fy, are
P-independent.

Observe that the filtration F = (IF;)cjo,7] in Definition 3.3.1 is a substantial ingredient
of the definition of a standard (2, F, P, (F;)¢c[o,r1)-Brownian motion. In some situations,
the particular filtration is not of importance. For this the following notion is used.

Definition 3.3.2 (Standard Brownian motion). We say that W is an m-dimensional
P-standard Brownian motion (we say that W is an m-dimensional standard Brownian
motion, we say that W is a P-standard Brownian motion, we say that W is a standard
Brownian motion) if and only if there exist Q, F, F such that it holds that W is an
m-dimensional standard (S, F, P,F)-Brownian motion.

3.3.1 Elementary properties of standard Brownian motions

In the next step a few elementary properties of standard Brownian motions are collected.
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Proposition 3.3.3 (Properties of standard Brownian motions). Let T € (0,00), m € N,
let (Q, F, P) be a probability space, and let W: [0,T] x Q@ — R™ be a standard Brownian
motion. Then

(i) it holds for all t € [0,T) that Ep[W,] =0 € R™ and Covp(W;) =t - Ipm € R™™,
(11) it holds for allt € [0,T], s € (0,T] that W}, = \/ig Wy in distribution on B(R™),

(#ii) it holds that W has P-independent increments, i.e., it holds for every m €
{3,4,... }, t1,...,t, €[0,T] witht, < ... <t, that the random variables Wy, —W,,,
oo, Wy, = Wy | are P-independent, and

(iv) it holds that W has stationary increments, i.e., it holds for every n € {2,3,...},
hotiy ..ty € [0,T] withty, < ... <t, <t,+h<T that

(Wtz - Wt17 ceey M/tn - M/tn_1) - (Wt2+h - Wt1+h7 ey th+h - th_1+h) (342)

in distribution on B(R™™).

Proof of Proposition 3.3.3. Items (i) and (ii) follow immediately from Definition 3.3.2.
In the next step we show Item (iii). For this we observe that the fact that W is (F}"),e(0,7)-
adapted (see Lemma 3.2.16) proves that for all n € {3,4,5,...}, t1,...,t, € [0,T] with
t; <...<t, it holds that

oo((We, = Wiy, oo, Way — Wi, ,)) CFY (3.43)

tp—1-

Item (vii) in Definition 3.3.1 hence implies that for alln € {3,4,5,...}, t1,...,t, € [0,T]
with ¢; < ... <, it holds that

oo(Wy = Wiy, oo s We oy = Wa ) and  oq(W,, — Wi, ) (3.44)

are P-independent. Therefore, we get that for all n € {3,4,5,...}, t1,...,t, € [0,7T],
A, Apor € B(R™) with t; < ... <, it holds that

P({Wy, =W, € AW, —W,,_, € Ayr})
=P({Wy =Wy, e &ifn---n{W,,_, —W,,_, €A 5}) - PW,, = Wi, € Ap1) .
(3.45)

Iterating (3.45), in turn, ensures that for all n € {3,4,5,...}, t1,...,t, € [0,7T],
Ay, oo Apor € B(R™) with ¢ < ... <'t, it holds that

P({Wy, =Wy, € A0 {W,, =W, , € 4,1 })

(3.46)
= P(Wt2 - th € Al) Cee P(th - th71 € Anfl) .

This proves Item (iii). It thus remains to show Item (iv). For this we observe that
Item (vi) in Definition 3.3.1 implies that for every ti,t, € [0,T], h € [0,T — t5] with
t1 <ty it holds that

Wy~ Wors (3.47)
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is No,(ta—t,)1gm -distributed. Combining this and Item (iii) proves Item (iv). The proof
of Proposition 3.3.3 is thus completed. [

3.3.2 Gaussian stochastic processes

We first present a simple result for independency of jointly normal distributed random
variables is formulated.

Lemma 3.3.4 (Uncorrelated normally distributed random variables are indepen-
dent). Let (2, F,P) be a probability space, let n € N, ky,...,k, € N, and let
Yids oo Yigss oo Yads ooy Yog,): Q@ — RE+Fka) be o normally distributed random
variable with the property that for all ;1 € {1,...,n}, l € {1,... k;}, [ e {1,...,k;}
with i # 1 it holds that

Cov(Y;,,Y;;) = 0. (3.48)

Then the random variables (Yi1,..., Y1) Q@ — R™ .. (Yor,. ., Yor): Q — R
are P-independent.

Lemma 3.3.4 is a straightforward consequence of Proposition 0.4.15 and Corollary 0.4.16.
The next result, Corollary 3.3.5, relates Definition 3.3.2 above to Exercise 1.3.11 in
Chapter 1. Combining Proposition 0.4.15, Lemma 3.3.4, and Proposition 3.3.3 results
in the next corollary.

Corollary 3.3.5 (Covariances for one-dimensional standard Brownian motions). Let
T € (0,00), let (2, F, P) be a probability space, and let W: [0,T]xQ — R be a stochastic
process with continuous sample paths and with Wy = 0. Then W 1is a one-dimensional
standard Brownian motion if and only if it holds for everyn € N, t1,... t, € [0,T] that
the random variable (Wi, ..., Wy, ): Q@ — R" is /\/’(J,(min{ti»tj})(i,j)e{l 7777 o2 -distributed.
Proof of Corollary 3.53.5. If W is a one-dimensional standard Brownian motion, then
Proposition 3.3.3 implies that for all 4,5 € {1,2,...,n} it holds that

Ep |:VVt1 Wtj} =Ep [Wmax{ti,tj}wmin{ti,tj}}
- EEP [(Wmax{ti7tj} - Wmin{ti,tj}) (Wmin{ti,tj} - Wﬂ)l—" IE:'P [}Wmin{ti,tj} ‘2i| (3 49)
=Ep [Wmax{ti,zj}*Wmin{ti,tj}] Ep [Wmin{ti,zj}*wo] =0

= min{t;,t,}.

Moreover, if W is a one-dimensional standard Brownian motion, then Proposition 3.3.3
and Proposition 0.4.15 ensure that (Wy,, Wh,, ..., Wy, ): © — R™ is normally distributed.
This and (3.49) show the “=" direction in Corollary 3.3.5. Let us now assume that for
every n € N, ty,...,t, € [0,T] it holds that (Wy,,..., W, ) is /\/'07(min(tz.7,5],))(1”_)6{1’2 AAAAA 2
distributed. Proposition 0.4.15 then implies that for every n € N, s1,89,...,8,, 11,12 €
[0,7] with s < -+ < s, < t; <ty it holds that (Wy,,..., W, , W, — W,,) is normally
distributed with the property that for all i € {1,2,...,n} it holds that

Ep[ (Wi, — Wi,) W,] = min{ts, s;} — min{ty, s;} =0 (3.50)
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and

EP [(WtQ - th)ﬂ = EP [(Wt2>2] + EP [(Wh)Z] - ZEP[WH Wt2]

(3.51)
:t2+t1—2t1 :tg—tl.

Lemma 3.3.4 hence proves the “<” direction and this completes the proof of Corol-
lary 3.3.5. [

Based on Definition 0.4.17, we now introduce the notion of a Gaussian stochastic process.

Definition 3.3.6 (Gaussian stochastic process). Let (2, F, P) be a probability space, let
m €N, let T C R be a set, and let X = (X*,...,X™): T x Q — R™ be a stochastic
process with the property that for everyn € N, ty,...,t, € T it holds that

Q2w (X (W), ..., X" (W), X, (W), ..., X (w),..., X, (w),..., X" (w)) € R"™
(3.52)
is Gaussian distributed. Then we say that X is a Gaussian stochastic process.
See, e.g., [Ash(2013)] and [Jentzen(2014)] for the next result.

Proposition 3.3.7 (Marginally normally distributed versus jointly normally dis-
tributed). Let (0, F, P) be a probability space, let X: Q — R be a standard normal
random variable, let Z: Q@ — R be an (3 6% |pmw) + 5 07 s(w)) -distributed random vari-
able with the property that X and Z are independent, and let Y : QQ — R be given by
Y =7ZX. Then

e it holds that X and Y are standard normal random variables,
e it holds that X and Y are uncorrelated, i.e., Cov(X,Y) =Ep [XY] =0, but
e it does not hold that Q > w — (X (w),Y (w)) € R? is normally distributed.

Proof of Proposition 3.3.7. First of all, observe that the definition of Y and the assump-
tion that X and Z are independent ensures that for all x € R it holds that

PY<z)=P{Y <z}n{Z=1})+PHY <z}n{Z=-1})
=P{X <z}n{Z=1})+P{-X <z}n{Z=-1}) (3.53)
s P(X<z)+1 - P(-X<ux).

1
2
Next we note that the assumption that X (P)gmw) = No1, implies that X(P)gm) =
(—=X)(P)sm) = No,r- This and (3.53) imply that for all z € R it holds that

P(Y <) =5 Nosg ((—00,2]) + 5 - No g (=00, 2]) = Nop (00, 7]). (3.54)
Moreover, we observe that

Ep[XY] = Ep[X(ZX)] = Ep[X2Z] = Ep[X?] Ep[Z2] =1-0=0. (3.55)
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Furthermore, we note that

PX+Y=0)=PX+ZX=0)= (( +2)X ) (3.56)
=P(1+Z=0)=P(Z= ): '
This proves that
Dowr— X(w)+Yw) eR (3.57)
is not normal distributed. Proposition 0.4.15 hence proves that
Qowr (X(w),Y(w)) € R? (3.58)
is not normal distributed. The proof of Proposition 3.3.7 is thus completed. O]

3.3.3 Approximative simulation of sample paths of standard
Brownian motions

We now present a short Matlab code for the approximative generation of sample paths
of 1-dimensional standard Brownian motions (cf. Exercise 1.3.11). More formally, let
(Q, F, P) be a probability space, let T' € (0,00), N € N, let W: [0,7] x 2 — R be a
1-dimensional P-standard Brownian motion, and let W : [0 T x © — R be the function
which satisfies for all n € {0,1,..., N — 1}, t € [2F DT that

Wi=(n+1—F) War + (F = 1) W (3.59)

Observe that if N € N is large, then (Wt)te[o,ﬂ is in a suitable sense a good approx-
imation of (Wi)icpr). The following Matlab code plots a realization of an pseudo

W(P)®tE[O,T]B(R)—distributed random variable in the case T'=1 and N = 1000.

T = 1;

N = 1000;

BM = cumsum( [0,randn(1,N)]*sqrt(T/N) );
plot( (0:T/N:T), BM );

=W N

Matlab code 3.1: A Matlab code which plots a realization of an pseudo W(P)@)te[o,T]B(]R)_
distributed random variable in the case T'= 1 and N = 1000 in (3.59).

Definition 3.3.8 (Positive part and negative part). Let a € R. Then we denote by
at € R and a= € R the real numbers given by

at = max{a,0} and  a  =max{—a,0} = —min{a,0}, (3.60)

we call a™ the positive part of a, and we call a~ the negative part of a.
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Figure 3.1: Results of two calls of the Matlab code 3.1.

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 129
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 3. Stochastic processes and Ito stochastic calculus

Exercise 3.3.9 (Geometric Brownian motion). In this exercise we do not distinguish
between pseudo random numbers and actual random numbers. Let T,z € (0,00), a, f €
R, let (2, F, P) be a probability space, let W: [0,T] x Q@ — R be a standard Brownian
motion, let X : [0,T] x Q — R be the stochastic process which satisfies for all t € [0,T]
that

X, = elotH8We) o0 (3.61)
and let f e LY X7(P)pm);||g)- The stochastic process X is known
as geometric Brownian motion in the literature. Write a Matlab function

MonteCarloGBM(T o, ,x¢, f,N) with input T € (0,00), o, € R, zy € (0,00),
f e LYX7(P)smy: | |g), N € N and output a Monte Carlo approzimation of

E[f(Xr)] (3.62)

based on N € N samples. Call your Matlab functiOQn MonteCarloGBM(T,
a,B,x9,f,N) in the case T =1, f = %07 a = In(1.06) — %, xro =92, f =R >
z i+ [r—100]" € R, N = 10%.

Exercise 3.3.10. In this exercise we do not distinguish between pseudo random numbers
and actual random numbers. Let (2, F, P) be a probability space, let m, N € N, let
W:[0,T] x Q = R™ be a standard Brownian motion, and let W™ : [0,T] x Q@ — R™,
M € N, be the functions which satisfy for all M € N, n € {0,1,...,M — 1}, t €

[2T DT 4t

W = (n+1 =490 War + (4 —n) Wi (3.63)

(i) Write. o  Matlab  function  BrownianMotion (T ,m,N) with  in-
put T € (0,00), mN € N and output a realization of an
(Wo, W%, W%, o Wa-nr, WT) (P)B(]Rmx(NH))—distm'buted random variable.

N

(i1) Assume that T = 1 and that m = 2. Write a Matlab function
BrownianMotion2DPlot () which uses your Matlab function BrownianMotion (1,
m, N) to plot one realization of an (Wwoo)(P)®t€[O’T]B(Rz)—distributed random
variable in a three-dimensional coordinate system.

Exercise 3.3.11 (Geometric Brownian motion revisited). Let T, xq, 8 € (0,00), o € R,
let (Q, F,P) be a probability space, let W: [0,T] x Q@ — R be a standard Brownian
motion, let X : [0,T] x Q@ — R be the function which satisfies for all t € [0,T] that

X, = et g (3.64)
(cf. Exercise 3.53.9), and let &: R — R be the function which satisfies for all y € R that
dy) =" \/LQ? e 2% d.
(i) Show that for all K € R it holds that
E[max{Xs — K, 0}

elotaf)T rg— K : K <0 (3.65)
- at+1p2 oT+In(22 aT+In(%2 ’
e +2/3)Tx0q>(%+5ﬁ>—z(q><%> K >0
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(it) Use Item (i) and the built-in Matlab function erf(...) to calculate E[ max{Xy —

K, O}] approzimatively in the case T =1, f = 1—10, a = In(1.06) — ﬁ—;, To = 92,

K =100. Compare this result with the result of Ezxercise 3.3.9.

3.3.4 Temporal regularity of standard Brownian motions

This section investigates temporal regularity properties of standard Brownian motions.
To do so, a few notions are introduced.

Lemma 3.3.12 (Absolute moments of standard normal random variables). Let
(2, F, P) be a probability space and let Y : Q — R be an Ny 1-distributed random vari-
able. Then

(i) it holds for all p € [2,00) that
Ep([Y] =(p—1) Ep[|Y[Z?], (3.66)

(i) it holds for all p € {2,3,4,...} that

p1_JW—1)-(p—3)-...-5-3-1 . p even
£ 7] - | _
(p—1)-(p—=3)-...-4-2-Ep[[Y|g] :p odd,
(3.67)
{(p 1)-(p—3)-...-5-3-1 :p even
(p—1)-(p—3)- ~'4'2-\/g . p odd,

and

(iii) it holds for all p € [1,00) that Y| zpy. ) < V/P-

Proof of Lemma 3.3.12. Note that integration by parts proves that for all p € (2, 00) it
holds that

Ep[[Y ]3] = / ey = [ | y!y\“’ 2] [ye ] ay
(r-2) — 12" p— 1)yl 2] [e3v*] d
o Yl ey 4 7= ylg 7| |e y  (3.68)
=(p—1) /|y| e —2¥" gy = (p —1)1EP[|Y|]§*2)].

This proves (3.66). In addition, note that

_1.,2 o _ 1,2
ErllVle) = [ e dy=2 [ ugne
0 . (3.69)
V[ =BT -
s y=0 s
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Combining this and (3.66) establishes (3.67). Next we note that Jensen’s inequality,
Definition 1.2.11, and (3.67) imply that for all p € (1, 00) it holds that

(Ipl1-1)

1Y oo iy < I Do < (1= 173 )™ < (7l = 1)

=

</p. (3.70)

The proof of Lemma 3.3.12 is thus completed. O]

Theorem 3.3.13 (Kolmogorov-Chentsov theorem). Let T,p € (0,00), a € (0,1), m €
N with o > %, let (Q, F,P) be a probability space, and let X: [0,T] x Q — R™ be a
stochastic process with (Xy)icjo.r) € C*([0, T, LP(P; ||| gm)), i-e., with

1 Xty — Xoy [l 2o pyy.
sup 2 1 EPEJP,H lrRm) < 0. (371)
t1,t2€[0,T] |t2 - tl’

t1#t2

Then there exists a stochastic process Y : [0,T] x  — R™ which is a modification of X
(i.e., which fulfills that for allt € [0,T] it holds that P(X; = Y;) = 1) and which satisfies
that for allw € Q, B € (0,a — %) it holds that Y (w) € C°([0,T], R™).

The proof of Theorem 3.3.13 is omitted. It can, e.g., be found in Theorem 21.6 in
[Klenke(2008)].

Proposition 3.3.14 (Temporal regularity of standard Brownian motions). Let
T € (0,00), m € N, let (QF,P) be a probability space, and let W =
(WO, WY [0,T] x Q@ — R™ be an m-dimensional standard Brownian motion.
Then

(1) it holds for all p € [1,00), t1,ts € [0,T] with t; <ty that
W, = Wil 2o ) = Vim (ty —t)"? (3.72)
[Wa, — Wt1||£p(p;||.||Rm) <my/p(tz — t1)1/2 ) (3.73)

(i) it holds for all v € (0, 3], p € [1,00) that (Wy)ep,r € C*([0,T], LP(P; || |gm)) and
W llerrz oz 1o(pfigmyy < VD5 and

(11i) it holds for all o € (0,1) that

(3.74)

o
— N
N—

P(W € ([0, T],R™)) = {(1) Z i (

—
N[
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Proof of Proposition 3.3.14. Observe that for all t1,t, € [0,T] with ¢; < ¢, it holds that
(4
Z |Wtjz t1) 2]

i [ tg t1) }_mEP[lth tl|}:m(t2—t1).

This implies (3.72). Next note that the estimate

Ep [”WtQ - th H%{m} =Ep |:||W(t2_tl)||%Rm =Ep

(3.75)

m 1/2 m
Vo= (z1,...,2,) ER™:  [a|gm = [Z |xz~|2] <Y lwl o (3.76)
=1 i=1

and Lemma 3.3.12 imply that for all p € [1,00), t1,ts € [0,T] with ¢; < t5 it holds that

[We, — thHLP(P-II-H]Rm) = Weta—tn) ler P11 = HHW(t2_t1)H]RmHﬁp(P;\.m)
<

Z t2 t1)
=1 LP (P |g)

& (1) 1/2
m (ty — 1) / HWW(tQ—tl)l|Lp(P;|.\R) <my/p(ta—t1) "
This shows (3.73). In particular, we obtain that

Vp € [1,00): ||W||c1/2([o,T},LP(P;H~||Rm)) < my/p. (3.78)

Clearly, this implies that

Hw(j)

(t2—t1)

=m HW((tlg)—tl) ng(p;|.|R) (3.77)

Lr(Pil-|r)

1M:

vae (01 peo0):  (Weom €C(0,T], L(P; | ). (3.79)
Theorem 3.3.13 and Lemma 3.1.13 hence show that
Vae (0,1): P(W ec*([0,T],R™)) = 1. (3.80)
For the proof of the fact that
Vae[:,1): P(W ec([0,T],R™)) =0, (3.81)

the reader is referred to [Morters and Peres(2010)] (see Remark 1.21 in
[Morters and Peres(2010)]). This completes the proof of Proposition 3.3.14. O

Exercise 3.3.15 (Quadratic variation of standard Brownian motions). Let T' € (0, c0),
NeN O0=ty<t; < - <ty=T, let (QF,P) be a probability space, and let
W:10,7] x Q = R be a standard Brownian motion. Prove that

N-1 ) 1/2
— Z (thJrl — th) 2T |: max |tn+1 - tn| . (382)
e 2Py nef{0,1,...,N—
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3.3.5 Construction of standard Brownian motions

The purpose of this subsection is to show for every T" € (0,00) and every m € N
that there exists a probability space (€2, F, P) on which a standard Brownian motion
W: [0, T]xQ — R™is defined. To show this result we follow here a method that is known
as Paul Lévy’s construction of Brownian motion in the literature (see, e.g., Section 1.1
in [Morters and Peres(2010)]). This method is based on Lemma 3.3.19 below. Before
Lemma 3.3.19 and the construction of a standard Brownian motion based on it are
presented, several preparations are presented first.

Definition 3.3.16. Let Q be a set and let A, C ), n € N, be sets. Then define the
limes superior

limsup 4, :=Ny2, (Use_ Ap) = {a € Q: a € A, for infinitely many n € N} (3.83)

n—oo

and the limes inferior

liminf A, :== Uy, (N7, Am) = {a € Q: a € A, for almost all n € N} (3.84)

n—oo

of the sets A, CQ, n € N.

In the setting of Definition 3.3.16, observe that liminf,, ,,, A, C limsup,,_,. A, and
that Q\ (liminf, ,. A,) = limsup,,_, . (Q\A4,).

Lemma 3.3.17 (Borel-Cantelli lemma). Let (Q, F, P) be a probability space and let
A, € F,neN, be events with Y-, P((A,)°) < oco. Then P(liminf,_, A,) = 1.

Proof of Lemma 3.5.17. Note that the assumption » - P((A,,)) < oo implies that

P( (nm inf An>c> — P(lim sup (An)0> = P(Mnen (U2, (A)))

n—oo n—oo

n—oo n—oo

- (3.85)
= lim P(U_, (4,)°) < lim (Z P((Am)C)> =0

m=n

This completes the proof of Lemma 3.3.17. O

We also use the following tool for limits of jointly normally distributed random variables.

Lemma 3.3.18 (The limit of centered jointly normally distributed random variables).
Let (0, F, P) be a probability space, let k € N, let Q, € R** n € N, be a con-
vergent sequence of (k x k)-matrices, let X: Q — R* and X™: Q — R*, n € N,
be random variables such that for every n € N it holds that X™ is Ny o, -distributed
and such that for every continuous and bounded function p: R¥ — R it holds that
lim,, o0 Ep[p(X™)] = Ep[p(X)]. Then X is Noitim,._, .. o, -distributed.
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Lemma 3.3.18 can, e.g., be proved by using characteristic functions (see, for example,
Theorem 15.8 in [Klenke(2008)]). We now present the promised lemma on which Paul
Lévy’s construction of Brownian motion is based on. Its proof makes use of Proposi-
tion 0.4.15.

Lemma 3.3.19 (Lemma for Levy’s construction of standard Brownian motions). Let
t1,ta, t3 € [0,00) be real numbers with t; < t3 and t, = 838 et (Q, F, P) be a probabil-
ity space, let (Zy, Z3): @ — R? be an N07(min(ti7tj))(i7j)e{l’3}2—distm’buted random variable,
let A: Q@ — R be an ./\/Z)y(ts,tl)/zrdistributed random variable and assume that (Zy, Zs)
and A are independent. Then the random wvariable (Zl,% + A, Z3): Q — R3 s
No mint. ), -distributed.

i,5)€{1,2,3}2

The proof of Lemma 3.3.19 is the subject of Exercise 3.5.6 below. In our fol-
lowing construction of a standard Brownian motion we follow the presentation in
[Wakolbinger(2004)] and now use Lemma 3.3.19 to construct a standard Brownian mo-
tion.

Let (2, F,P) be a probability space and let Y, ,: Q@ — R, n € Ny, k& € N, be in-
dependent standard normal distributed random variables. Recall that such a proba-
bility space does indeed exist. (It can, for instance, be constructed as the product
space (x(n,k)eNoxlN R, ®(n,k)eNoxN B(R),@(n,k)eﬂqoxw%,l); see, e.g., Corollary 14.33 in
[Klenke(2008)] for details.) Then we define a family tl(") eR,ie€{0,1,...,2"}, n € Ny,
of real numbers by .

MO RN

i -:27

(3.86)

for all i € {0,1,...,2"} and all n € Ng. In the next step we define recursively a family
W [0,1] x Q = R, n € N, of stochastic processes with continuous sample paths by

w9 =t Yy, (3.87)

for all t € [0,1] and by

-1 (#5 —1))

| Yo
(1) i

Wt(”) — Wt(nfl) + 11— (388)

for all t € [tf;ﬁ)ptl('iﬂa i€{1,3,5...,2"—3,2" — 1} and all n € N. We now investigate
a few properties of the stochastic processes W™, n € N,.

First, we claim for every n € Nj that

W@ we W) s N

(n) n)? 9 3
t{" t§ v té’z) 0,(min(¢

(n) t§7L)) -distributed. (3.89)

i )(i1)e(0,1,2,...,27)2

We prove (3.89) by induction on n € Ny. Observe that (W()(O),Wl(o)) = (0,Yp1) is

N0, (min(i,j)) -distributed and this shows (3.89) in the base case n = 0. For the

(i,4)€{0,1}2
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induction step Ny 2 n —1 — n € N note for every n € N that

(W( W ,Wﬁni)

t(()n)’ t(n)’
(n 1) (n—1)
) Mg i (-4")
= Wt(()"> 3 f + - 7
(n—1) (n 1)
W((”)—l) o + Yn3 (t 2 ) (390)
t n )

(n) P) 4 (n)
t2" 1 t2"

(n—1) (n—1)
Wim +W<"> R
(n—1)  tyn'_o —ton'_y (n—1)
W — s +Y 2n—1 Iy E—— LL

for all n € N. Combining this with Proposition 0.4.15 and Lemma 3.3.19 then shows
that the induction step Ng 2 n — 1 — n € N. This completes the proof of (3.89).

In the next step for every n € N the distance between W and W™= is estimated.
Observe that

(n)_4(n) . Yo
sup W W(" 2 —(t2 4t° ) ( max |Ym\> < maxl€{172,..1,,22}| nl
te[0,1] ie{1,3,5,...,2n —1} 2(n+1)/

(3.91)
for all n € N and therefore
Pl sup W™ _ o)< " < pf Ma%ie(12. .2} Yol 5"
te[OI,)l] t t 2(n+1)/2 | — 2(n+1)/2 9(n+1)/2
2" 27’1,67%’”2 2n
=P Yoil >n) <Y PVl >n)=2"M ,00) <
(1ot il > ) < 3 POV > ) = 2o 000 < 5020 <
(3.92)

for all n € N where we used Lemma 2.6.14 in the last step. Combining the fact that
S f — < oo with the Borel-Cantelli lemma (see Lemma 3.3.17 above) therefore

n=1
< n
— 2(n+1)/2

shows that
=P|3dng e N:Vn € {ng,no+1,...}: sup
te(0,1]

1= P(lim inf{ sup ‘Wt(n) — Wt(n_l)

n=0oo | tefo,1]

Wt(n) _ Wt(n_l)

n
< stn) 699

< P((W™),ex is a Cauchy sequence in C([0,1], R))
P((W™),ex is convergence in C([0,1], R))
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where we used that the space C([0,1],R) of continuous functlons from [0,1] to R is
complete in the last step. Next we define a stochastic process W: [0,1] x @ — R
through

Wi(w) = {gmnﬁoo W (w) (;/V(") (W))nen is convergent in C([0,1], R) (3.94)
: else

for all £ € [0,1] and all w € Q. By construction we have that P (limy, o sup;cjo 7 [We —

W) = 0) = 1 and that for every n € N and every ¢y, ..., t, € Upen Uiy {55} it holds
that (W, ,W,,,..., W, ) is N[)’(min(ti7tj))(i,j)€{1,2 7777 n}Q-distributed. From Lemma 3.3.18 we
therefore get for every n € N and every ty,...,t, € [0,1] that (W}, W,,,..., W, ) is
Noﬁ(min(tivtj))(i,j)e{m ’’’’’ n}Q—distributed. Combining this with Corollary 3.3.5 results in the

following theorem.

Theorem 3.3.20 (Existence of a one-dimensional standard Brownian motion). There
exists a probability space (2, F, P) on which a one-dimensional standard Brownian mo-

tion W: [0,1] x Q — R is defined.

We have thus constructed a one-dimensional standard Brownian motion on the interval
[0,1]. The following elementary transformation can be used to generalize this result to
arbitrary time intervals [0, 7] where T" € (0, c0).

Lemma 3.3.21 (Transformation of standard Brownian motions). Let T,T € (0, o0), let
(2, F, P) be a probability space and let W: [0,T] x Q2 — R be a one-dimension standard
Brownian motion. Then the stochastic process W: [0,T] x Q — R defined through

W, = \/; Wi (3.95)

for all t € 0, T] s a one-dimension standard Brownian motion.

The proof of Lemma 3.3.21 is an easy exercise. The following generalization of Theo-
rem 3.3.20 follows from Lemma 3.3.21.

Corollary 3.3.22 (Existence of standard Brownian motions). Let T € (0,00), m € N.
Then there exists a probability space (2, F, P) and a mapping W: [0,T] x Q@ — R™ such
that W: [0,T] x Q — R™ is a standard Brownian motion.

Proof of Corollary 3.3.22. By Theorem 3.3.20, there exists a probability space (2, F, P)
and a one-dimensional standard Brownian motion W: [0,1] x © — R. Next define
W:10,T] x Q — R through W, := /T - W, forall ¢ € [0,T]. Lemma 3.3.21 shows that

W is a one-dimensional standard Brownian motion. In the next step define the product
space  := Q™ the product sigma-algebra F=F=FRFQ.. .®@F and the product
probability measure P := P#™ = PQ P®...® P. Moreover, define W: [0, T] x Q — R™

through I/T/t(wl, e W) = (Wt(f‘)l)? e Wt(wm)) for all w = (wy,...,wnm) € Q and all
t € [0,T]. By construction, (€2, F, P) is a probability space and W is an m-dimensional
standard Brownian motion on it. O
WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 137

DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 3. Stochastic processes and Ito stochastic calculus

Theorem 3.3.23 (Existence of stochastic bases and standard Brownian motions). Let
T € (0,00), m € N. Then there ezists a stochastic basis (Q,]—“, P, (Ft)te[O,T}) and a
function

W:[0,7] x Q —R™ (3.96)

such that W is an m-dimensional standard (0, F, P, (Fy)sc(0,m)-Brownian motion.

3.4 Stochastic Integration with respect to standard
Brownian motions

In this section the stochastic integral with respect to a standard Brownian motion
is defined and some of its properties are formulated. We follow the presentations in
[Jentzen(2014)].

3.4.1 Norms on matrices
3.4.1.1 Operator norm induced by the Euclidean norm

Definition 3.4.1 (Operator norm). Let d,m € N. Then we denote by
|l gaxm : R¥>*™ — [0, 00) the function which satisfies for all A € R*™™ that

veR™\{0} HUHRm

[ Al gaxm =
and we call ||-|gaxm the operator norm on R¥>™.

Note that for every d,m € N it holds that (R**™, ||-||gaxm) is & normed R-vector space
(it is even an R-Banach space).

3.4.1.2 Hilbert-Schmidt norm

Definition 3.4.2 (Hilbert-Schmidt norm). Let m,d € N.  Then we denote
by 'l rsm may : R>m  —  [0,00) the function which satisfies for all A =

-----

d m

HAHHS(Rm,Rd) = Z Z |Ai,j’2 (3.98)

i=1 j=1

and we call [||| yggm gay the Hilbert-Schmidt norm on R&™ (we call Il rs(mm Ray the
Frobenius norm on RY>™ ).
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Observe that for every d,m € N it holds that (R, ||-|| ;;gm ra)) i a normed R-vector
space (it is even an R-Hilbert space).

Example 3.4.3. Let A = (A;;)icq12}je1.2y € R¥*? be the 2 x 2-matriz given by

1 0
A_IRQ_(O 1>. (3.99)
Then
(i) it holds that
A
||A||]R2><2 — sup [%} — sup [%] =1 (3100)
ver2\{0} L [|V]Ig2 ver2\{0} | l|V]| R

and

(i) it holds that

2
S AP = V2> 1= [|A]gae (3.101)

1,j=1

||A||HS(R2,1R2) =

Lemma 3.4.4 (Comparison between operator norm and Hilbert-Schmidt). Letd,m € N

.....

HA”]Rdxm S ”AHHS(]RmJRd)- (3.102)

Proof of Lemma 3.4.4. Note that the triangle inequality and the Cauchy-Schwarz in-
equality prove that for all v = (vq,...,v,) € R™ it holds that

2 2
Al,l Al,m m Al k
JAv|ga = [los | ¢ |+ tvm | = >
Agq Adm ) || ga k=1 A ) || g
[ m Al,k ’ m m Al,k ’ (3103)
2 .
< Z|Uk| < [Z|Uk| ] Z :
| k-1 Agr o k=1 k=1 Agr o
2 2
= vz 1Al s@m Ry -
This completes the proof of Lemma 3.4.4. O]
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3.4.2 Product measure on the predictable sigma-algebra

Remark 3.4.5. Let T € (0,00) and let (Q,F) be a measurable space with a filtration
F, € P(P(Q)), t € [0,T). Then observe that

Pred((Fy)epo.r)) € oprixa({Bx A: B € B([0,T]),A € Fr}) = B([0,T]) @ Fr. (3.104)
This fact is used in the next definition.

Definition 3.4.6 (Product measure on the predictable sigma-algebra). Let T' € (0, 00)
and let (2, F, P) be a probability space with a filtration (Fy)icom. Then we denote by

PrF)ciom - Pred((F¢):ejo,r1) — [0, 0] (3.105)
the measure given by

Pr.Econ = (Bor @ P)lpred((Fo)ucio.nm)- (3.106)

Let T' € (0,00) and let (£2, F, P) be a probability space with a filtration (IF;).cpo,r). Then
note that for all t1,t, € [0,T], A € Fy, with t; < t5 it holds that

Pr e (T 1] X A) = (B = 1) - P(A). (3.107)

3.4.3 Vector spaces of equivalence classes of predictable stochastic
processes

Let T € (0,00), d,;m € N, let (Q,F,P, (F:)cor) be a stochastic basis, and let
W:[0,7] x Q@ — R™ be a standard (2, F, P, (F¢):cjo,71)-Brownian motion. Then ob-
serve that for all p € [0, 00) it holds that

Lr (PP:(Ft)te[O,T]; “'HHS(]Rm,Rd) )
Y:[0,T] x Q — R¥>*™: X:10,7T] x Q — R¥>*m
= Y is (IF¢)sejo,r)-predictable and : is (Fy)sejo,r-predictable and
T T
Jo Ep[lIXs = Yl wsrm gay] ds =0 Jo Ep[I1Xll} g mm may] ds < 00

=L (va(Ft)te[O,T]; ]| Raxm )
(3.108)

Furthermore, note that for all p € (0,00), X € LP(Ppx,),c 0.1y I [[gaxm) it holds that

1
T P
_ p
HX“[:p(/PP’(Ft)te[O,T];”.HHS(]RW,]Rd)) - (/0 ]EP |:HXSHHS(]Rm’]Rd)i| dS) )

(3.109)
. .
XM 2P e, 2yt = (/0 EP[HXSII{,;M} dS)
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3.4.4 Metrics for convergence in probability

Exercise 3.4.7 (Metrization of convergence in probability). Let d € N and let
dpe: LO(P; ||-||ga) % L2P; || |lga) — [0,00), p € [1,00), ¢ € (0,00), be the mappings
with the property that for all p € [1,00), ¢ € (0,00), X,Y € LY(P;||-||ga) it holds that

dye(X.Y) = [minfe, | X =¥ llga}ll iy, = [Bemin{e, [IX —V]2,3][". (3110)

Pil-lg
Prove then that
(i) for all p € [1,00), ¢ € (0,00) it holds that (L°(P; ||| ga)s dp.c) is a metric space
(ZZ) and fOT’ all p € [1700)7 c € (0,00), (Xn)nelNo C LO(P7HH]Rd>
it holds that limsup, . dp.(Xn,Xo) = 0 if and only if Ve €
(0,00): limsup,,_,. P(||Xn — Xo|lgre =€) =0
Exercise 3.4.8. Let d,m € N, T € (0,00) and let

2
Ayt {X € LPpe, o lnan): P X e ds < 00) =1} = [0,00),

(3.111)
p € [1,00), ¢ € (0,00), be the mappings with the property that for all p € [1,00),
c e (0,00), (X,Y) € dom(d,.) it holds that

T
dyo(X,Y) = \/min{c,/ 1 X5 — Va2 ds} : (3.112)
0

LP(P;|-|r)

Prove then that
(i) for allp € [1,00), ¢ € (0,00) it holds that (LO(PP,(JFt)te[O,T]? I[ga), dp,c) is a metric

space

(”) and fO’f’ all J2RS [17 OO), ¢ < (07 OO), (Xn>n€1No - LO(PP,(IFt)te[O,T]; ||'H]Rd><m> with
Vn € Ny: P(fOT | X2 dim ds < 00) = 1 it holds that limsup,,_,, (X", X°) =0
if and only if Ve € (0,00): limsupn_)OOP(foT X2 = X022 i ds > €) = 0.

3.4.5 Simple processes

Definition 3.4.9 (Simple predictable process). Let T' € (0,00), d,m € N and let (2, F)
be a measurable space with a filtration (Fy)iep,r)- Then a mapping X : [0,T] x Q — R&>™
is called (Fy)iepo,r-simple (or just simple) if there existn € N, 0 <t; < ... <t, <T
and for every k € {1,...,n — 1} an Fy /B(R¥™™)-measurable mapping Hy,:  — R>™
such that for all t € [0,T] it holds that

n—1
Xi = Hy Ligp,(t). (3.113)
k=1
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Simple processes in the sense of Definition 3.4.9 are predictable. This is an immediate
consequence of the next exercise.

Exercise 3.4.10 (Simple processes). Let T € (0,00), d,m € N and let (0, F) be a
measurable space with a filtration (Fy)icpo,r). Prove that
Pred((Fy)iepo.r)) = O—[O,T}XQ<{{O} x A: AelFy}

(3.114)
U{X1(A): X1 [0,T] x Q = RP™ is (F,)yepory-simple, A € BR>™)} )

3.4.5.1 Density of simple processes

If T € (0,00), dym € N and if (Q,F, P, (Fy)wcpo,r) is a stochastic basis, then
simple stochastic processes that are in LQ(PR(E)tE[o,T];H'H HS(]Rde)) are dense in
L? (Pp7(Ft)t€[O’T]; [l s (rm Ray ). This is the topic of the next lemma.

Proposition 3.4.11 (Density of simple processes I). Let T' € (0,00), d,m € N and let
(0, F, P, (Fy)ico,17) be a stochastic basis. Then it holds that the set

{Y €L’ (PP,(Ft)te[O,T]; ||‘||HS(1Rm,]Rd) ) 1Y is (F)eepo,my -sz'mple} (3.115)
is dense in L? (Pp7(]Ft)t€[0’T]; [l i (rem ey ), that is, for every X €
L? (Ppwt)te[o’ﬂ; 1l s (mm Ry ) there exist (F)teo.r)-simple Y™ €

L2 (va(Ft)te[O,T]; ||'||HS(IRm,IRd) )’ n < N’ such that

lim ||X —v™ 0. (3.116)

) =
oo HLQ(PP,(]Ft)tE[o,T];H'”HS(]Rmv]Rd))

-~

T (n) vz
_ ()2
(2 1= X1 ] 29)

Proposition 3.4.11 is, e.g., proved as a special case of Theorem 25.9 in [Klenke(2008)].
Let T € (0,00), d,,m € N and let (2, F, P, (F;)c0,r1) be a stochastic basis. Then note
that for all X € L*(Pp g,),c 0.0 |l zsmm may ) it holds that

2 - 2
HX“LQ(PP,(Ft)te[QT];”'HHS(IRW,JRd)) - /[()’T]XQ HXS(UJ)HHS(]Rm,Rd) PP,(Ft)te[o,T] (d37 dt«})
- /[ o P sy (B © P) (s, ) (3.117)

T
= [ B (1. o] s < o0
0

and .
P(/ Xl mm gy ds < oo) =1. (3.118)
0
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Proposition 3.4.12 (Density of simple processes II). Let T € (0,00), d,m € N, let
(Q, F, P, (Fy)iem) be a stochastic basis and let X € L° (Ppy(Ft)te[oyT]; ||-||HS(Rm7]Rd)) with

the property that it hold P-a.s. that fOT | X ||%axm ds < co. Then there exist (Fy)cpo.r-
simple Y™ € L0 (Pp,(]yt)tg[oj]; Il s (rm R4y ), n € N, such that

T
lim Hmin{l,/ HXS_Y:;(n)H%IS(IRm,]Rd) ds}
0

n—oo

— 0. (3.119)
LY (Pif )

3.4.6 Lenglart’s inequality

Definition 3.4.13 (Random time). Let T C R be a set and let (2, F, P) be a probability
space. Then a mapping 7: Q — T is called a random time if 7 is F /B(T)-measurable,
that is, if for every t € T it holds that {T <t} € F.

Definition 3.4.14 (Stopping time). Let T C R be a set and let (2, F, P) be a probability
space with a filtration (Fy)ier. Then a mapping 7: Q — T is called an (Fy)ier-stopping
time if for all t € T it holds that {T <t} € F,.

Exercise 3.4.15. Let T C R be a set, let (Q, F, P) be a probability space with a filtration
(Fy)ier, and let 7,p: Q — T be (Fy);er-stopping times. Prove then that min{r, p} is an
(Fy)ier-stopping time.

In (3.122) in the following result, Proposition 3.4.16, we prove a very powerful inequality
which is known as Lenglart inequality in the literature. Proposition 3.4.16 and its proof
are extensions of Problem 1.4.15, Remark 1.4.17 and Solution 4.15 in Section 1.6 in
[Karatzas and Shreve(1988)].

Proposition 3.4.16 (Lenglart inequality). Let (2, F, P) be a probability space with a
filtration (IFy)icpo,00), let X, Y 1 [0,00) xQ — [0, 00) be stochastic processes with continuous
sample paths such that for all bounded (IF¢)ic(o,00)-stopping times 7: @ — [0, 00) it holds
that Ep [XT} < Ep[supte[o’f] Yt] Then for all €,0 € (0,00) and all (F¢)icp,00)-stopping
times 7: Q@ — [0, 00) it holds that

P(supte[oﬂ X, >¢e) <1Ep [supte[oﬁ] Yy, (3.120)
P(sup,cipn X > €, supep ¥i <60) < LEp [min{o, SUDye[0.7] Y}, (3.121)

P(supte[oﬂ X, > ¢) < LEp[min{g, SUDye(0,1] Y] + P(supte[oﬂ Y, >6), (3.122)

Ep[min{e, SUDye[0.7] X} < [2\/5 + \/ig] |Ep[min{s, SUDye[0,7] Y:}] ‘1/2 : (3.123)
Ep[min{1,sup,c X;}] <3 |Ep[min{1, SUDyefo.r Vi }] |1/2 . (3.124)
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Proof of Proposition 3.4.16. Throughout this proof let pX: Q — [0, 0], € € [0, 00), and
pY Q2 —[0,00], € € [0,00), be the mappings with the property that for all € € [0, 00) it
holds that

pX =inf({t € [0,00): X; > e} U{o0}), (3.125)

pY =inf({t € [0,00): SUP,co Ys > €} U{o0}). (3.126)

Then observe that for all ¢ € [0,00), n € N and all (F;)c[o,00)-stopping times 7:  —
[0, 00) it holds that

e P(supyg | Xe > ) = éP(Elt € [0, min{r,n}]: X; > )

0,min{7,n}

= 5P<{Elt € [0, min{7,n}|: X; > 5} N {p? < min{7,n} })
= €P<{E|t € [0, min{7,n}|: X; > 5} {p < min{r, n}} { min{rn,pX} > g})
< €P( min{rn,pX} = 6) =Ep [5 LiX, X >a}]

X

<Ep min{7,n,pX} ]]'{ >5}:| <Ep [Xmin{Tvnan(}} :

mln{T n p

(3.127)

Combining this with the fact for all ¢ € [O 00), n € N and all (F;)¢eo,00)-stopping times
7: Q = [0,00) it holds that min{r,n, p} is a bounded (F;);eo,00)-stopping time (see
Exercise 3.4.15) ensures that for all € € [0,00), n € N and all (IF¢),(0,00)-stopping times
7: Q0 — [0,00) it holds that

€ P(SuptE[O,min{T,n}] Xt > E) < ]EP [Xmm{‘rn px}} < IEP [SuptE[O min{7,n,pX}] Y]

(3.128)
< Ep [supiep, Vi -

Hence, we obtain that for all ¢ € [0, 00) and all (F;);c[0,00)-stopping times 7:  — [0, 00)
it holds that
5P<Supte[0 7] Xt > 8) =& P(UnelN {Supte [0,min{7,n}] Xt > 5})
=¢ lim P(Supte[o min{r,n}] Xt > 5) < ]EP [Supte[o 7] }/t] .

n—o0

(3.129)

This proves (3.120). In the next step we observe that (3.120) ensures that for all £,0 €
(0,00) and all (F;)¢eo,00)-stopping times 7: 2 — (0, 0o) it holds that

P(supte[oﬂ Xi > €, Supyejo ) Y < )
= P(supte[O,T] X, >¢ pf >, SUPsefo,r) Yt < 5)

= P(SuptE[O,min{T,péy}} X > &, péy > T, SUP¢e(0,7] Y: < 5) (3.130)
< P<Supt€[0,min{r,py}] Xt > 6) < %]EP [Supte[o,min{ﬂpgj}] }/t:|

< LEp | min{8, supreo minirry Vi3 | < LEp [min{s supiegy V1]
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This proves (3.121). Furthermore, we observe that (3.121) shows that for all €, § € (0, 00)
and all (F;)¢cjo,00)-stopping times 7:  — (0, 0o) it holds that

P(Supte[oﬂ Xt Z 5)

S P(Suptemﬂ Xt Z g, Supte[oﬂ Yt < 5) + P(supte[oﬂ }/t Z 5) (3131)

< %Ep [min{& SUPye(o,1] Yt}] + P(supte[oﬂ Y, > (5) :
This proves (3.122). Next we note that (3.122) and the Markov inequality (see
Lemma 2.4.11) show that for all 7,6 € (0,00) and all (F)cjo,00)-stopping times
7:  — (0,00) it holds that

P(supte[oﬁ] X > 7“)

LEp[min{d, SUDye0,7] Y, }] + P(min{é, SUDye(0,7] Y} >0) (3.132)
[+ + 5] Ep [min{d, supycp. Yi}] -

This implies that for all €,0,r € (0,00) and all (F¢);c[0,00)-stopping times 7: € — (0, 00)
it holds that

Ep [min{& SUPte(o,7] Xt}]

=Ep [min{€7 SUP¢e(0,7] Xt}]]'{suPte[O,f] Xt<7"}i|

+Ep [min{e, SUPsefo,7] Xt } L fsup,epo thr}} (3.133)
< min{e, r} + 5P(SUPte[O,T] Xy 2 7,)

< min{e,r} +¢ [% + ﬂ Ep [miﬂ{5, SUP¢e0,7] Y;}]

<7r+e;+ 5] Ep[min{d,sup,cp Yi}]

Hence, we obtain that for all €,6 € (0,00) and all (F;)ico,00)-stopping times 7: Q —
(0,00) it holds that

Ep [min{e, SUPyefo, 7] Xt }]
< it (1t £Ep[min{s supycg Y2)] + 5 Ep [min{5, sup,e %))

r€(0,00)

< |e B [min{8,sup,c0,, Vi}][
+VE B [min {8,500, Vi) ][+ § Ep [min{ s supycig i}

(3.134)

This proves (3.123). Moreover, we note that (3.124) is an immediate consequence of
(3.123). The proof of Proposition 3.4.16 is thus completed. ]

3.4.7 Construction of the stochastic integral

In the next result, Theorem 3.4.17, the existence and uniqueness of the stochastic integral
is established (cf., e.g., Proposition 2.26 in [Karatzas and Shreve(1988)]).
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Theorem 3.4.17 (Existence and uniqueness of the stochastic integral). Let T' € (0, 00),
a € [0,T],be aT], dmeN,let (QF,P, (Fcpor) be a stochastic basis, and let
W:0,T] x Q@ — R™ be an m-dimensional standard (2, F, P, (F¢).cj0,17)-Brownian mo-
tion. Then there exists a unique linear function

X is (F¢)iejo,r-predictable with 0/ .
PP IX R ds < o0) =1 | = L (Pl lws)
(3.135)

I: {X € M([0,T] x Q, R¥>™):

which satisfies

(i) that for all X™ € dom(I), n € N, with limsup,,_, ., Ep[ min{1, f; [ X1 2axm ds}] =
0 it holds that limsup,,_,. Ep[min{1, [|[I(X")||ga}] =0 (continuity) and

(ii) that for all s € [0,T], t € (s,T], and all Fy /B(R™™)-measurable functions X : Q —
R ™ it holds that
[(Xﬂ(s,t]) = |:X (Wmin{t,b} - Wmin{max{s,a},t,b})] P,B(R4) (3136)

(stochastic integration of simple processes).

Definition 3.4.18 (Stochastic integration). Let T" € (0,00), a € [0,T], b € [a,T],
d,m € N, let (Q, F, P, (F¢)icpo,r)) be a stochastic basis, and let W: [0,T] x Q@ — R™ be
an m-dimensional standard (2, F, P, (Fy)ic(0,11)-Brownian motion. Then we denote by

X is (Fy)eeo,r-predictable with

w . dxmy . 0 .
v {X € MO T & RT): b2 ds < o0) = 1 } s LYP; ||l )

(3.137)
the linear function which satisfies
(i) that  for  all X" € dom(1,%), n € N, with
limsup,,_, ., Ep| min{1, fab | X212 am ds}] = 0 4t  holds  that
limsup,, ., Ep [min{1, |1} (X")[|ga}] = 0 (continuity) and

(ii) that for all s € [0,T], t € (s,T], and all F, /B(R>™)-measurable functions X : Q —
R&™ it holds that

I(%(X:H.(&t]) - [X (Wmin{t,b} - Wmin{max{s,a},t,b})}P7B(Rd) (3138)

(stochastic integration of simple processes).
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Definition 3.4.19 (Stochastic integral). Let T € (0,00), a € [0,T], b € [a,T], d,m € N,
let (Q, F, P, (Fy)ico,r)) be a stochastic basis, let W: [0, T]xQ — R™ be an m-dimensional
standard (Q, F, P, (Fy)eo,1))-Brownian motion, and let X : [0,T] x Q& — R™™ be an

(Ft)ieo,r)/B(R>™)-predictable stochastic process which satisfies P(fab | X |[Zaxm ds <
o0) = 1. Then we denote by ffXS dWs € LO(P; ||-||ga) the set given by

b
/ X, dW, = II(X) (3.139)

and we call fab Xy dWy the stochastic integral of X from a to b with respect to W on
(0, F, P, (Ft)icor)) (we call fab X dWy the stochastic integral of X from a to b).

3.4.8 Properties of the stochastic integral

Exercise 3.4.20. Let T € [0,00), t € [0,T], let (2, F, P, (Fs)scpo,r)) be a stochastic
basis, let (S,S) be a measurable space, let X: Q — S be an F /S-measurable function,
let Y:Q — S be an Fy /S-measurable function, and let A € F satisfy P(A) =1 and

AC{we: X(w)=Y(w)}. (3.140)

Prove that X is an Fy/S-measurable function.

Let d € N, T € (0,00) and let (Q,F, P, (F;)tco,r1) be a stochastic basis. Then Exer-
cise 3.4.20, in particular, shows that for all 1, ¢, € [0,T] with ¢; < ¢y it holds that

L°(Plegs Flga ) € L0 (Pliy i I-llga ) € L(Plei e ) € L(Pi [l ). (3141
In Exercise 3.4.20 it is crucial that the filtration is normal.

Theorem 3.4.21 (Properties of the stochastic integral). Let T' € (0,00), d,m € N,
a,b € [0,T] with a < b, let (Q, F, P, (F¢)icpo,r)) be a stochastic basis, let W: [0,T] x
Q2 — R™ be an m-dimensional standard (2, F, P, (F;)sc0,17)-Brownian motion, and let
X:[0,7] x Q@ = RY™™ be an (Fy)iejor)/BR>™)-predictable function which satisfies

P([? || Xy || Barm ds < 00) = 1. Then
(i) it holds that [* X,dW, € LO(Plg,: |lllga ).
(ii) it holds that (f;e X dWy)iclay) 15 an (Ft)te[a,b]/B(]Rd)—adapted stochastic process,

(ii1) it holds for all o, € R and all (Fy)sepo,r)/B(R>™)-predictable stochastic processes
o b
3;223 [0,T] x Q@ — R™™ with P( [, HY;HI%IS(R"L,]Rd) + HZSH%{S(]R’”,Rd)dS <o) =1
that

b b b
/ (Y, + BZ,] dW, = a/ Y, dW, +5/ Z, AW, (3.142)
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() it holds for all (Fy)ep.r)/B(R¥™™)-predictable stochastic processes Y : [0,T] x Q —
xXm N b
R&>™ with [ EP[HY;H%IS(IRW,]R‘Q} ds < oo that

Ep /bstWs 2d] = /b Ep |:||}{9||2HS(Rm’]Rd):| ds, (Ito’s isometry)
a R a
‘/by aw = (/bHYHf:z . ds)é (3.143)
o g T M e s )
Ep UbstWs} =0, (3.144)

(v) it holds for all p € [2,00) that

b / b :
—1 2
/ X, dW, < % (/ HXSHiP(P;H-II m rd )d5>
. LP(P;II-H]Rd) “ HS(R™,R4)

b p % b 2 %
plp—1) ;
[ xeaw: D P () (B [l n] ) 05)
a R4 a
(Burkholder-Davis-Gundy inequality I)
(vi) there exists an up to indistinguishability unique (Fy)ie(qn/B(RY)-adapted stochastic
process V: [a,b] x Q — R with continuous sample paths which satisfies for all
t € [a,b] that [Vi]pprae = fj XsdWy (V' is called a continuous modification of
(f; Xs dWs)tE[a,b]); and

(vii) it holds for all p € [2,00) and all continuous modifications V : [a,b] x @ — RY of
(f; X dWy)ielap) that

1
b 3
2
Supb H‘/SH]Rd Sp(/ HXS”ﬁp(P;“'”HS(]Rm,]Rd)) dS) ’
36[07 } ‘Cp(PyH]R) a
z b 2 3
g
(Ep sup Hmﬂﬁ;) gp( / G [E o Am— ds) .
s€la,b] a

(Burkholder-Davis-Gundy inequality IT)

The statements of Theorem 3.4.21 and their proofs can, for example, be found in
[Klenke(2008)] and [Da Prato and Zabczyk(1992)].

Exercise 3.4.22 (Stochastic integration of L-continuous stochastic processes). Let T €
(0,00), d,m € N, let (2, F, P, (F¢)c011) be a stochastic basis, let W: [0,T] x Q@ — R™
be an m-dimensional standard (Q, F, P, (Fy)ic0,1)-Brownian motion, let a € [0,T1], b €
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[a, T, and let X : [0,T] < Q — R™™ be an (Fy)iefo,r)/B(R>™)-predictable function with
X € C([0,T], L*(P; ||| gaxm)). Prove that

b
/ X, dW, — [ZXHW oy (W, nomn) — Wa+k(b_a)>]

=0.

12(Pi]| 1 ga)
(3.145)

lim sup
n—oo

3.5 1t6 stochastic calculus

3.5.1 It6 processes and Ito’s formula

This section presents the [t6 formula from [té stochastic calculus (Ité calculus), which
is the stochastic analogue of the fundamental theorem of calculus and the chain rule
respectively. For this we first briefly review basic properites from deterministic calculus.

Let T € (0,00) be a real number. Then the fundamental theorem of calculus proves that
a function (a process) z: [0,7] — R is continuously differentiable if and only if there
exists a continuous function y: [0,7] — R such that for all ¢ € [0, 7] it holds that

z(t) = z(0) +/0 y(s)ds (3.146)

and in that case it holds for all ¢ € [0,7] that z/(t) = y(t). Functions of the form
(3.146) are crucial in deterministic calculus. The chain rule proves that if f: R — R

and z: [0,7] — R are continuously differentiable functions, then so is the composition
function [0, 7] o t — f(z(t)) € R and in that case it holds for all ¢ € [0, 7] that

d , :
o (@) = f(1) 2'(1). (3.147)

Combining (3.146) and (3.147) proves that if f: R — R and z: [0,7] — R are continu-
ously differentiable and if y: [0,7] — R is a continuous function satisfying (3.146), then
it holds for all ¢ € [0, 7] that

F(a(t)) = F(x(0)) + / £ (s)) y(s) ds. (3.148)

Formula (3.148) is the combination of the fundamental theorem of calculus and of the
chain rule. In the following we present the stochastic generalization of (3.148) which
is known as It6’s formula in the literature (see Theorem 3.5.5 below). Recall that the
sample paths of a standard Brownian motion are with probability one not continuously
differentiable; see (3.74) in Proposition 3.3.14 for details.
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Definition 3.5.1 (It6 process — stochastic analogue of a continuously differentiable
function/process). We say that X is an O-valued It process on S with drift Y, diffusion
Z, and standard Brownian motion W (we say that X is an It process on € with drift
Y, diffusion Z, and standard Brownian motion W, we say that X is an Ité process with
drift Y, diffusion Z, and standard Brownian motion W, we say that X is an Ité process)
iof and only of there exist T', Q, F, P, F, d, m such that it holds

(i) that T € (0,00), d,m € N, O € B(R?),
(ii) that Q = (2, F, P,F) is a stochastic basis,

(111) that X € M([0,T]x,0) is an F/B(O)-adapted stochastic process with continuous
sample paths,

(iv) that Y € M([0,T] x Q,R?) is an F/B(R?)-predictable stochastic process,
(v) that Z € M([0,T] x Q, R™™) is an F/B(R>™)-predictable stochastic process,
(vi) that P( [} |[Vallga + | Zs ]2 ds < 00) = 1,

(vii) that for all t € [0,T) it holds P-a.s. that

t t
Xt:XOJr/ sts+/ Z, dW,. (3.149)
0 0

Let T' € (0,00), let (2, F, P, (IF¢)ic0,71) be a stochastic basis, and let X be an O-valued
Ito process on (2, F, P, (Ft)co,r) with drift Y, diffusion Z, and standard Brownian
motion W. Then one often writes

dX, = Y, dt + Z, dW, (3.150)

or

AX, = Y, dt + ZZ 250 qw® (3.151)

for ¢t € [0,T] as an abbreviation for (3.149). Moreover, observe that for all ¢y, ¢ € [0, T]
with t; < t it holds P-a.s. that

t t
Xt = Xt() + / }/5 dS + / ZS dWS (3152)

to to

Theorem 3.4.21 hence shows that for all t1,t, € [0,T], p € [2,00) with t; < t5 it holds
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that

1
to 2

to
1¥e2 = Xeall oy < /t I¥sll 2oy ey @5 + P [/tl
1

2
HZS”ﬁP(P;H'HHs(Rm,Rd)) d8:|

N

sE[

< Sup. ||Y||LP(P|| I d)]( —t1)+p w
sE

SUP 1Zs ||£p ||'||H5(Rm,md))] (ta —t1)

IN

1
T. Y, ) . Zg . ty—1t1)?
_\/_ SEEPT}H levie i SEBPT]” ||“’<P""'Hsmm,md>)] (2ot

(3.153)

This proves in the setting of Definition 3.5.1 that for all « € (0, %], p € [2,00) with

S}(l)p 1Ys ”m (Pl ) + Sup 12 ||Lp (Pill-lgaxm) < X (3.154)
sE
it holds that

X € C([0, T, LP(P; ||| ga)) (Temporal regularity for It processes)

(cf. Proposition 3.3.14).

Remark 3.5.2. Let T € (0,00), p € [2,00), dom € N, O € B(R?), let
(2, F, P, (Ft)ico1)) be a stochastic basis, let W: [0,T] x Q@ — R™ be an m-dimensional
standard (Q, F, P, (Fy)icpo,r)-Brownian motion, let X: [0,T] x Q — O be an Ito pro-
cess on (Q,F, P, (Fy)epr) with drift Y: [0,T] x Q@ — RY, diffusion Z: [0,T] x
Q — RY™™ and standard Brownian motion W: [0,T] x Q — R™, and assume that
supyepo.r) Ep [[|Yellga + 11 Zel|5axm | < 00. Then observe that for all N € N, o € (0,00) it
holds that

N-1 N-1 \/—
T
D Xy = Xeryw | ooy, 0y < [’X‘CU%[O,TLLP(P;H-Rd» NG

[0}

k=0 k=0 (3.155)
= T X1G 2oz, eopian N7
This proves that for all a € (2,00) it holds that
N-1
]\}l—{%o LZ_O HX(kH)T/N — XkT/NHZp(p;”.”Rd)] = 0. (3.156)
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Remark 3.5.3. Let T € (0,00), p € [2,00), m € N, let (0, F, P) be a probability space,
and let W: [0,T] x Q@ — R™ be an m-dimensional standard Brownian motion. Then
observe that for all N € N, a € (0,00) it holds that

N—-1
e ||W(k+1)T/N - WkT/NHl:p(P;H.”Rd)
VI " & vw ;
VN Z [W(k+1 yr/n — Wir)n |
h=0 £2(P|l ) (3.157)
= Ta/QN(l_a/Q) | WT — Ta/QN(l—a/g) %
P(Pil|-ll ) VT |l 2oy )

_ N-o) HWTHMP;H-IIRd) '

This proves that for all a € (0,00) it holds that

N_1 00 a<?2
lim [Z HW(k+1)T/N - WkT/NHl;p(p;_”Rd)] = HWT“Z(P;H.”W) ra=2. (3-158)
k=0

N—oo
0 o> 2

The stochastic version of the fundamental theorem of calculus and the chain rule is given
in the next result, Theorem 3.5.5. To formulate Theorem 3.5.5, the following notation
is used.

Definition 3.5.4 (Canonical basis). Let k € N. Then we denote by egk), cey e,(f) € RF
the vectors given by

M =(1,0,...,0), P =(0,1,0,...,0), ..., P =(0,...,0,1) (3.159)
and we call {egk), cee e;,k)} the canonical basis of the R¥.
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Theorem 3.5.5 (Itd’s formula — stochastic analogue of the fundamental theorem of
calculus and the chain rule). Let T € (0,00), to € [0,T], t € [to,T], d,m,v € N,
let O C R® be an open set, let f € C*(O,R"), let (Q,F, P, (Fy)epr)) be a stochas-
tic basis, let W = (WM ... W) [0,T] x Q@ = R™ be an m-dimensional standard
(0, F, P, (F)sepo,m))-Brownian motion, and let X: [0,T] x Q@ — O be an O-valued Ito
process on (U, F, P, (Fy)iepr) with drift Y = (YO, ... YD): [0,T] x @ — R, diffu-
sion Z = (Z(k’i))ke{l ,,,,, dyic{t,.m}: [0,T] x Q@ — R*™™  and standard Brownian motion
W:[0,T] x Q@ — R™. Then

(i) it holds P-a.s. that
FX) = f(Xy,) /f Yds+/f ) Zy dW,

+Z Z/ f// Z e(m)) dS,

(Ito’s formula)

i.€.,

(i) it holds P-a.s. that

d m d
= f(Xy,) + /t > (%f) (X,) - YW + % 3 <#2‘dxlf) (X,) - 250 . 700 | g
to | k=1 i=1 k=1
m d t
+ZZ/t (5%:5)(X.) - ZEawl
o (3.160)

1.€.,

(#ii) the stochastic process f(X;), t € [0,T], is an R"-valued It6 process on
(O, F, P, (Feep) with drift f'(X,) Y+ 130 f(X)(Zeet™ , Zoel™ ), t € [0, T,
diffusion f'(Xy) Zy, t € [0,T], and standard Brownian motion W .

Sketch of the proof of Theorem 3.5.5. We restrict ourself in this sketch of the proof of
Theorem 3.5.5 to the case where the derivatives of f: O — RF¥ are globally bounded and
globally Lipschitz continuous, where [to, ] = [0,7], and where sup;cjo 7y Ep [[|Vil| 50 +
HZtH?leXm} < 00. The proof of Theorem 3.5.5 is based on discretisations of the time
interval [0,7]. More precisely, let (¢ )refo1,..n3 € [0,7] be real numbers with the
property that for all N € N, k € {0,1,..., N} it holds that

kT
= —. 3.161
V= (3.161)
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Then observe that Taylor’s formula proves that for all N € N it holds that
f(XT) - f(Xt%)

N—-1

= f(Xo)+ D f(Xuy ) — F(Xix)
o .

= f(Xo) + QS (X)) (K, = Xap) 45 2 5" (Xoy) (Ko, — Xy, Xy, — Xoy)
k=0 k=0

1
+Z/O 7y (X, = X)) = 7 (X) | (X, — X Xy, = Xip) (L= 1) dr-

S

~
—0 in probability as N—oco

(3.162)

Next observe that for all N € N it holds P-a.s. that
N—1

F(Xy) Ky, — Xy)

1

th NZLoetly
(X)) Yids + / "(Xyn) Zs dW
[ vas e 30 [ 06 5163

T
F(Xishrn) stSJr/O F'(Xls)ayn) Zs AW .

& J/

NV Vv
— [y f(Xs)Ysds = fo F1(Xs) Zs AW,
in probability as N—oo in probability as N—oo

Furthermore, note that for all N € N it holds P-a.s. that
N-1

I (X) (Ko, = X Xy, — Xop)

=0
N-1 tkN+1 tkN+1
— Z f”(Xt{j) / sts,/ Y, ds
t t

N N
k=0 k k

~-
—0 in probability as N—oo

= oM . 3.164
+22f”(Xt;y)< / " Yads, / stWs> (3104
t t

ol

J/

N N
k=0 k k

J/

~
—0 in probability as N—oo

. thh R
+ Zf (Xtév) /tN Zs dWsa/tN Zs dWs
k

k=0 k

. J/

~
> fOT f”(Xs)(Zsez(.m),Zsegm)) ds in probability as N—oo

Combining (3.162)-(3.164) completes the proof of Theorem 3.5.5 in the case where the
above formulated additional assumptions are fulfilled. n
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The function f € C?(0,RY) in Theorem 3.5.5 is often referred to as test function. Let
us illustrate the consequences of Theorem 3.5.5 by two examples.

Example 3.5.6 (Iterated stochastic integrals). Let T" € (0,00), let (2, F, P, (F¢)co,r)
be a stochastic basis, and let W: [0,T] x Q@ — R be a standard (2, F, P, (Fy)icpo,n)-

Brownian motion. Then Ité’s formula applied to the function R > z — 2? € R proves
that for all t € [0,T) it holds P-a.s. that

t
(W,)? = 2/ W, dW, +t. (3.165)

This shows, in particular, that for all t € [0,T] it holds P-a.s. that

//dW AW, = //1dW AW, = (Wt) —! (3.166)

Example 3.5.7 (Geometric Brownian motion). Let T € (0 ), o, 3,6 € R, let
(Q,F, P, (Ft)te[O,T]) be a stochastic basis, let W: [0,T] x Q@ — R is a standard
(0, F, P, (Ft)icpo,17)-Brownian motion, and let X : [0,T] x & — R be the function which
satisfies for all t € [0,T] that

Xt:exp<<a—%2>t+ﬂWt> £. (3.167)

The process X is referred to as geometric Brownian motion; cf. Fxercise 3.3.9, Ezer-
cise 3.3.11, and Section 4.7.22; 1to’s formula applied to the test function R > x — e*-£ €
R and the Ité process (o — %)t + Wy, t € [0,T], proves that for all t € [0,T)] it holds
P-a.s. that

Xy = exp((a — B—;) t+ BWt> E=¢+ /te((a—52/2)s+BWs) £ (a — %2> ds
0

+ /te((aBQ/Z)erBWS) fﬁdWs + %/ e((af,82/2)s+ﬁws) 562 ds (3168)

0 0

=&+ / Sl )W) ¢ o g 4 / (s 2)e W) ¢ g gy,
0 0

Putting (3.167) into the integrands in (3.168) shows that for all t € [0,T] it holds P-a.s.
that

t t
Xt:X0+/ aX,ds+ [ BX,dW,. (3.169)
0 0

The process X is thus an Ito process with drift o X, diffusion 58X, and standard Brownian
motion W (cf. Definition 4.2.1 below).

3.5.2 It6’s formula for time-dependent test functions

In Theorem 3.5.5 Ito’s formula is presented for “test” functions f: O — RY that are
twice continuously differentiable functions from O to R". 1t6’s formula can be extended
so that it can be applied to test functions f: [ty,t] x O — RY that depend on both
s € [to,t] and = € O. This is the subject of the following corollary of Theorem 3.5.5.
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Corollary 3.5.8 (Ito’s formula for time-dependent test functions). Let T € (0, 00),
to € [0,7), t € (to,T) d,m,v € N, let (2, F, P, (F)icp)) be a stochastic basis, let
W=Wo . W) [0,T] x Q- R™ be a standard (F¢)eepo,r)-Brownian motion, let
O C R? be an open set, let

[ [to,t] x O3 (s,z) — f(s,z) € R (test function)

be a twice continuously differentiable function, and let X: [0,T] x Q@ — O be an Ité
process on (S, F, P, (Fy)cjo.r)) with drift

Y =W Y@ [0,7] x Q — R, (drift)

diffusion
Z = (2% enr ayien..my: [0,T] x Q — R (diffusion)
and standard Brownian motion W = (WM .. W) [0,T] x Q — R™. Then
(i) it holds P-a.s. that

f(t, Xt) = f(t()vXto)

|/ | [(%f)@, X+ (20) (5 X Vot 5 37 (28) (5, X0 (2™, 2,6 | ds

to =1

+/ (Z 1) (s, X,) Zs dW,

1.€.,

(i1) it holds P-a.s. that

t d
f(t, Xi) :f<t0,Xt0)+/ (%f)(s,Xs)+Z(%f)(&)(s).ys(k) ds
k=1
t 1 m d
/ 522 (axkaxl ) X,) -z .z )] ds (3.170)
i=1 k,l=1

m d t
+ZZ/ (ai ) (s, X,) - Z54 aw®.
i=1 k=1

Proof of Corollary 3.5.8. Throughout this proof let X: [0, 7] x Q@ =R x O, Y: [0,T] x
Q — R and Z: [0,T] x Q = R@TX™ be (F,),e(071-predictable stochastic processes
with the property that for all ¢ € [0, 7] it holds that

Xt:(;ét), n:(%), and Zt:(OOZ;'O)eR(d“)Xm (3.171)
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and let f: R x O — RY be the twice continuously differentiable function which satisfies
for all (s, z) € [to,t] x O that

f(s,x) = f(s,x). (3.172)

Note that X: [0,7] x @ — R x O is an It6 process on (2, F, P, (F;)ep0,r)) with drift Y,
diffusion Z, and standard Brownian motion W. Theorem 3.5.5 then proves that it holds
P-a.s. that

f(Xt) = f(Xto) + / f,(Xs) }_/:9 dS + / f/(Xs) Zs dWs
g fo fo (3.173)
+3 /to "(X,) (Zsegm),ZSegm)) ds.

This completes the proof of Corollary 3.5.8. n

3.6 Martingales

To introduce the notion of a martingale, we briefly recall the concept of conditional
expectations.

Definition 3.6.1 (Conditional expectation). Let d € N, let (2, F, P) be a probability
space, let G C F be a sigma-algebra on 2, and let X € LY(P;||||ga) be an F/B(RY)-
measurable mapping. Then an G/B(R®)-measurable mapping Y € L'(P|g;||-||ga) is
called a conditional expectation of X given G if it holds for all A € G that

Ep[14Y] =Ep[14X]. (3.174)

Conditional expecations exist and are unique up to equivalence. This is subject of the
next theorem.

Theorem 3.6.2 (Conditional expectation). Let d € N, let (2, F, P) be a probability
space and let G C F be a sigma-algebra on 2. Then there exists a unique mapping

Ep[-1G]: L'(P; |lga) = L' (Plg; |- za) (3.175)

which fulfills for every X € L'(P;||-||ga) that Ep[X|G] is a conditional expectation of X
given G. The function Ep[-|G] is a linear mapping from L'(P; ||-||ga) to L*(Plg; || |lga)-

Theorem 3.6.2 is, e.g., proved as Theorem 8.2 in [Klenke(2008)]. We also refer Section 8
in [Klenke(2008)] for further properties of conditional expectations.
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Proposition 3.6.3 (Conditional expectation as best approximation). Let d € N,
let (Q,F,P) be a probability space, let G C F be a sigma-algebra on € and let
X € L*(P;||"||ga)- Then it holds for allY € L*(Plg; ||||ga) that

Ep(I1X = Yli%] = Ep[|X — Ep[XI6][[1] +Er|[Er[xI0] - Y[} (3176)
and, in particular, it holds that

15 = Yllap ey = 11X = Ee [XIG| gy, (3.177)

min
YeL?(Plg;|lllga)
Proof of Proposition 3.6.3. Note that for all Y € L*(P|g; ||| ga) it holds that
Ep[IX —¥l}] = Er[||(X —Ep[X1]) + (Br[X]6] - V)]
— Ep||X — Ep[XI6] 3 +2(X — Ep[X|G], Ep[XIG] = V) + [Er[X]G] - V5]

_ EP[HX —Ep[X|G] H?Rd} +]EP[HEP [X|G] - Ywﬁd]

2B, [(X ~ Ep[X]6]. En[X]6] - V)]
(3.178)

Moreover, observe that the tower property of the conditional expectation proves that for
all Y € L*(P|g; ||-||ga) it holds that

Er[(X ~ B, [X|] B [X]0] - V),

=Ep|Ep [ (X —Ep[X|G].Ep[X[G] =YV )pa QH
T (3.179)
= Ep _<EP X ~Ep[X19]|6] Er[X10] - Y>RJ
~ En| (B4[X16] ~ En[X16] EA[XI6] - V). | =0
Combining (3.178) and (3.179) completes the proof of Proposition 3.6.3. O

In the case d = 1, Proposition 3.6.3 is, e.g., also proved as Corollary 8.16 in
[Klenke(2008)].

Definition 3.6.4 (Martingale). Let T C R be a set, let d € N, let (Q,F,P) be a
probability space with a filtration (Fy)ier and let X: T x Q — RY be an (F;)ier-adapted
stochastic process with the property that for all t € T it holds that Xy € LY(P;]|||ga)-
Then X is called an (F;);er-martingale if

Ep[X, |Fy] = Xy, (3.180)

P-a.s. for all t1,ty € T with t; < t5.
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Proposition 3.6.5 (The stochastic integral process is a martingale). Let T € (0, 00),
dm € N, let (Q,F,P) be a probability space with a normal filtration (Fy)ico,r),
let W:[0,T] x Q — R™ be a standard (F;)icor-Brownian motion and let X €
L*(Pp#)cpys I llgasm).  Then the stochastic integral process (fot X dWy)iepor) is an
(Ft)ieo,r)-martingale, i.e.,

to
Ep {/ X, dW,
0

P-a.s. for all t1,ts € [0,T] with t; < ts.

t1
Ftl] :/ X, dW, (3.181)
0

Proof of Proposition 3.6.5. First, observe that

Ep[Wi,|Fi | = Ep[Wi, — Wy, |Fy, | + Ep Wi, |Foy | = Ep[Wi, — Wy, |Fy, | + W,
= ]EP[Wt2 - th] + th = th
(3.182)

P-a.s. for all t;,t, € [0,7T] with ¢, < ty. This proves that W is an (Fy)scpo,m-martingale.
Next observe that if X is (F;)ico,r-simple, then there exist n € N, si,...,s, with
s < --- < s, and for every k € {1,...,n — 1} an F,, /B(R*¥™)-measurable mapping
Hi: Q — R such that

n—1

Xo=Y Hi Lig(5) (3.183)
k=1

for all s € [0, 7] and in that case, we obtain

Xs dWs = Z Hk (Wmin(sk+1,t2) - Wmax(sk,tl)) (3184>

P-a.s. for all t1,ty € [0,T] with t; < 5 and therefore

to
II'EP |:/ Xs dWs ]Ft1:| = Z IE'P [Hk (Wmin(sk+l7t2) - Wmax(sk,tl)) ‘ IE‘751:|
t ke{l,...n—1},
t1<Sk+1
s <ta
= Z Ep []EP [Hk (Wmin(sk+1,t2) Wmax(sk,h)) ‘ Fmax(sk,h)} ‘ ]Ft1]
ke{l,...,n—1},
et{1<sk+1, } (3185)
sEp<ta

= Z Il:f’P Hk IEP [Wmin(skJrl,tg) - Wmax(sk,tl)

]Fmax(sk,tl)] ’ Ftl =0

ke{l ..... TL—l}, N~
t1<Sk+1, =0
s <ta
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P-as. for all ty,ty € [0,T] with t; < t5. Finally, if X™ € L*(Ppw,), 0.0 Il gascm),
n € N, are (Fy);cjo,r-simple with lim,, . ||X — X )= 0, then

)
HL2(7DP,(]F,§)tE[07T] il gaxm

to to
Ep V X, dW, Fh} = L'(P; |||l ga) - lim Ep [/ XM aw, Ftl} =0  (3.186)
t1 n—0co t1
=0
P-a.s. for all t,ty € [0,7] with ¢; < t5. Combining this with Proposition 3.4.11 com-
pletes the proof of Proposition 3.6.5. n
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4 Stochastic differential equations
(SDEs)

In this chapter we specify what we mean by a stochastic differential equation (SDE for
short) and by a solution process of such an equation. The content of this chapter can,
e.g., be found in [Kloeden and Platen(1992)], [@ksendal(2003)], and [Kuo(2006)].

4.1 Setting

Throughout this chapter the following setting is frequently used. Let T € (0,00), d,m €
N, let (2, F, P, (F¢).c0,71) be a stochastic basis, and let W = (WO w0, T] x
2 — R™ be an m-dimensional standard (€, F, P, (IF;):c[o,r))-Brownian motion.

4.2 Solution processes of SDEs

The next definition describes what we mean by a solution process of a stochastic differ-
ential equation.
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Chapter 4. Stochastic differential equations (SDEs)

Definition 4.2.1 (Solution processes of stochastic differential equations (SDEs)). Let
T € (0,00), d;m € N, O € B(RY), u € M(B(O),B(RY)), 0 € M(B(O), B(R™*™)),
let (2, F,P,(F)wcpm) be a stochastic basis, let & € M(Fo,B(O)), and let W =
(WO Wm0, T) x @ — R™ be an m-dimensional standard (Q, F, P, (Fy)icpo.1))-
Brownian motion. Then we say that X is a solution process of the SDE

dXy = p(Xy) dt + o(Xy) dWh, t €10,7], Xo=¢ (4.1)
on (Q, F, P, (Fi)icior) (we say that X is a solution process of the SDE

dXy = p(Xy) dt + o(Xy) dWy, t € 10,7, Xo=¢) (4.2)
if and only if it holds

(i) that X:[0,T] x Q = O is an (Fy)icpo,r/B(O)-adapted stochastic process with con-
tinuous sample paths,

(ii) that
T
P( / ||u<Xs>||Rd+||a<Xs>||§dxmds<w) = (4.3)
0
and

(111) that for allt € [0,T] it holds P-a.s. that

Xt:€+/tp(XS)ds+/ta(XS)dWS. (4.4)

Equation (4.1) is referred to as stochastic differential equation (SDE), the function p is
called drift coefficient (function) of the SDE (4.1), and the function o is called diffusion
coefficient (function) of the SDE (4.1). Note in the setting of Definition 4.2.1 that
X:[0,T] x Q = O is an O-valued It6 process on (0, F, P, (F¢).c0,r)) with drift p(X;),
t € [0, 7], diffusion o(X%), t € [0,7T], and standard Brownian motion WW.

4.3 Gronwall inequalities

4.3.1 Time continuous Gronwall inequality

The following elementary lemma is crucial to investigate properties of SDEs.
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Lemma 4.3.1 (Gronwall lemma). Let T, € [0,00), a € R, f € LY(Bpr; ||g) satisfy
for allt € [0,T] that

fit) <a+ 5/ f(s)ds. (4.5)
0
Then it holds for all t € [0,T) that
ft) <a-e (4.6)

Proof of Lemma 4.3.1. W.lo.g. let T > 0. Next let u: [0,7] — R be the function which
satisfies for all ¢ € [0, 7] that

u(t) =a+ B/O f(s)ds. (4.7)

Then note that u is absolutely continuous and observe that inequality (4.5) implies that
for By r-almost all ¢ € [0, 7] it holds that

W(t) =B f(t) < B ult). (1.8)
This shows that for Bjy r-almost all ¢ € [0, 7] it holds that

d

02 (W) = - ult) = 5

[u(t) - e 7] (4.9)

The fundamental theorem of calculus hence gives that for all ¢ € [0, T] it holds that

u(t) -e P —u(0) < 0. (4.10)
~—~ ~
2f(t) =a

Rearranging (4.10) results in (4.6). This completes the proof of Lemma 4.3.1. O

4.3.2 Time discrete Gronwall inequality

In the numerical analysis of SDEs, we also need the discrete counterpart of Lemma 4.3.1.

Lemma 4.3.2. Let N € N, 5 € [0,00), a € R, fo, f1,..., fv € RU{oo} satisfy for all

ne€{0,1,...,N} that
n—1
fo<a+p (Z fk> : (4.11)

k=0
Then it holds for alln € {0,1,..., N} that

fao<a-(1+8)"<|al e’ < 0. (4.12)

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 163
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 4. Stochastic differential equations (SDEs)

Proof of Lemma 4.3.2. First of all, we observe that induction and (4.11) prove that for
all n € {0,1,2,..., N} it holds that f, € R. Next let ug,uq,...,uxy € R be the real
numbers which satisfy for all n € {0,1,2,..., N} that

U, =a+f <2_: uk> . (4.13)

n n—1
Upi1 =+ <Z uk> =a+p (Z uk) +0u, = (14 5) uy,. (4.14)
k=0

This implies that for all n € {0,1,..., N} it holds that
u, =a- (14+0)". (4.15)
Moreover, observe that induction shows that for all n € {0,1,..., N} it holds that
frn < g (4.16)

Combining this with (4.15) completes the proof of Lemma 4.3.2. O

4.4 Uniqueness of solution processes of SDEs

Theorem 4.4.2 below shows that solution processes of SDEs are unique up to indistin-
guishability if both the drift coefficient function and the diffusion coefficient function of
the considered SDE are locally Lipschitz continuous.
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Remark 4.4.1. Assume the setting in Section 4.1, let O € B(R?), £ € M(Fy, B(O)),
1€ M(B(0),B(R?)), o € M(B(O), BIR™™)), and let X : [0,T] xQ — O be a solution
process of the SDE

dX, = u(X,) dt +o(X,)dW,,  te[0,T], Xo=¢ (4.17)
on (0, F, P, (Fi)icpom). Then observe that the fact that
Uyerm (Wr) " ({y}) = (Wr) ™ (Uyern{y}) = (Wr) ' (R™) = Q # 0 (4.18)

proves that there exists a real number y € R™ such that (Wr) *({y}) # 0. This implies
that there exists an A € F\{0} which satisfies

P(A) = 0. (4.19)

In the next step let XV: [0,T] x Q — O, v € O, be the functions which satisfy for all
ve0,tel0,T], weQ that

XY (w) = Iog\a(w) Xy(w) + Ta(w)v. (4.20)
Then
(i) it holds for all v € O that XV is a solution process of the SDE (4.17) and

(i) it holds for all v,w € O with v # w that X¥ # X"

Solution processes of the SDE (4.17) are thus typically not unique. However, under suit-
able additional assumptions (cf., e.g., (4.21) below), solution processes of the SDE (4.17)
are unique up to indistinguishability. This is the subject of the next result, Theorem 4.4.2
below.

Theorem 4.4.2. Assume the setting Section 4.1, let O C R? be an open set, let
£ € M(Fo,B(0)), let p: O — RY and o: O — R¥™ be locally Lipschitz continuous
functions, i.e., assume for all compact subsets K C O of O that

([ 1) = Bl + 1) = 70 e
/(§

12 = Yl ga

:x,yEK,x#y}U{O}) < 0o, (4.21)
and let X, Y : [0, T] x Q — O be solution processes of the SDE
dX; = p(Xy) dt + o(Xy) dW4, t € 0,7, Xg=¢ (4.22)
on (S0, F, P, (Ft)cpm). Then X and Y are indistinguishable from each other, i.e.,
P(Vtel0,T]: X, =Y,) =1. (4.23)

The proof of Theorem 4.4.2 uses Gronwall’s lemma (see Lemma 4.3.1) and is omitted.
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Remark 4.4.3. Local Lipschitz continuity of both the drift and the diffusion coefficient
function (see inequality (4.21)) is a sufficient (see Theorem 4.4.2) but not a necessary
condition to ensure that the solution processes of an SDE are unique up to indistin-
quishability.

Lemma 4.4.4 (Lebesgue’s number lemma). Letd € N, let K C R? be a compact (closed
and bounded) set, let I be a set, and let U; CR?, i € I, be a family of open sets with

K C Uie Ui (4.24)

Then there exists a positive real number § € (0,00) such that for every x € K it holds
that there exists an 1 € I such that

{ye K: [lz —yllga <6} C U (4.25)

Proof of Lemma 4.4.4. We prove Lemma 4.4.4 by a contradiction. We thus assume that
there exists a family (25)sc(0,00) € K with the property that for every 6 € (0,00) and
every ¢ € I it does not hold that

{y € K: a5 — ylln < 6} C U (4.26)

Since K C R? is a compact set, there exists a sequence (3, )nen € (0,00) of positive
real numbers with the property that for all n € N it holds that 9,, < % and with the
property that (x5, )nen € K is convergent to a vector x* € R Combining (4.24) and
the fact that x* € K shows that there exists an 7 € I such that * € U;. This implies
that there exists a real number ¢ € (0, 00) such that

{y e R%: [|o" — yllga < €} C U (4.27)
Hence, we obtain that for all n € N with * < £ and [|2* — 2, ||z« < 5 it holds that

{y €R": |lzs, —yllpe < 0n} S {y € R [l2" = yllga < 0 + 2" — 25, |l pa}

. ) (4.28)
C{yeR®: o~ yllps <2+ 5} C{y € RY: o —yllpu <} CT:

This contradicts to (4.26). The proof of Lemma 4.4.4 is thus completed. O

4.5 Existence and uniqueness of solution processes of
SDEs

The next theorem shows that if both the drift coefficient function and the diffusion
coefficient function of an SDE are globally Lipschitz continuous, then there exists an up
to indistinguishability unique solution process of the SDE.

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 166
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 4. Stochastic differential equations (SDEs)

Theorem 4.5.1 (Existence and uniqueness of solution processes of SDEs with globally
Lipschitz continuous coefficients). Assume the setting in Section 4.1, let p € [2,00),
& € LP(Plry; |'lga), and let p: R* — RY and o: RY — R™™ be globally Lipschitz
continuous functions, i.e., assume that there exist a real number C' € [0,00) such that
for all z,y € R? it holds that

[1(x) = p(Y)llga + llo(x) — oY)l gaxm < Cllz = yllga- (4.29)
Then

(i) there exists an up to indistinguishability unique solution process X : [0, T] xQ — R¢
of the SDE

dXt = /,L(Xt) dt -+ O'(Xt) th, te [O, T], XO = é- (430)
on (Qv f? P7 (Ft)tG[O,T])7
(i1) it holds that sup;e(o y ||Xt||£p(P;||“‘Rd) < 00, and

(tii) it holds for all o € (0,1/2] that X € C*([0,T], LP(P;||-||ga))-

Proof of Theorem 4.5.1. Throughout this proof we use the R-vector space V given by

Y:[0,T] x Q— R%: X:[0,7T] x Q — R%is
Y= Y is (F¢)sejo,r-predictable 5 : (IF¢)sejo,7-predictable and . (4.31)
and a modification of X Supyejor) Ep [ X )P.] < oo

As usual, we do in the following not distinguish between an (IF;),c(o,71-predictable stochas-
tic process X : [0,7] x © — R* with sup,co 7 Ep [[| X:[[?] < 0o and its equivalence class
in V. In the next step let |||, , : V = [0,00), A € R, be the functions with the property
that for all X € V, A € R it holds that

1
1X Iy = s (X 1 Xl pnyp) = sup (¢ Ep[IXlB])F) . (432)
te[0,T) tel0,T

]

It can be shown that for every A € R it holds that (V, ||||v>\> is a complete normed
R-vector spaces (i.e., an R-Banach spaces). Next let ®: )V — V be the mapping with
the property that for all X € V, ¢t € [0, 7] it holds P-a.s. that

t t
(P(X)), =€+ / w(X,) ds + / o(X,) dWs. (4.33)
0 0
It follows from the linear growth estimates

(@) llga < (C 4+ [[1(0)[[ga) (T + [[2]|ga)

(4.34)
o @) lrsem ey < (€ + 10O s sy ) 1+ lollga)
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for all x € R? and from inequality (Burkholder-Davis-Gundy inequality 1) in Theo-
rem 3.4.21 that ® is indeed well-defined. In the next step we note that again in-
equality (Burkholder-Davis-Gundy inequality 1) in Theorem 3.4.21 proves that for all

t €10,7] and all X,Y €V it holds that

(@), = (@) Ml ooy

t

< (M(Xs) — pu(Ys)) ds

[ ot - o)

i

LP (P lga)

L (P lga)

1
2
2
< [ I8 = i 85+ | [ 1006) = 00 B ]
1

2
< C/O 1Xs = Yall ooy ) 45 +PC {/0 1Xs = YallZo o0 ds}
t
< C\/T {/ ”Xs - Y"”Hi”(P;WIIRd) ds}
0

t
<C (VT +p) Vo = mi”(*’;”"'ﬂ‘“dsl

D=

1
2

t .
2
+pC VO 1Xs = YallZo e ) ds}

(4.35)

Therefore, we obtain that for all A € (—00,0), t € [0,7] and all X,Y € V it holds that

(@), - <¢><Y>>J>LP<P-W>

1

2 2
—s) )\s
<C (VT +p) /Oe 1 = Yall g | ds]
§C<\/T+p> /Oe )ds} 1X = ¥l
T
go(ﬁﬂo)/ %Sds} 1X =Y.
m<#
= AR SV

This proves that for all A € (—o00,0) and all X,Y € V it holds that

C<ﬁ+p)

[2(X) — @Yl < — [X =Yy,
Hence, we obtain that for all X,Y € V it holds that
O(X)—d(Y L X-Y
|| ( ) - ( )||V,402[ﬁ+p]2 — 5 || - ||V7402[\/T+p]2 :
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The mapping @ is thus a contraction from (V, H'Hv,402[ﬁ+p]2) to (V, |"HV,4C2[\/T+p]2 ).

The Banach fixed point theorem hence proves that there exists a unique Y € V' with
oY) =Y, (4.39)
i.e., that
t t
Vet [ uvads+ [o(v)aw, (4.40)
0 0

P-as. forallt € [0,T]. Item (vi) in Theorem 3.4.21 then implies that there an (F;)ico,1)-
adapted stochastic process X : [0,7] x Q — R? with continuous sample paths which is
a modification of Y, i.e, which fulfills that for all ¢t € [0, 7] it holds that

P(X,=Y,) =1 (4.41)

Combining this with (4.40) proves that the stochastic process X is a solution process of
the SDE (4.30). It thus remains to prove that for all o € (0, 3] it holds that

X € ([0, 7], LP(P; ||| ga))- (4.42)

This, in turn, follows immediately from (Temporal regularity for Itd processes). The
proof of Theorem 4.5.1 is thus completed. O]

4.6 Autonomization of SDEs with time-dependent
coefficient functions

Assume the setting in Section 4.1, let p € [2,00), & € LP(P|g,; ||-|lga), and let p: [0, T7] x
RY — R? and o: [0,7] x R? — R¥™ be globally Lipschitz continuous functions, i.e.,
assume that

sup <Hu(t1a 1) = pile, @) lga + [lo(tn, 1) = J(tQ’xz)HRm) <oco.  (4.43)
zyeRd [t1 — ta| + [lz1 — 22|
T#y

Theorem 4.5.1 then shows that there exists an up to indistinguishability unique
(F¢)tepo,r-adapted stochastic process X : [0,7] x @ — R with continuous sample paths
such that for all ¢ € [0, 7] it holds P-a.s. that

X =&+ /Otu(s,Xs) ds + /Ota(s,Xs) dW (4.44)

and such that for all « € (0, 1] it holds that

X € ([0, 77, LP(P; ||| ga))- (4.45)
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Indeed, define &: © — R through

§(w) = (0,¢(w)) (4.46)
for all w € €, define pr: R — [0, 7] through
pr(t) := max{ min{t,T},0} (4.47)
for all t € R and define ji: R — R*! and 6: R4 — RED*™ through
At z) = (1, u(pr(t), z)) and a(t,z) = (0,0(pr(t), z)) (4.48)

for all t € R and all x € R Then observe that assumption (4.43) ensures that i and
o are globally Lipschitz continuous, i.e., that

sup (Hﬂ(m) = fi(y) lpars +15(z) = 5(9)”“““””) <o (449)
2ycRA+ |z — yHRdH
TFY

and Theorem 4.5.1 hence proves the existence of an up to indistinguishability unique
(F¢)tep.r-adapted stochastic process X = (XM, ..., X@): [0,7] x @ — R with
continuous sample paths which fulfills

¢ ¢
X, =&+ / a(Xs)ds + / a(Xs) dWy (4.50)
0 0
P-a.s. for all t € [0,T]. The process X : [0,T] x Q — R¢ defined through

X, = (X2, XY) (4.51)

for all t € [0, 77 is then an (F;).cp,m-adapted stochastic process with continuous sample
paths which fulfills (4.44).

4.7 Examples of SDEs

In this section several examples of SDEs from the literature are presented. Most of this
section comes from [Hutzenthaler and Jentzen(2012)].

4.7.1 Setting

The following setting is used to formulate the examples. Assume the setting in Sec-
tion 4.1, let O C R? be an open set, let & = (€M, ¢@) ¢ O, let pu: O —
R? and 0: O — R¥™ be locally Lipschitz continuous functions, and let X =
(XW . X@):[0,T] x © — O be a solution process of the SDE

dX, = u(X,) dt + o(X)dW,,  t€[0,T], Xo=¢ (4.52)
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on (2, F, P, (Ft)wcpp,m). In particular, we assume that for all ¢ € [0,77] it holds P-a.s.
that

X, =&+ /tu(Xs)ds+/ta(Xs)dWs. (4.53)

Theorem 4.4.2 shows that the stochastic process X is unique up to indistinguishability.

4.7.2 Geometric Brownian motion

In addition to the assumptions in Subsection 4.7.1, let a, 8 € R be real numbers, assume
that d =m =1, O = R, and assume for all x € R that

u(x) = ax and o(z) = pu. (4.54)
The SDE (4.52) reads as
dXt = OéXt dt + ﬁXt th, te [O, T], XO = f (455)

Observe that p and o are globally Lipschitz continuous. Theorem 4.5.1 hence proves
that an up to indistinguishability unique solution process X : [0,7] x Q@ — R of (4.55)
does indeed exist. Moreover, observe that Theorem 4.5.1 shows that for all p € [0, c0)
it holds that
sup Ep[|X|R] < oo (4.56)
t€[0,T]

The solution process X : [0,7] x © — R of (4.55) can be calculated explicitly. More
precisely, combining Example 3.5.7 and Theorem 4.5.1 proves that for all ¢t € [0, 7] it
holds P-a.s. that

Xt:exp<<a— %)t—l—ﬂWt) €. (4.57)

The solution processes X of (4.55) is also referred to as geometric Brownian motion.
Taking expectations on both sides of (4.55) shows that the deterministic expectation
process Ep [Xt}, t € [0, 7], satisfies the ordinary differential equation

%EP[XJ :a'Ep[Xt}, EP[X(]] :f (458)
Hence, we obtain that for all ¢ € [0, 7] it holds that

Ep[X;] = e €. (4.59)

4.7.3 Black-Scholes model

In addition to the assumptions in Subsection 4.7.1, let r,a € R, f € (0,00) be real
numbers, assume that d = 2, m = 1, O = (0,00)?, and assume for all x = (21, 7,) €

(0,00)? that
() = < o > and  ofz) = ( 6(;2 ) (4.60)
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The SDE (4.52) then reads as

(dX,f” = rxMdt

, t € 10,7, Xo=¢. (4.61)
dx® = ax®at + 5X§2>dwt>
Observe that p and o are globally Lipschitz continuous. Theorem 4.5.1 hence proves
that an up to indistinguishability unique solution process X : [0,7] x Q@ — R of (4.61)
does indeed exist. Moreover, note that Theorem 4.5.1 shows that for all p € [0,00) it
holds that
sup Ep[[|X¢][%2] < oo (4.62)
te[0,7)
In the next step we observe that Subsection 4.7.2 shows that for all ¢ € [0, 7] it holds
P-a.s. that

Xt(l) = eteW and Xt(2) = exp<(0‘ - ’%2) t+ 5Wt> ¢o. (4.63)

In the remainder of Subsection 4.7.3 we roughly illustrate a few basic ideas from the
theory of option pricing from mathematical finance and its applications in the financial
engineering industry. The remainder of Subsection 4.7.3 just intends to roughly illustrate
a few basic ideas and contains a number of improper and inaccurate descriptions of the
material. For a more proper and accurate presentation of this material the reader is
referred to the economics and mathematical finance literature including the references
mentioned below.

In the Black-Scholes model (see [Black and Scholes(1973), Merton(1973)]) the stochastic

process (Xt(l))te[gj] in (4.61) represents the price process of a “risk-free” bank account
with

e the fixed interest rate r € R and
e the initial price £ > 0

and the stochastic process (Xt(z))te[gyT] in (4.61) models the price process of an underlying,
e.g., a stock, a commodity, a currency, or an index (e.g., the Standard & Poor’s 500 [S
& P 500], the Swiss Market Index [SMI)), with

e the expected interest rate v € R (see (4.58) above and Lemma 4.7.1 below),
e the volatility § > 0, and
e the initial price £ > 0.

The Black-Scholes model is a popular model for estimating prices of certain financial
derivatives. A financial derivative is a suitable financial product that is in a certain way
derived from an (or some) underlying(s). Simple examples of financial derivatives are
European call options and European put options.
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4.7.3.1 Simple examples of financial derivatives: European put and call options

A European put option is a contract between two parties, the writer of the option and the
holder of the option, that gives the holder of the option the right but not the obligation
to sell a stipulated underlying (e.g., a stock or a currency) at the stipulated time T > 0
for the stipulated price K € (0,00) (strike price) to the writer of the option (cf., e.g.,
[Higham(2004)]). The holder of the European put option thus has the option to sell
(put) the underlying in the sense above. This explains the words “put” and “option” in
the label “European put option”. The word “European” refers to the in the European
put option contract in advance fired stipulated time 7" > 0 in contrast to American put
options which can be exercised at any time until 7" > 0 (United States of America, “the
land of opportunity” /“the country of boundless possibilities”).

(i) If zr € [0,00) is the price of the underlying at time 7" and if the 7 < K, then
the holder of the European put option would probably make use of his right and
ezercise the European put option, that is, the holder would sell the underlying for
the price K. At the same time the holder of the European put option could (try
to) buy the underlying at a market (e.g., at a stock market if the underlying is a
stock) for the price x7 and, as z7 < K, this would result in a profit of

K — a7 (4.64)

for the holder of the European put option.

(ii) If zr € [0,00) is the price of the underlying at time 7" and if the 27 > K, then
the holder of the European put option would probably do nothing and let his right
elapse.

Typically the concrete selling of the underlying at time 7" is replaced by a cash settlement
which is stipulated in the European put option contract. In particular, if z¢ € [0, 0c0) is
the price of the underlying at time 7" > 0 and if a cash settlement is stipulated in the
European put option contract, then, in view of (i) and (ii), the holder of the option has
at time 7" the claim

max{K — x7,0} (4.65)

to the writer of the European put option. Analogously, a European call option is a
contract between two parties, the writer of the option and the holder of the option, that
gives the holder the right but not the obligation to buy a stipulated underlying (e.g., a
stock or a currency) at the stipulated time T > 0 for the stipulated price K € (0,00)
(strike price) from the writer of the option (cf., e.g., [Higham(2004)]). The holder of
the European call option thus has the option to buy (call) the underlying in the sense
above.

(i) If 7 € [0,00) is the price of the underlying at time 7" and if the zr > K, then
the holder of the European call option would probably make use of its right and
exercise the European call option, that is, the holder would buy the underlying for
the price K. At the same time the holder of the European call option could (try
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to) sell the underlying at a market (e.g., at a stock market if the underlying is a
stock) for the price zr and, as x7 > K, this would result in a profit of

or— K (4.66)

for the holder of the European call option.

(i) If zp € [0,00) is the price of the underlying at time 7" and if the 7 < K, then
the holder of the European call option would probably do nothing and let his right
elapse.

If z7 € [0,00) is the price of the underlying at time 7" > 0 and if a cash settlement is
stipulated in the European call option contract, then, in view of (i) and (ii), the holder
of the option has at time 7' the claim

max{zry — K,0} (4.67)

to the writer of the European call option.

4.7.3.2 Trading of financial derivatives

Financial derivatives (such as European put options) can/are — depending on the specific
form of the financial derivative — purchased/concluded

e through an exchange including

— usual stock exchanges (e.g., the Frankfurt Stock Ezchange) for warrants (op-
tions formulated as security papers)

— special exchanges for financial derivatives (often called as futures exchanges)
such as, for example,

« the Chicago Mercantile Exchange (CME) (Chicago, USA, http://wuw.
cmegroup. com, approximatively 9 - 10° contracts per trading day (see
[Frankfurter AllgemeineZeitung(2006)]), October 17th, 2006),

« the Furopean FEzxchange (Eurez) (Eschborn, Germany, http://www.
eurexchange . com, approximatively 6 - 10° contracts per trading day (see
[Frankfurter AllgemeineZeitung(2006)]), October 17th, 2006)

or

e over-the-counter (OTC) (off-exchange trading) through contracts between two
parties with no supervision of an exchange.
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4.7.3.3 Purposes of financial derivatives

Central reasons why investors are interested in buying/concluding a financial derivative
include hedging and speculation. For example, a possibility to hedge against the risk
of falling stock prices, falling foreign exchange rates, and/or falling interest rates is to
hold/buy suitable put options.

For instance, in 2007 the pension fund of the Radobank (a multinational bank for
clients from the food and agribusiness with the head office in Utrecht (the Netherlands)
with approximatively 59000 employees; see http://en.wikipedia.org/wiki/Rabobank
and http://www.rabobank.de/) started to implement a hedging stragey consisting of
suitable financial derivatives which, in particular, intends to hedge the risk of both
“significant decreased” stock prices as well as “dramatically reduced interest rates”
(see http://www.cardano.com/risk_management_client_case.html?id=9 for further
details). At http://www.tagesschau.de/wirtschaft/banken-strafzahlungenl00.
html (November 11th, 2013) it is reported that the Radobank payed approximatively
10° US Dollar to prevent further investigations regarding the Libor (London Interbank
Offered Rate) scandal.

4.7.3.4 Estimation of prices of financial derivatives

There are much more complex financial derivatives than European put options and
such financial derivatives result in much more complicated claims. For example, let
f:C([0,T],R) — [0, 00) be an at most polynomially growing Borel measurable function.
Then we consider in the following a financial derivative that results at time T in the
claim

f(z) (4.68)

of the holder of the financial derivative to the writer of the financial derivative where we
think of © = (2¢)c0,77 as the price process of the underlying which is assumed to be a
continuous function on [0, 7. In the special case of an European call option with cash
settlement, f: C(]0,T],R) — [0, 00) satisfies that there exists a real number K € [0, c0)
such that for all = (2¢)sco,r) € C([0,T], R) it holds that

f(z) = max{zr — K,0}. (4.69)

The contract between the writer and the holder of the financial derivative is concluded
at time ¢ = 0. At time 7' the holder of the financial derivative has the claim (4.68)
to the writer of the option. The holder of the financial derivative has to compensate
the writer for this claim when the contract is concluded, that is, at time ¢ = 0. This
compensation is the price of the financial derivative at time ¢t = 0. The topic of option
pricing or, more generally, derivative pricing, is to investigate what could in a certain
way be a "fair” price for the financial derivative “today”, that is, at time ¢ = 0.
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4.7.3.5 Derivative pricing in the Black-Scholes model

Under suitable simplifications and assumptions (which are not met in the “real life”
trading of financial derivatives), the Black-Scholes model provides an attempt to an
answer to this question. This is what we illustrate in the following. For this assume
the setting in the beginning of Subsection 4.7.3 and let f: C([0,7],R) — [0,00) be an
at most polynomially growing Borel measurable function. Then there exist an up to
indistinguishability unique (IF;);cp0,m-adapted stochastic process D: [0,7] x 2 — R with
continuous sample paths such that

Dy = f(X®) (4.70)

and such that the financial market model (X, X D) is in a certain sense arbitrage
free (see, e.g., [Kithn(2004)]). The process Dy, t € [0, T, represents in the Black-Scholes
model the price process of the financial derivative with the pay-off f(X®)) at time 7.
The random variable Dy can be represented explicitly as the expectation of a suitable
random variable. More precisely, if X : [0,7] x Q — R is a solution process of the SDE

dX, = rX,dt + BX, dW,, telo, 7], Xo=Xx, (4.71)

then it holds P-a.s. that
=e " Ep[f(X)] (4.72)

(see, e.g., Subsection 4.1.2 in [Kiithn(2004)]). The assertions (4.70) and (4.72) above
are a consequence of a powerful result that is known as fundamental theorem of asset
pricing in the mathematical finance literature (see, e.g., [Kallsen(2009)]). It is inter-
esting to observe that the right hand side of (4.72) is completely independent of the
expected interest rate o of the underlying in the Black-Scholes model. Let us illustrate
equation (4.72) in the case of a simple example, that is, in the case of an European call
option. For this the following well-known lemmas are used.

Lemma 4.7.1. Let (Q, F, P) be a probability space, let ¢ € (0,00), and let X: Q — R
be an /\/’071-distributed random variable. Then Ep [ecx] = exp(%CQ).

Proof of Lemma 4.7.1. Note that

_ \/%6—5(1,2—2096—%02—02) dr = 6%02/ \/%76—5(902—201:—&-02) dx (473)
R R
= 2 / «/%Tr “2@ gy = 3¢ /]R \/% e 2% dy = e3”
The proof of Lemma 4.7.1 is thus completed. [
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The statement and the proof of the following lemma can in a slightly different form, e.g.,
also be found in (4.91) in [Kiithn(2004)].

Lemma 4.7.2. Let (2, F, P) be a probability space, let « € R, B € (0,00), let Y: Q —
R be an N, g2-distributed random variable, and let ®: R — R be the function which
satisfies for all x € R that

1 1.2
O (x) :/ e =¥ dy. (4.74)
—oo V2T
Then it holds for all K € R that

c0t+38° @<_Q*IE(K) _1_5) — KC[)(‘“]E(K)) K >0

(4.75)
152
AR L e LK <0

Ep [max{ey — K,OH =

Proof of Lemma 4.7.2. First of all, observe that Lemma 4.7.1 implies that for all K €
(—o0, 0] it holds that

Ep [max(ey - K, 0)} = [ } [ey} - K
In addition, note that for all K € (0 00) it holds that
max (e — K,0)] = / max (et — K., 0) \/Lz? e 2 dy
R
— atBy _ |) L =38 gy
/xGR exp(a+pz)>K} ( ) van
» ) L (4.77)
— 01 Yy _ _1 5,7 3Y
- / i K) e dy
— 1 (By=39?) gy — - I e
=e [m(K) . Vo e dy — K iy VI e 2V dy.
B B
This implies that for all K € (0, 00) it holds that
Y _ = 1 -3 (yP—28y+p2-p2 a—In(K)
Ep[max(e - K, O)] =€ ] e VB ( )dy K<I>< 3 )
5
Y S s o In(K)
=€ ’ /(vln(K) a) \/ﬂ dy K(b( )
_arlpe 00 1y (a—ln(K)) (4.78)
e /[(ln(?_a)ﬁ] =€ dy — Ko 3
_ ot} @(5 _ (1n<f<ﬁ)fa>) Kq)<a 12< ))
— pot3s? (I)<a—lz(K) 4 ﬂ) - K@(a_lz(m) ‘
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Combining (4.76) and (4.78) completes the proof of Lemma 4.7.2. O

We now use Lemma 4.7.2 and (4.57) to compute the right hand side of (4.72) in the case
of an European call option. More precisely, Lemma 4.7.2, (4.57), and (4.72) prove that
in the case where there exists a real number K € R such that f satisfies (4.69) it holds
P-a.s. that

Dy =e " Ep[f(X)] =" Ep[ max{Xr — K, 0}]

— T Ep [maX{ (3BT 48w _ g 0}] (4.79)

and hence it holds P-a.s. that

@) g [ T+3BHTH(XE /K) g [ =3B /K
Dy — X <1>( W S G K >0

X — Ke T LK <0
(4.80)
Equation (4.80) is (a special case of ) the famous Black-Scholes formula for option pricing.
Let us close this section with a few comments and concluding remarks.

e It is in some sense completely ridiculous to model the price process of a stock price
as a geometric Brownian motion (remark: there are a number of substantially
more general models; see, e.g., Subsection 4.7.8 below). It might also be quite
questionable to model the price process of a stock price as a stochastic process.

e There are also a number of other assumptions that are not fulfilled in the real life
trading of financial derivatives (e.g., bid-ask spread/transaction costs, default risk,
no arbitrage assumption, etc.; remark: there are also more general models that
intend to (partially) take such issues into account).

e The aim in the Black-Scholes model is not to predict the expected payoff of the
underlying nor the financial derivative at time 7" > 0. The aim in the Black-
Scholes model is to estimate the price of the financial derivative today, that is, at
time t = 0.

e This price of a financial derivative of the form (4.68) is in the setting of the Black-
Scholes model completely independent of the expected interest rate a of the un-
derlying.

To be more concrete, we now mention a simple illustrative example of a structured
product (which is somehow a combination of one or more underlyings together with
one or more financial derivatives) whose price has been estimated by using Monte Carlo
methods. Between November 26th, 2012 and Mai 26th, 2014 the price of the structured
product with the International Security Identification Number (ISIN) CH0197477877 has
been estimated every trading day, in particular, by the swissQuant Group AG (Zurich,
Switzerland; see http://www.swissquant.com/) by using Monte Carlo methods. The
estimates prizes are important to determine the collaterals that the issuer of the consid-
ered structured product has to provide. In the case of a bankruptcy of the issuer of the
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structured product, the collaterals are taken to (partially) hedge the risk of a bankruptcy
of the issuer of the considered structured product. The structured product with the ISIN
CHO0197477877 (cf., e.g., http://ts.dp-research.com/131014IK014.pdf) is a “Multi
Barrier Reverse Convertible on Gold, Silver” and it is traded at the exchange Scoach
Schweiz AG (an exchange in Zurich (Switzerland) which is specialist in structured prod-
ucts).

4.7.4 Stochastic Ginzburg-Landau equation

In addition to the assumptions in Subsection 4.7.1, let a, 3,3 € R, § € (0,00) be real
numbers, assume that d = m =1, O = R, and assume for all z € R that

w(r) = ax — 6z° and o(z) = Bz + B. (4.81)
The SDE (4.52) then reduces to the stochastic Ginzburg-Landau equation
dX, = [aX; — 0X}| dt + [BX, + B dW,,  t€[0,T], Xo=¢. (4.82)

Here the drift coefficient function p is not globally Lipschitz continuous and Theo-
rem 4.5.1 can thus not be applied. Nonetheless, there exists an up to indinstinguisha-
bility unique solution process of (4.82) (see, e.g., [Gyongy and Krylov(1996)]) and, in
addition, it holds for all p € [0, c0) that

sup Ep[|X|R] < oo (4.83)
t€[0,T]

4.7.5 Stochastic Verhulst equation

In addition to the assumptions in Subsection 4.7.1, let ¢ € R, n,\ € (0,00) be real
numbers, assume that d =m = 1, O = (0, 00), and assume for all x € R that

p(z) = (7] + %) x — A\’ and o(z) = cu. (4.84)
The SDE (4.52) then reads as
dX, — [ (n + 7) X, — A (Xf] dt +cX,dW,,  te[0,T], Xo=¢  (4.85)

Equation (4.85) is known as stochastic Verhulst equation in the literature (see, e.g.,
Section 4.4 in Kloeden & Platen [Kloeden and Platen(1992)]). Here the drift coefficient
function p is not globally Lipschitz continuous and Theorem 4.5.1 can thus not be
applied. Nonetheless, there exists an up to indinstinguishability unique solution process
of (4.82) (see, e.g., [Gyongy and Krylov(1996)]) and, in addition, it holds for all p €
[0,00) that

sup Ep[|X|R] < oo (4.86)
te[0,7)
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4.7.6 Stochastic predator-prey model

In addition to the assumptions above, let ¢1,c2 € R, o, 8,7, € (0,00) be real numbers,
assume that d = m =2, O = (0,00)?, and assume that for all x = (x,73) € O it holds

that
(2= (58:.59) wen

I . C1T1 0
(=)= (o 0 ). a9

The SDE (4.52) then reduces to the stochastic predator-prey model

X(l) o — 5 . X(2) . (1)
dX; = t(z)( (1) *) de 4+ [ " @ | AW, t€[0,T], Xo=¢
X7 (v X =) 0 e

and

(4.89)
The deterministic case (¢; = c¢o = 0) of this model has been introduced by
Lotka [Lotka(1920)] and Volterra [Volterra(1926)]. Here the drift coefficient function p is
not globally Lipschitz continuous and Theorem 4.5.1 can thus not be applied. Nonethe-
less, there exists an up to indinstinguishability unique solution process of (4.82) (see,
e.g., [Gyongy and Krylov(1996)]) and, in addition, it holds for all p € [0, 00) that

sup Ep[[|X¢][22] < oo (4.90)
te[0,7)

4.7.7 Volatility processes

In addition to the assumptions in Subsection 4.7.1, let a € [1,00), b € [3,00), a € (0, 0),
B,d € [0,00), 7 € R be real numbers with

2
a—+12> 20, 0> _1[1,00)(13)7 and o> ]l{l}(b) . %, (4.91)

assume that d =m =1, O = (0, 00) and assume that for all z € (0, 00) it holds that
wz)=0+yr—azx” and o(z) = Bab. (4.92)
The SDE (4.52) then reads as
dX, = [0+ 79X, — a (X)) ] dt + 8 (X,)"dW,, t€[0,T], Xo=¢. (4.93)
Assumption (4.91) ensures the existence of an up to indistinguishability unique solution

process of (4.93). The proof of the existence of a solution process of (4.93) is omitted.
Let us consider three more specific examples of the SDE (4.93).
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4.7.7.1 Cox-Ingersoll-Ross process

In addition to the assumptions above, assume that a = 1, b = % and v = 0. The
SDE (4.93) is then the Coz-Ingersoll-Ross process

dX, = [0 — aX,] dt + B\/X,dW,, t € 0,7, Xo=¢ (4.94)

which has been introduced in [Cox et al.(1985)Cox, Ingersoll, and Ross] as a model for
instantaneous interest rates. Later, in [Heston(1993)], this process has been proposed
as a model for the squared volatility in a Black-Scholes type market model (see Subsec-
tion 4.7.8.1 below).

4.7.7.2 Simplified Ait-Sahalia interest rate model

In addition to the assumptions above, assume that ¢ = 2 and b < % Under these
additional assumptions, the SDE (4.93) reads as

dX, = [0 +7X; — a (X)) dt + B (X,)"dW,, t € 0,7, Xy =¢&. (4.95)

A more general version hereof has been used in Ait-Sahalia [Ait-Sahalia(1996)]
for testing continuous-time models of the spot interest rate. More informa-
tion on these type of models can be found in the introductory section in
[Szpruch et al.(2011)Szpruch, Mao, Higham, and Pan| and in the references mentioned
therein.

4.7.7.3 Volatility process in the Lewis stochastic volatility model

In addition to the assumptions above, assume that a = 2, b = %, v > 0and 6 =0. The
SDE (4.93) is then the instantaneous variance process (squared volatility) in the Lewis
stochastic volatility model (see [Lewis(2000)] and Subsection 4.7.8.2 below)

dX, = [vX, — o (X,)? ] dt + B(X,)? dW;, t € [0,T), Xo=¢. (4.96)

The stochastic volatility model associated to (4.96) is a.k.a. 3/2-stochastic volatility
model.

4.7.8 Stochastic volatility models

~

In addition to the assumptions in Subsection 4.7.1, let @ € [1,00), b € [5,00), o, & €
(0,00), 8,8 €[0,00), 4 € R, p € [0,1] be real numbers with

~

a+122,  §>-lpg®), and 52 10()- @z (4.97)

2
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assume that d = m = 2, O = (0,00)?, and assume that for all z = (z,13) € (0,00)% it
holds that

($1>_(A oz ) U(xl)_ VT2 21 0
® Ty )\ S+ Ame—a(z2)" )] Ty ) B(IQ)B 1—p? B(m)i)ﬂ .

(4.98)
The SDE (4.52) then reads as
aXt(l)
X, A ) o | dt
5+ 4X7 —a (X))
@ (1) (4.99)
X® x| 0
+ A aw, tepT,  Xxo=c¢

A b 5 b
B VI=p B(XP)p
In the next step let W [0,7] x © — R be the mapping with the property that for all

t € [0,T] it holds that
W, =v1-p2W + pw?. (4.100)

Then we observe that W is an one-dimensional standard (Ft)te[o,T]—Brownian motion.

Note that W® and W are independent if and only if p = 1. Using this notation, we
obtain that the stochastic process X : [0,7] x Q — (0, 00) is a solution process of the
SDE

dxX? = 5+4x® - (Xt@))d] dt+3 (XP) aw, tefo,T),  XP =€ (4.101)

Assumption (4.91) ensures the existence of an up to indistinguishability unique solution
process of (4.99). The proof of the existence of a solution process of (4.99) is omitted.
Let us consider two more specific examples of the SDE (4.99).

4.7.8.1 Heston model

In addition to the assumptions above, assume that a = 1, b = 1 and 4 = 0. The

SDE (4.99) is then the Heston model

) v/ x® x! 0
dXt:(AOéXt (2)> dt + dW,, t€[0,T], Xo=¢&

|

§-aX, 5¢f\/ " doy/xf
(4.102)
(see [Heston(1993)]).
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4.7.8.2 Lewis stochastic volatility model
In addition to the assumptions above, assume that a = 2, b= %, 4 > 0 and 5 =0. The

SDE (4.99) is then the Lewis stochastic volatility model (a.k.a. 3/2-stochastic volatility
model)

(1) /v 2 (@)
dX; = ( b )dt T . X X . 0 AWy, t € [OaT]v Xo=¢
BVI=p? )

. ~ (v (2))2 3 3
X — o (X;7) —2 (XY Bp (x>
(4.103)
(see [Lewis(2000)] and, e.g., also [Henry-Labordere(2007), Higham(2011)]).
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5 Strong approximations for SDEs

Most of this chapter can, e.g., in a bit different form be found in
[Kloeden and Platen(1992)].

5.1 Setting

Throughout this chapter the following setting is frequently used. Let T' € (0, 00), d,m €
N, let (9, F, P, (F;);ei0,77) be a stochastic basis, let W = (WM, ..., Wm): [0,T] x Q —
R™ be an m-dimensional standard (2, F, P, (F;);epo,r])-Brownian motion, let O C R
be an open set, let & = (€W ... D) € M(Fy,B(0O)), i € M(B(RY),B(R%)), ¢ €
M(B(RY), B(R™*™)), let

= (p1,-- pa): O =R 0= (0))jeqr...my = (0ij)icq1,.apje(1,.my: O — R
(5.1)
be locally Lipschitz continuous functions, let X = (XM, ..., X@): [0,T] x Q@ — O be a
solution process of the SDE

dXt = /,L(Xt) dt+U(Xt) th, te [O,T], XO = 5, (52)
and assume for all z € O that

f(x) = u(x) and o(z) =o(x). (5.3)

Remark 5.1.1. The functions ji and & are thus Borel measurable extentions of p and
o. For instance, the functions

cxe0 cxe0
R > z — pa) e e RY, R¢ > z — o(@) :e e R>m
0 :x2¢0 0 ::x2¢0

(5.4)

are Borel measurable extensions of p and o.

Remark 5.1.2. We observe that for alli € {1,2,...,d}, j € {1,2,...,m} it holds that
0:;: O —= R and oj: O — R? are functions which satisfy for all x € O that

oi(z) = (01;(x),...,00(x)). (5.5)
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5.2 Notions of convergence for stochastic processes

5.2.1 Growth properties for functions

Definition 5.2.1. Let (E,dg) and (F,dr) be metric spaces. Then we say that f grows
at most linearly from (E,dg) to (F,dp) (we say that f grows at most linearly) if and
only if f € M(E, F) is a function from E to F which satisfies for allv € E, w € F that
there exists a real number ¢ € R such that for all x € E it holds that

dr(w, f(z)) <c(l14+dgp(v,x)). (5.6)

Definition 5.2.2. Let (E,dg) and (F,dr) be metric spaces. Then we say that f grows
at most quadratically from (E,dg) to (F,dr) (we say that f grows at most quadratically)
if and only if f € M(E, F) is a function from E to F which satisfies for allv € E, w € F
that there exists a real number ¢ € R such that for all x € E it holds that

dp(w, f(z)) < c(1+dg(v,z))*. (5.7)

Definition 5.2.3. Let (E,dg) and (F,dr) be metric spaces. Then we say that f grows
at most polynomially from (E,dg) to (F,dr) (we say that f grows at most polynomially)
if and only if f € M(E, F) is a function from E to F which satisfies for all v € E,
w € F that there exists a real number ¢ € [0,00) such that for all x € E it holds that

drp(w, f(z)) <c(1+dg(v,x))". (5.8)

Exercise 5.2.4. Let (F,dg) and (F,dg) be metric spaces with E # () and let f: E — F
be a function. Prove that f grows at most polynomially from (E,dg) to (F,dr) if and
only if there exist v € E, w € F' such that

lim sup sup {[ dr(w, f(x))

e, ) | 5.9
c—o0  zeE 1‘|‘dE(U,fE)] :| ( )

5.2.2 Growth properties for derivatives of functions

Definition 5.2.5 (1-Holder continuous). Let (E,dg) and (F,dr) be metric spaces. Then
we say that f is globally Lipschitz continuous from (E,dg) to (F,dr) (we say that f
is globally Lipschitz continuous, we say that f is Lipschitz continuous from (E,dg)
to (F,dr), we say that f is Lipschitz continuous) if and only if f is dg/dp-1-Holder
continuous.

Definition 5.2.6. Let k,l,v € N. Then we say that f is v-times continuously differ-
entiable with at most polynomially growing derivatives from R¥ to R! (we say that f is
v-times continuously differentiable with at most polynomially growing derivatives) if and
only if f € C*(RF,RY) is a v-times continuously differentiable function from R* to R
which satisfies that f©) grows at most polynomially.
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Exercise 5.2.7. Let k,l,v € N and let f: R* — R be a v-times continuously dif-
ferentiable function with at most polynomially growing derivatives. Prove that for all
w € {0,1,...,v} it holds that f™) grows at most polynomially.

Definition 5.2.8. Let k,l € N. Then we say that f is infinitely often differentiable
with at most polynomially growing derivatives from RF to R! (we say that f is infinitely
often differentiable with at most polynomially growing derivatives) if and only if f €
C>=(RF,R!) is an infinitely often differentiable function from RF to R! which satisfies
that for every v € N it holds that f® grows at most polynomially.

Corollary 5.2.9. Let k,l € N and let f: R¥ — R! be a function. Then f grows at most
polynomially if and only if there exists a real number ¢ € [0, 00) such that for all v € R*
it holds that

1 (@) lg < e+ [[2]zn) (5.10)

Corollary 5.2.9 is a straightforward consequence of Definition 5.2.3 and Exercise 5.2.4
above.

5.2.3 Strong convergence

Definition 5.2.10. Let (Q, F, P) be a probability space, let d € N, T,p € (0,00), and
let YN:[0,T] x Q — R, N € Ny, be stochastic processes. Then we say that (Y ) yen
converges at time T in the strong LP-sense to Y° on (Q, F, P) (we say that (Y )yen
converges at time T in the strong LP-sense to Y°) if and only if

limsupEp[||Yy — YV|..] = 0. (5.11)
N—oo
Definition 5.2.11. Let (2, F, P) be a probability space, let d € N, T, p,« € (0,00), and
let YN:[0,T] x Q — R N € Ny, be stochastic processes. Then we say that (YN)yen
converges at time T in the strong LP-sense with order a to Y° on (Q, F, P) (we say that
(YN)yen converges at time T in the strong LP-sense with order o to Y°) if and only if
there exists a real number C' € R such that for all N € N it holds that

Y7 =YY ,<C-NT (5.12)

HEP(P§H'”Rd

5.2.4 Almost sure convergence

Definition 5.2.12. Let (2, F, P) be a probability space, let d € N, T € (0,00), and
let YN:[0,T] x Q — R, N € Ny, be stochastic processes. Then we say that (YN)yen
converges at time T P-almost surely to Y° if and only if

P(limsup 1Y — Y ||ge = o) =1 (5.13)
N—oo
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Definition 5.2.13. Let (Q, F, P) be a probability space, let d € N, T, € (0,00), and
let YN:[0,T] x Q@ — R, N € Ny, be stochastic processes. Then we say that (YN)yen

converges at time T P-almost surely with order o to Y° if and only if there exists an
F /B(R)-measurable function C: Q — R such that for all N € N it holds that

P =Y |[gre <C-N"*) =1. (5.14)

5.2.5 Convergence in probability

Definition 5.2.14. Let (2, F, P) be a probability space, let d € N, T € (0,00), and
let YN:[0,T] x Q — R, N € Ny, be stochastic processes. Then we say that (YN)yen
converges at time T in probability to Y° on (Q, F, P) (we say that (Y )yex converges
at time T in probability to Y°) if and only if it holds for all € € (0,00) that

limsup P(||Yy — Y} ||ge > €) = 0. (5.15)
N—oo

5.2.6 Numerically weak convergence

Definition 5.2.15. Let (2, F, P) be a probability space, let d € N, T € (0,00), and
let YN:[0,T] x Q@ — R N € Ny, be stochastic processes. Then we say that (YN)yen
converges at time T in the numerically weak sense to Y if and only if it holds for every
infinitely often differentiable function ¢: RY — R with at most polynomially growing
derivatives that VN € No: Ep[|o(Y)|r] < oo and

limsup [Ep[o(Y7)] — Ep[@(Y])] |IR = 0. (5.16)

N—oo

Definition 5.2.16. Let (Q, F, P) be a probability space, let d € N, T, € (0,00), and
let YN:[0,T] x Q — R N € Ny, be stochastic processes. Then we say that (Y)yen
converges at time T in the numerically weak sense with order a to Y° on (Q, F, P) (we
say that (YN)yen converges at time T in the numerically weak sense with order a to
Y?) if and only if it holds for every infinitely often differentiable function ¢: R¢ — R
with at most polynomially growing derivatives that there exists a real number C' € R
such that for all N € N it holds that Ep[|o(YD)|r + |¢(Y)|r] < 00 and

Ep[0(Y2)] — Ep[p(Y?)] \R <C-N“ (5.17)

5.3 Euler-Maruyama scheme

Assume the setting in Section 5.1. Then for all ¢ € [0, T] it holds P-a.s. that

X, —5+/tu(xs) ds—i—/ta(Xs) AW, (5.18)
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This and (3.152) show that for all tq € (0,7}, t € [ty,T] with ¢t — ¢, “sufficiently small”
it holds P-a.s. that

t

t
Xt:Xt0+/ w(Xs) ds+/ o(Xs) dWs
——

to S—— to
%;j,(XtO) zO'(XtO)
t t (5.19)
~ X, +/ pu(Xy,) ds + / o(Xy,) dW;
to to

= Xiy + 1(Xyy) (= to) + 0( X)) (W — Wy ) -

The approximation in (5.19) motivates the following definition (see [Maruyama(1953),
Maruyama(1955)]).

Definition 5.3.1 (Euler-Maruyama approximation). Let T" € (0,00), d,m, N € N,
p € M(B(RY), B(RY)), 0 € M(B(RY), BR™™)), let (Q, F, P, (Fy)iep.1)) be a stochastic
basis, let & € LY Plpy; |||lga), and let W: [0,T] x Q — R™ be an m-dimensional stan-
dard (2, F, P, (F¢)icjo,17)-Brownian motion. Then we say that'Y is an Euler-Maruyama
approzimation for the SDE

with time step size T/N on (0, F, P, (F)wco.11) (we say that Y is an Euler-Maruyama
approximation for the SDE

dXt = /L(Xt) dt + O'(Xt) th, t € [0, T], X() = 5 (521)

with time step size T/N ) if and only if Y € M({0,1,..., N} x Q, R?) is the function from
{0,1,..., N} x Q to R? which satisfies for alln € {0,1,..., N — 1} that Yy = £ and

Yirr = Yo+ u(Ya) 5 + oY) (Weasor — Waz). (5-22)

Sometimes Euler-Maruyama approximations are also simply referred to as Euler approx-
imations in the literature.
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Definition 5.3.2 (Linearly-interpolated Euler-Maruyama approximation). Let T €
(0,00), dym,N € N, u € M(BR?Y,BRY), ¢ € M(B(R?),BR>™)), let
(Q, F, P, (Fy)tepom) be a stochastic basis, let & € LO(Plry; |||ga), and let W: [0, T]xQ —
R™ be an m-dimensional standard (Q, F, P, (Fy)cjo,1)-Brownian motion. Then we say
that Y is a linearly-interpolated Fuler-Maruyama approximation for the SDE

dX, = p(X) dt + o(X,)dW,,  te€[0,T], Xo=¢ (5.23)

with time step size T/N on (0, F, P, (F¢)ico,17) (we say that Y is a linearly-interpolated
Euler-Maruyama approximation for the SDE

X, = p(X)) dt +o(X)dW;,  te[0,T],  Xo=¢ (5.24)

with time step size T/N ) if and only if Y € M([0, T| x Q, R?) is the function from [0, T]x
to R which satisfies for alln € {0,1,...,N — 1}, t € [2L, mH)T} that Yo = & and

N
Y, = Y% + (% - n) [,UJ(Y%)% + U(Y%)(W(n-&]—\fl)T - W%)} . (5.25)
In Definition 5.3.1 we introduce Euler-Maruyama approximations at the discretization
points {0, %, %, ..., T}, N € N. In the literature sometimes approximations on more

complicated possibly non-equidistant discretization points are investigated /used.
5.3.1 Simulation of sample paths of Euler-Maruyama
approximations

In the next step two Matlab codes for the Euler-Maruyama method are presented in the
case d =m = 1.

1 {function Y = EulerMaruyama (mu,sigma ,T,x0,N)

2| Y = zeros(1,N+1);

3] Y(1l) = x0;

4] h = T/N;

5 sqrth = sqrt(h);

6 for n = 1:N

7 Y(n+1) = Y(n) + mu(Y(n))*xh + sigma(Y(n))*sqrthxrandn;
8 end

9 |end

Matlab code 5.1: A Matlab function for the Euler-Maruyama method in the case d =
m = 1.

11T =1,
2N = 1000;
3 mu = @Q(x)—x"3;
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4 |plot( (0:T/N:T), EulerMaruyama(mu, @Q(x)0, T, 2, N), 'r’ );
5| hold on
6 |plot( (0:T/N:T), EulerMaruyama(mu, @(x)1/10, T, 2, N) );

Matlab code 5.2: A Matlab code for the Euler-Maruyama method.

Exercise 5.3.3 (Euler-Maruyama). In this exercise we do not distinguish between
pseudo random numbers and actual random numbers. Let T € (0,00), d,m, N € N,
¢ € RY poe M(BRY),BRY)), o € M(B(R?),BR™™)), let (Q,F,P,(F)icpmn)
be a stochastic basis, let W: [0,T] x Q@ — R™ be an m-dimensional standard
(Q, F, P, (Fy)teo,))-Brownian motion, and let Y: {0,1,...,N} x @ — R? be an Euler-
Maruyama approximation for the SDE

dX, = p(X) dt + o(X,)dW,,  t€[0,T], Xo=¢ (5.26)

with time step size T/N. Write a Matlab function EulerMaruyama (T ,d,m,N ,&,pu,0)
with input T € (0,00), d,m,N € N, ¢ € RY p € M(BRY,BRY)), o €
M(B(RY), B(R™™)) and output a realization of an Yy (P)pwa)-distributed random vari-
able.

Exercise 5.3.4 (Monte Carlo Euler for geometric Brownian motion). In this exercise
we do not distinguish between pseudo random numbers and actual random numbers.
Let T o, 8,&, K € (0,00), N,M € N, let (Q,F, P, (Fi)icior)) be a stochastic basis, let
Wk [0,T] x Q — R, k € N, be P-independent standard (Q, F, P, (Fy)iejo1))-Brownian
motions, and for every k € N let Y*: {0,1,...,N} x Q — R be an Euler-Maruyama
approximation for the SDE

dX, = a X, dt + g X, dW}, t€ 0,77, Xo=¢ (5.27)

with time step size T/N. Write a Matlab function
MonteCarloEulerGBM(T ,a,[3,£, K,N,M) with input T, o, 5,{, K € (0,00), N,M €
N and output a realization of an (ﬁ 224:1 maX{YJ\’? - K, 0})(P)3(R)-dz'stributed random
variable. Type MonteCarloEulerGBM(1,log(1.06)-1/200,1/10,92,100,100,10000)
to test your implementation. Compare this result with the results of Fxercise 3.3.9 and
Ezercise 3.53.11.

5.3.2 Strong convergence of the Euler-Maruyama method

In Theorem 5.3.10 below we prove strong convergence of the Euler-Maruyama method
under the assumption that the coefficients of the SDE are globally Lipschitz continuous.
The proof of Theorem 5.3.10 uses the well-known Holder inequality. For completeness
we now present (a special case of) the Holder inequality.
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Figure 5.1: Results of two calls of the Matlab code 5.2.
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Theorem 5.3.5 (Holder inequality). Let (2, F, i) be a measure space and let r € (0, 00),
fel™ (mllg) g€ L7 (s ||g). Then

[ 17(@) 9@ 1) = 17 9l < Wi 9oy (528

Proof of Theorem 5.3.5. Throughout this proof we assume w.l.o.g. that

||f‘|£1+'r(u;“|R) > 0 and ||g||£1+1/r(u;|,|R) > 0 (529)

(otherwise (5.28) is clear). Next observe that Young’s inequality proves that

F@ ] [ gt .
/Q [Hf“cm(#;h)] [HgH[,H'I/T(#?'hR)I i)

(1+4r) (1+1)
1 x 1 x
< /@) L[ lew o
o (L+7) {1l zrer g (T+3) |l zrerm i) (5.30)
1 felF @) p(da) 1| Jolg@I™Y" u(de)
N Lt 1 1+1/r
M) IS Ol N 1] v
- + L 1
(14 (a+h T
The proof of Theorem 5.3.5 is thus completed. O

The following inequality is known as Minkowski’s integral inequality (see, e.g.,
[Jentzen and Kloeden(2011)]).

Lemma 5.3.6. Let p € [1,00), let (21, F1, pu1) and (Qq, Fo, o) be finite measure spaces,

and let f: Q; x Qy — [0,00) be a globally bounded (Fy @ F3)/B([0,00))-measurable
function. Then it holds that

Um ( Q2f(a:,y) uz(dy)>pu1(d:c)r < /92 ( o |f(x,y)|pu1(dx));u2(dy). (5.31)

Proof of Lemma 5.3.6. First, observe that (5.31) follows from Tonelli’s theorem in the
case p = 1. Throughout the rest of this proof assume w.l.o.g. that p > 1 and let
q € (1,00) be the real number which satisfies that

+o=1 (5.32)
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Note that Fubini’s theorem ensures that

/Q1 ( o f(z,y) M2(dy))p 11 (dz)

[ ([ saw m(d.w)(pl) ([ e patn)) m(as)
- [ ([ 1w uz(dy))(p_l) ([ s mian) 63
[ ([ s u2<dy>)(p_l) (2 0) paldu) ()
[ [ ([ s uz(dy))(p_l) o u) s () ().
Hilder's inecuality therefore proves that
[ ([ st ) st

<[ [ [ ([ s m(dzn)(pl)q u1<dx>] g [ 1 r ) o)

= f(z,y) pa(dy) pul(dx) o |f(z,u)|P 1 (d) ;uz(du}
04 Qo Qo 951
(5.34)

Next observe that the assumption that f is globally bounded implies that

[/91 ( N flz,y) m(dy))pm(d:c)} " < 0. (5.35)

This and (5.34) establish that

Uﬂ ( A MQ(dy))pﬂl(dx)}; < /Q( o |f(x,y)|pu1(dm)>;p2(dy). (5.36)

The proof of Lemma 5.3.6 is thus completed. O

Lemma 5.3.7. Let p € [1,00), let (Q, F1, 1) and (Qo, Fo, 112) be finite measure spaces,
and let f: y x Qy — [0,00] be an (F1 ® Fa)/B([0, 00])-measurable function. Then it
holds that

Um ( QZf(:c,y) uz(dy))pul(dx)r < /QQ ( o |f(x,y)]”m(dx)>;u2(dy). (5.37)
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Proof of Lemma 5.3.7. Throughout this proof let fy: €; x Qy — [0,00), N € N, be the
functions which satisfy for all N € N, z € Q;, y € )5 that

fn(z,y) = min{ f(z,y), N}. (5.38)

Note that for all N € N it holds that fy is globally bounded and (F; @ F»)/B([0, 00))-
measurable. Lemma 5.3.6 hence establishes that for all V € N it holds that

[/Q ( o fn(z,y) uz(dy)>pu1(da:)r < /Q( o |fN(x,y)\p,u1(dx));ug(dy). (5.39)

This and monotone convergence theorem for Lebesgue integral yield that

[/Q< ng(rc ,y) pa( dy) fi1 dw]
=, (st smtan ) |
)

=hm{/( Fu,y) paldy) ) pn(d }
N—o0 o Qs

(5.40)
< lm ( | fn(z,y)l” Ml(dl')) pi2(dy)
- [q, o
= [ (] g st mian)) st
Qs Q, N—o
= [ ([ v mian)) st
Q \Jo,
The proof of Lemma 5.3.7 is thus completed. n

Proposition 5.3.8. Let p € [1,00), let (2, Fi, 1) and (s, Fa, o) be sigma-finite
measure spaces, and let f: Q x Qo — [0,00] be an (F; @ F3)/B([0, 00])-measurable
function. Then it holds that

[/Ql ( o f(z,y) Mz(dy)>p#1(dx)r < /92 ( o !f(:v,y)|p,u1(dx))p pa(dy).  (5.41)

Proof of Proposition 5.3.8. Throughout this proof let an) € Fi,ne N, ie {12} be
sets which satisfy for all n € N, i € {1,2} that

m(") <00, QMO and | J o =@, (5.42)

keN
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let ui"): QZ(.”) mF; — [0,00], n € N, i € {1,2}, be the measures which satisfy for all
n €N, ie{1,2} that

" = Hlomaz, (5.43)

and let f,: QO x QU — [0,00], n € N, be the functions which satisfy for all n € N
that

o= Flao copm- (5.44)

Observe that (5.42) and (5.43) ensure that for all n € N it holds that (Qg”), QMar, uﬁ"))
and (an), O @ 7, ugn)) are finite measure spaces. The fact that for all n € N it holds

that f, is (" @ 7)) ® (5 @ F2))/B([0, oo])-measurable hence allows us to apply
Lemma 5.3.7 to obtain that for all n € N it holds that

/ng ( o flz,y) u(zn)(dy)> ugn)(d:r)] < /Q o ( /ﬂ o Ifn(x,y)lpu(ln)(dx)> 15" (dy).

(5.45)
This implies that for all n € N it holds that
P 1
|:/Sv)1 < Qs f<x’ y)]l{an)XQg")} (JI, y) N2(dy)) M1 (dx):|
P 3
| 2 L (5.46)

<[, ( fo 1o y>|w§"><dx>)p ()
A )

alde))paldy).
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Monotone convergence theorem for Lebesgue integral therefore assures that

UQ ( @) Mg(dy)>p i d@}é

[ (] i [0t gy oo st ) stan)]
=t [ ([ st gy st ) (]

n—oo

) (5.47)
p P
< tim ([ |t oy ]| (@) st
RN
[ (f ym 10 gy )| () gt
= [ ([ 1) e
Qo Q1
The proof of Proposition 5.3.8 is thus completed. O

The next result, Corollary 5.3.9, follows immediately from Proposition 5.3.8.

Corollary 5.3.9. Let T € (0,00), p € [1,00), let (2, F,P) be a probability space, and
let Y:[0,T] x Q — [0,00] be a (B([0,T]) ® F)/B(]0, 0c])-measurable function. Then it
holds that

(E{/OTYSds pD; §/0T<]E[|3@|p}>’l’ds. (5.48)
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Theorem 5.3.10 (Strong convergence of the Euler-Maruyama method). Let T' € (0, 00),
L,, L, € [0,00), p € [2,00), d,m,N € N, let (2, F, P, (F¢)scom)) be a stochastic basis,
let W:[0,T] x Q@ = R™ be an m-dimensional standard (0, F, P, (F;)icpo,m)-Brownian
motion, let £ € LP(Plpy; || |lga), let u: R* = R and o: RY — R>™ be functions which
satisfy for all x,y € R? that

lp(@) = pW)llre < Ly llz = yllga,  llo(@) = oWl gs@m ga) < Lo 2 = yllge,  (5:49)
let X:[0,T] x Q — RY be a solution process of the SDE
dX, = (X)) dt + o(X,)dW,,  te[0,T], Xo=¢, (5.50)

and let Y: [0,T] x Q — R? be a linearly interpolated Euler-Maruyama approximation
for the SDE (5.50) with time step size T/N. Then

— 1 <
sup (Ep[|X: — Vill%u]) " = sup 1X: = Yilleop
te[0,T] t€[0,T]

2
< [exp (\/T + (T + T2) |:Luﬁ + L, p—(p;l)} ) HXH01/2([0,T]7LP(P;||'H]Rd))

~
<00

1
i

(5.51)

Proof of Theorem 5.3.10. Throughout this proof let X : [0, 7] x Q — R be the function
which satisfies for all n € {0,1,...,N — 1}, t € [%, %} that

Xt = (% — n) X(n+1)T/N + (n +1-— %) XnT/N- (552)
Next observe that for all ¢ € {0, %, ..., T} it holds P-a.s. that
Y, =§+/ 1(Yisio/n) ds+/ 0 (Yis)pyn) dWs. (5.53)
0 0

This implies that for all ¢ € {0, %, ..., T} it holds P-a.s. that

t t
Xo=¥i= [ () =iV )ds+ [ o(X) =0T, Y,
t t
- /0 /”L(Xs) B ’LL(XI_SJT/N) ds +/0 J(XS) B O-(XLSJT/N) dWs (554)

t

t
+/0 M(XLsJT/N)—M(YLsJT/N)dSJF/0 0 (Xisryn) = 0 (Yislryw) dAWs.
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The triangle inequality hence proves that for all ¢ € {0, = T} it holds that

I,
12X = Yill e )
/ 11(X5) = (X tspin ) o) 8
+‘/awa—de )
0 o L2 (Pl a) (5.55)

t
L I X0) = 1)

t
/0 U(XLSJT/N) - U(YLJS\GT/N)

+

L (Pl ga)

The Holder inequality and inequality (Burkholder-Davis-Gundy inequality I) therefore

imply that for all t € {0, & %> -+, '} it holds that

HXt - }_/;/HLP(P-H-HRd)
1/2
S RN TGS R AR
1/2
(252 1000 = Xt oy (556

- ~ 1/2
+ T/O H/’L(XLSJT/N) _“(YLSJT/N)HZP(P;H-Rd)ds}

! t 1/2
p(p-1) —o(Y .
+ _p 5 /0 HU(XLSJT/N) U(YLSJT/N)Hﬁp(Pi“'”Hsmm,Rd)) ds] .

Assumption (5.49) hence shows that for all ¢ € {0, % T} it holds that

L
| X, — ﬁ“cp(P;nw\Rd)

t , 1/2
< L“[T/o | X —XLsJT/N||cp(P;||-|Rd)dS]

- " 1/2
p(p—1) _ 2
+ Ly B /0 HXS XLSJT/NHLP(P;H.HM) ds] (5.57)

- . ) ) 1/2
01 Vs =Tl

P P A
o Lslr/n SJT/N LP (Pl lga) '
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This implies that for all ¢ € {0, L, ...,

T} it holds that
HEP(P;H'lle)

=e ? v
< {Lyﬁ—i‘ Lo ’%} {/ HXs—XLsJT/N | dS]
£2(Pl )

+ |:L,uﬁ+[/cr p(P ] {/ HXLSJT/N YLSJT/NHLPPH ”Rd)d}

The well-known fact that for all n € N, a4, ...,a, € R it holds that

1% = Y2

1/2

(@1 +... +a,) <n((@)+...+(a,)?)

hence proves that for all ¢ € {0, % T} it holds that

,N’...7

1% - ﬁ"ip(P;\\~||Rd>

2 T
<9 [LM\/T + L, ’@] / 1 — XLSJT/NHZ (Pl ) F

+2[L VT + L, p”} /||XL8JT/N Vit oo oy @5

The discrete Gronwall lemma (see Lemma 4.3.2) therefore shows that

X ¥,
te{0,T/N,...,

2 T
_ 2
2 {LM\/TJFLU bl 1)} VO X, _XLSJT/NHMP;”,M)dS} .

This implies that

2
sup HXt - thH[’p(P?”’H]Rd) S exp (T |:LH\/T+ LU p(p21):| >

2
Hﬁff'(P;II-IIIRd)

te{0,T/N,...,

~\/§{Luﬁ—|—Lg P(’;lH/ X, - X|

2
Lslz/n HLP(P;||~HRd)

This shows that

2
1K= Yil| o) < 0 (T {Luﬁ'i— L, ”—(”2‘”} )

te{0,7/N,..., T}

T
1 RN
. \/§ {Luﬁ—'—LJ p(p } ||X||cl/2(0T] LP(Ps||| ga)) \/N

VN

X P .
< exp((T+T2) {L JT + Loy /2 1)] ) Xl o,y 20 (P )
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(5.59)

(5.60)

(5.61)
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(5.63)
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The triangle inequality therefore proves that

sup HXt —
te[0,T

< b |1 = Xill w200 1% = ¥ill oo

Y;HU’(P;HWIM)

VT

< Xl o,y o gay UN o 1Xe = Y2l 2o (5,60
2 ||X|| 1/2 p(P:||-
< VT +exp| (T +7T?) [L#\/T+Lg p(pzn} CY/2(0.11,L (Pl )
VN
2 ||XH 172 p(P:||-
< exp( VT + (T +17) [L#ﬁjuLg p(p21)} CAOTLLI P )
VN

The proof of Theorem 5.3.10 is thus completed. 0

5.3.3 Uniform strong convergence of the Euler-Maruyama method

Theorem 5.3.11 (Uniform strong convergence of the Euler-Maruyama method). Let
T € (0,00), p € [2,00), dym € N, let (Q,F, P, (Fi)icpo,r)) be a stochastic basis, let
W:[0,T] x Q@ = R™ be an m-dimensional standard (Q, F, P, (F¢)icpo,r)-Brownian mo-
tion, let & € LP(Plry; ||'||ga)s let p: R — R* and o: R — R™™ be globally Lipschitz
continuous functions, let X : [0,T] x Q — R be a solution process of the SDE

dX, = p(X,) dt + o(X,)dW,,  te[0,T],  Xo=¢& (5.65)

and for every N € N let YN : [0, T] x Q — R? be a linearly interpolated Euler-Maruyama
approzimation for the SDE (5.65) with time step size T/N. Then there ezists a real
number C € R such that for all N € N it holds that

(= )’1’ _

Remark 5.3.12. The proof of Theorem 5.3.11 can be performed similarly as Theo-
rem 5.3.10 but uses inequality (Burkholder-Davis-Gundy inequality II) instead of in-

equality (Burkholder-Davis-Gundy inequality 1) and also additionally expoits an argu-
ment from [Miiller-Gronbach(2002)].

Cy/1+1In(N)
S—\/N :

LP(P;||r)

sup | Xy — ¥,V |1
te[0,7

X, - Y~
tg[g};}H 0= Y |

(5.66)
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5.4 Strong LP-convergence with order o > 1/, implies
almost sure convergence

In this section a relation between strong LP-convergence for p € (0,00) and almost
sure convergence is presented. To be more precise, Lemma 5.4.1 below shows for every
p, B € (0,00) with 5 > 1/p that strong LP-convergence with order [ implies for every
arbitrarily small € € (0,5 — 1/p) almost sure convergence with order  —1/p — ¢

Lemma 5.4.1 and its proof are slightly modified versions of Lemma 3.21
and its proof in [Hutzenthaler and Jentzen(2012)] respectively. Lemma 3.21
in [Hutzenthaler and Jentzen(2012)] is a slight generalization of Lemma 2.1 in
[Kloeden and Neuenkirch(2007)]. In particular, the last statement in Lemma 5.4.1 (see
(5.69)) is precisely the statement of Lemma 2.1 in [Kloeden and Neuenkirch(2007)].

Lemma 5.4.1 (LP-convergence with order o € (1/p, 00) implies almost sure conver-
gence). Let (2, F, P) be a probability space and let Yy: Q2 — R, N € N, be F/B(R)-
measurable functions. Then

(i) it holds for all p € (0,00), a € (1/p,00), B € (0,0 — /p) that

0o 1/p
sup (V) | < [ SENE s (60 Wil )
NeN cr(Pllp)  N=1 NeN

TV
<oo

(5.67)

(ii) it holds for all p € (0,00), a € (Ypo0), B € (0,a — Yp) with
supyen (N Y|l cr(py-1)) < 00 that

P(sup (N7 - |vy|) < oo) =1, (5.68)

NeN

and

(iii) it holds for all o € (0,0), B € (0,) with Vp €
(0,00): supyen(N YNl r(pyl1y)) < 00 that

P(sup (NP - |vyl) < oo) = 1. (5.69)

NeN

Proof of Lemma 5.4.1. Note that for all p € (0,00), « € R, 8 € (—o00,a — 1/p) it holds
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that

o[ {sup (9 ) | | = B [sup (9 i)

NeN NeN
<Ep| Y (N7 val") Z (N7 Ep[[Yn["]) (5.70)
N=1 N=

< OONW—@P( NP . | Yp>.
_<sz:1 ) sup plYN|P]

This proves inequality (5.67). The assertions in (5.68) and (5.69) follow immediately
from inequality (5.67). The proof of Lemma 5.4.1 is thus completed. O

5.4.1 Almost sure convergence of the Euler-Maruyama method

Combining Lemma 5.4.1 with Theorem 5.3.11 results in the following corollary.

Corollary 5.4.2 (Almost sure convergence of the Euler-Maruyama scheme). Let
T € (0,00), dym € N, let (0, F, P, (F)icpm) be a stochastic basis, let W: [0,T] x
Q — R™ be an m-dimensional standard (2, F, P, (F)icjo,11)-Brownian motion, let
£ € Mpe(0,00) L (Plros || ga), let p: R* — R* and o: RY — R™™ be globally Lipschitz
continuous functions, let X : [0,T] x Q — R be a solution process of the SDE

dXt = M(Xt) dt + O'(Xt) th, te [O, T], XO == f (571)

on (0, F, P, (Fy)iepr)), and for every N € N let YV:[0,T] x Q@ — R? be a linearly
interpolated FEuler-Maruyama approximation for the SDE (5.71) with time step size T/N.
Then for every e € (0,1/2) there exists an F /B(]0,00))-measurable function C: Q —
[0,00) such that for all N € N it holds that

P( sup || Xy — VY| e < C.N(E§)> — 1. (5.72)

te[0,T]

5.5 Numerical methods for SDEs with non-globally
Lipschitz continuous coefficient functions

5.5.1 Almost sure convergence of the Euler-Maryuama method
revisited

The assumptions of Corollary 5.4.2 can be significantly relaxed. In particular, the coeffi-
cient functions p and o of the SDE (5.2) do not need to be globally Lipschitz continuous.
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This is subject of the next theorem which is a slightly modified version of Theorem 2.4
in [Gyongy(1998)].

Theorem 5.5.1 (Almost sure convergence of the Euler-Maruyama scheme). Assume
the setting in Section 5.1 and for every N € N let YV :[0,T] x Q — R< be a linearly
interpolated Fuler-Maruyama approximation for the SDE

with time step size T/N on (Q, F, P, (Fy)icpo,r)). Then for every € € (0,1/2) there exist an
F /B([0, 00))-measurable function C': Q — [0,00) such that for all N € N it holds that

(s I 52 cnD) 71
te[0,7

5.5.2 Strong and numerically weak divergence of the
Euler-Maruyama scheme

Theorems 5.3.10 and 5.3.11 can not be generalized to the case where pu
and o are merely locally Lipschitz continuous.  This is the subject of The-
orem 5H.5.2 below. Theorem 5.5.2 is a special case of Theorem 2.1 in
[Hutzenthaler et al.(2011b)Hutzenthaler, Jentzen, and Kloeden] (cf. also Theorem 2.1 in
[Hutzenthaler et al.(2011a)Hutzenthaler, Jentzen, and Kloeden)).

Theorem 5.5.2 (Strong and weak divergence of the Euler method for SDEs with su-
perlinearly growing coefficients). Let T' € (0,00), let (Q2, F, P, (F¢)icpo,r)) be a stochas-
tic basis, let & € M(Fo, B(R)), p,o0 € M(BR),B(R)) satisfy P(c(€) # 0) > 0, let
W:[0,T] x @ = R be a one-dimensional standard (2, F, P, (Fy).c(0,1))-Brownian mo-
tion, let X : [0,T] x Q@ — R be a solution process of the SDE

dX, = p(Xy) dt + o(X,)dW,,  te[0,T], Xo=¢ (5.75)

on (0, F, P, (Fy)iep.r), for every N € N let YV: [0,T] x Q — R a linearly interpolated
Euler-Maruyama approzimation for the SDE (5.75) with time step size T/N, and let
p.e € (0,00) satisfy Ep[|Xr|P] < 0o and Va € (—o0, —1/<] U [V/e, 00):

u(@)] + lo(@)| = ela| . (5.76)

Then it holds for all g € (0,p] that

lim Bp|[Xr— V|| oo and  lim Ep| || =00 £ Ep[|Xr[7]. (577)
N—o00 N—oo
Theorem 5.5.2 applies, for instance, to the stochastic Ginzburg-Landau equation in
Subsection 4.7.4. Long time divergence results for Euler’s method as T' — oo can be

found in Mattingly et al. [Mattingly et al.(2002)Mattingly, Stuart, and Higham]
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and in  the references mentioned therein (see also  Milstein &
Tretyakov  [Milstein and Tretyakov(2004), Milstein and Tretyakov(2005)] for fur-
ther remarks on this topic). Theorem 5.5.2 is proved as Theorem 2.1 in
[Hutzenthaler et al.(2011b)Hutzenthaler, Jentzen, and Kloeden].

5.5.3 Drift-implicit Euler-Maruyama scheme

Definition 5.5.3 (Drift-implicit Euler-Maruyama approximation). Let T € (0, 00),
d,m,N € N, p € M(B(R?), B(R%), 0 € M(B(R%), B(R™>™)), let (2, F, P, (Ft)ieo1])
be a stochastic basis, let & € LO(Plry; ||'lga), and let W:[0,T] x @ — R™ be an m-
dimensional standard (S, F, P, (F¢)icp,r)-Brownian motion. Then we say that Y is a
drift-implicit Fuler-Maruyama approximation for the SDE

dX, = w(X,) dt + o(X,)dW,,  te€[0,T), Xo=¢ (5.78)

with time step size T/N on (Q, F, P, (Fy)icjor) (we say that'Y is a drift-implicit Euler-
Maruyama approximation for the SDE

dX, = w(X,) dt + o(X,)dW,,  te€[0,T), Xo=¢ (5.79)

with time step size T/N ) if and only if Y € M({0,1,..., N} x Q, R%) is the function from
{0,1,...,N} x Q to R? which satisfies for alln € {0,1,..., N — 1} that Yy = £ and

Yorr =Y+ p(Yor) 5 +0(Ya) Wesnr — War). (5.80)

Remark 5.5.4. Sometimes  drift-implicit  Fuler-Maruyama  approximations
are also referred to as semi-implicit FEuler-Maruyama approximations or
Backward FEuler approximations in the literature; cf., e.g., [Hu(1996)] and
[Higham et al.(2002)Higham, Mao, and Stuart].

Proposition 5.5.5 (Unique existence of drift-implicit Euler-Maruyama approxima-
tions). Let d € N, h € (0,00), L € R satisfy Lh < 1 and let p: R* — R? be a
locally Lipschitz continuous function which satisfies for all x,y € R? that

(x =y, p(x) — p(y))ga < Lz =yl - (5.81)

Then it holds that the function R? > x — x — u(z)h € R is bijective, that is, it holds
Jor ally € R* that #ga({z € R*: v =y + p(x)h}) = 1.

In many situations the drift-implicit Euler approximations converge strongly to the
solution process of the SDE (5.2) although the (explicit) Euler-Maruyama approxi-
mations fail to converge strongly (see Theorem 5.5.2 above). Assumptions that are
sufficient to ensure that the drift-implicit Euler-Maruyama approximations converge
strongly to the solution process of the SDE (5.2) can, e.g., be found in [Hu(1996)],
[Higham et al.(2002)Higham, Mao, and Stuart] and [Hutzenthaler and Jentzen(2012)].
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Exercise 5.5.6. Let n € C'(R,R), L € R. Prove that sup,cg i (z) < L if and only if
Va,y € R: (v —y) - (ule) — p(y) < Lz —y)*

5.5.4 Increment-tamed Euler-Maruyama scheme

In this subsection increment-tamed Euler-Maryuama approximations are presented; see
[Hutzenthaler and Jentzen(2012)].

Definition 5.5.7 (Increment-tamed Euler-Maruyama approximation). Let T' € (0, 00),
d,m,N € N, p € M(B(R?),B(R?Y)), 0 € M(BR?), BR™™)), let (Q, F, P, (Ft)icior))
be a stochastic basis, let & € LO(Plry; ||-lga), and let W:[0,T] x @ — R™ be an m-
dimensional standard (0, F, P, (Ft)icp,m))-Brownian motion. Then we say that Y is an
increment-tamed Fuler-Maruyama approximation for the SDE

dX, = (X)) dt + o(X)dW,,  t€[0,T], Xo=¢ (5.82)

with time step size T/N on (Q, F, P, (Fy)icpo,m) (we say that Y is an increment-tamed
Fuler-Maruyama approximation for the SDE

dX, = p(X,) dt + o(X,)dW,,  te€[0,T), Xo=¢ (5.83)

with time step size T/N ) if and only if Y € M({0,1,..., N} x Q, R%) is the function from
{0,1,..., N} x Q to R¢ which satisfies for alln € {0,1,..., N — 1} that Yy = £ and

N(Yn)% +o(Ya) (W(n+1)T/N - WnT/N)

Y,i1=Y,+ .
i max{l, % HN(Yn)% + U(Yn) (W(n—i-l)T/N - WnT/N)”Rd}

(5.84)

Remark 5.5.8 (Implementation of the increment-tamed Euler-Maruyama scheme).
Let T € (0,00), d;m,N € N, let (0,F,P,(F¢)icpm) be a stochastic basis, let
£ € M(Fy, B(RY), n € M(B(R?),B(R%)), ¢ € M(B(R?), B(R¥>™)), let W: [0,T] x
Q0 — R™ be an m-dimensional standard (2, F, P, (Fi)ico1))-Brownian motion, and let
Y:{0,1,...,N} x Q = R be an increment-tamed Euler-Maruyama approximation for
the SDE

dX; = pu(Xy) dt + o(Xy) dWs, t €[0,7], Xo=¢ (5.85)

with time step size T/N. Then observe that for alln € {0,1,..., N — 1} it holds that
Yn+1 =Y,

{Hu(Yn)%Jra(Yn)(W%,W%)H p(Yn) g +0(Ya) (Wensnr . )

L % +0(Y,) <W<n+1>T ~ W)

+1
Mo

(5.86)

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 206
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 5. Strong approrimations for SDFEs

The scheme in Definition 5.5.7 is only one possible suggestion of an explicit
scheme that overcomes the divergence behaviour of the Euler-Maruyama method
in the case of SDEs with superlinearly growing coefficients (see Theorem 5.5.2

above). In particular, the norm ||-||gs in Definition 5.5.7 could be replaced by
any other norm on the R? and further “suitable tamings” are possible, cf., e.g.,
[Roberts and Tweedie(1996), Milstein et al.(1998)Milstein, Platen, and Schurz,

Hutzenthaler et al.(2012)Hutzenthaler, Jentzen, and Kloeden,
Hutzenthaler and Jentzen(2012)] and the references mentioned therein.

In many situations the increment-tamed Euler-Maruyama approximations in (5.84) con-
verge strongly to the solution process of the SDE (5.2) although the (explicit) Euler-
Maruyama approximations fail to converge strongly (see Theorem 5.5.2 above). As-
sumptions that are sufficient to ensure that the increment-tamed Euler-Maruyama ap-
proximations converge strongly to the solution process of the SDE (5.2) can be found in
[Hutzenthaler and Jentzen(2012)].

Exercise 5.5.9 (Increment-tamed Euler-Maruyama method). In this exercise we do
not distinguish between pseudo random numbers and actual random numbers. Let T €
(0,00), d;m,N € N, £ € R%, u € M(B(R?),B(R%), 0 € M(B(R?), B(R™™)), let
(0, F, P, (Ft)icom) be a stochastic basis, let W: [0,T] x Q@ — R™ be an m-dimensional
standard (U, F, P, (Fy)iepo,11)-Brownian motion, and let Y: {0,1,...,N} x Q — R be
an increment-tamed Euler-Maruyama approzimation for the SDE

dX, = u(X,) dt + o(X) dW,,  te[0,T], Xo=¢ (5.87)

with time step size T/N on (0, F, P, (Ft)icpm)) (see Definition 5.5.7). Write a Matlab
function IncrementTamed (T ,d,m,N,&,u,0) with input T € (0,00), d,m, N € N,
¢ e R, pe M(BRY),B(RY), o0 € M(B(RY), B(R™™)) and output a realization of an
YN (P)p(ra-distributed random variable.

5.6 Stochastic Taylor expansions and higher order
numerical methods for SDEs

In Theorem 5.3.10 above it has been shown that the Euler-Maruyama method converges,
under suitable assumptions, at time 7' in the strong L?-sense with order 1/2 to the solution
process of the SDE under consideration. In this section we will derive other numerical
methods that converge, under suitable assumptions, with a higher order than /2 to the
solution process of the SDE under consideration. These “higher order schemes” are
based on certain stochastic Taylor expansions which will be presented first. For this
we assume the setting in Section 5.1 and observe that 1t0’s formula implies that for all
f=(f(z,... ,a:d))(zl eeo € UrenC?(O,R¥), to,t € [0, T] with to < t it holds P-a.s.

.....
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that
f(X3)
= £+ [ | PR + 5 3 7 () (X, o Xg)] .
* f) /t F(X,) 0i(X,) dW D

S (N (X +3 5 3 ()X ous(X,)- ow(Xs)] ds.
(5.88)

Equation (5.88) is Itd’s formula in the special case where the considered Ito process is a
solution process of an SDE.

5.6.1 Generator and noise operators associated to an SDE

In this subsection we introduce a few differential operators that allow us to shorten
the presentation of identity (5.88) and that play an important role in the analysis of
solutions of SDEs.

Definition 5.6.1 (Generator of SDEs). Let d,m € N, let O C R® be an open set, and

-----

Then we denote by

L° : Ugen C*(O,R¥) = Upen M(O, R¥) (5.89)

o

the function which satisfies for all f € UpenC?(O,R¥), 2 € O that

(B o)) = Fx) ) + 5 D F@) (), 0s(x)
= (5.90)

m d

() @) @) + 5> (525m ) (@) - onal@) - o14(x)

d
k=1 i=1 k=1

N | —

and we call L?W the 0-th noise operator associated to (u,0) (we call Lgp the generator
associated to (p,0)).

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 208
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 5. Strong approrimations for SDFEs

Definition 5.6.2 (Noise operator associated to a stochastic differential equation). Let
dm € N, i € {1,2,...,m}, let O C R? be an open set, and let u: O — R and

7 = (e = (e
L' Ugen CHO,R*) = Upex M(O, RF) (5.91)

[
the function which satisfies for all f € UrenC (O, R¥), z € O that

(Liof) () = F@) 0i(2) = 3 (2 1) (@) - o) (5.92)

k=1

and we call wa the i-th noise operator associated to (u, o).

In the next step we employ Definitions 5.6.1 and 5.6.2 to shorten the presentation of
identity (5.88). More precisely, assume the setting in Section 5.1 and observe that (5.88)
and Definitions 5.6.1 and 5.6.2, ensure that for all f € UpenC?(O,R¥), to,t € [0, T] with
to <t it holds P-a.s. that

FO0) = 106) + [ N ds+ Y [ LN, 6o

to

5.6.2 Taylor approximations

Throughout Section 5.6.2 assume the setting in Section 5.1, assume that y € C*(0, R?)
and o € C®°(0,R™™), let k € N, f € C®(O,R¥), t, € [0,T], and let W©: [0,T] = R
be the function which satisfies for all ¢ € [0, T] that Wt(o) = t. Equation (5.93) and the
fact that V¢ € [0,7]): W\”) = ¢ show that for all ¢ € [to, T] it holds P-a.s. that

FOX) = F(X)+ / (L, ) () AW, (5.94)

5.6.2.1 Trivial Taylor approximations

Equation (5.94) assures that for all sy € [to, 7] it holds P-a.s. that

S0

— - aq (a1)
f(XSO) f(Xto) +alz:0 /to (Lu,af)(X81> dWs1 : (595>

Taylor approximation ,

TV
remainder of the Taylor expansion

This suggests the approximation

F(Xso) = f(Xoo) (5.96)
for sg € [to, T]. In the case where f = O 2z + x € RY, (5.96) reduces to
Xy ~= Xy, (5.97)
for Sp € {to, T]
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5.6.2.2 Taylor approximations corresponding to the Euler-Maruyama scheme

In the next step again equation (5.94) (again It6’s formula) implies that for all s; €
[to, T], ay € {0,1,...,m} it holds P-a.s. that

LX) = N0+ 3 [ ) ) ave (599)

as=0

(L}L (J'L;L O'f)(XSQ)

Putting (5.98) into (5.95) shows that for all so € [to, 7] it holds P-a.s. that

(X)) = f(Xy) + Z / (Lo ) (X)) dW LD
ay=0"10
Taylor approx1mat10n (599)
/ / (L2, Lo [)(Xoy) dW02) dw o)
o¢1 =0 to
remainder of the Taylor expansion
Identity (5.99) suggests the approximation
(X)) ~ f(Xy) + Z / (Lo f)(Xy,) dWLev)
a1=0
S0
(X)) + Z (Lo ) (Xoo) / AW e (5.100)
a1=0 to
f(Xo) + Z (Lo, F)(Xeo) (WieD) — i)
a1=0
P-as. for sy € [tg, T]. In the case where f = O > z + x € R%, (5.100) reads as
X, ~ Xy + Z (L2, F)(Xey) (WD) — i)
a1=0
= Xio + (Lo $)Xa0) (W) = W) +3_(Lo H)Xe) (WE) = W)
i=1 :
= Xy, 4 (X)) (50 — to) + Z ai(Xy) (W — W)
=1
- Xto + M(Xto) (80 - tO) + 0<Xto)(Wso - Wto)
P-a.s. for sg € [to, T.
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5.6.2.3 Taylor approximations corresponding to the Milstein scheme

Next note that again equation (5.94) (again [t6’s formula) implies that for all sy € [to, T7,

ag,as € {0,1,...,m} it holds P-a.s. that

(L32, Lo, ) (X)) = (L2, L0L £) (X, +Z / (Lgs, Ly Ly ) (X)) AW,

w0~ o o ,ua
as3=0

Putting (5.102) into (5.99) proves that for all s € [to, T] it holds P-a.s. that

f(Xso) = f(Xto) + Z (Lﬁ,laf)(Xto) ’ / 0 dWs(fq)
a1=0 to

S/

~
Taylor approximation

m S0 S1
) L f(Xy)- / / AW qw o)

aq,a2=1
A

Taylor approximation cont’d

50 S1
+ / / (L2, Lo f) F)(Xy,) dWle2) qw ey
to

a1 a2€{0 1,...,
o= 0

Vv
remainder of the Taylor expansion

+ Z Z/ / / Lg?’C’ng‘szlof)(XSa*)dW§SS)dW§§‘2)dW§f‘1)_

aq,a2=1 a3z3=0
g

remainder of the Taylor expansion cont’d

This suggests the approximation

FX) % F(X0) + Y5 (XK) - [ awie)
a1=0 to

m S0 S1
Y (Lo (X, - / / W) e
0

a1,a2=1
m

Xto Z Lal Xto W(al _Wt(oal))

S0
a1=0

+ Y (L Lo F)(X,) / / AW/ 02 qw{en)

a1,a2=1
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P-as. for sy € [tg, T]. In the case where f = O > z + x € R%, (5.104) reads as

so ~ Xto + Z Lal Xto W(al - Wt(al))

S0 0
a1=0

m S0 S1
Y (LI (X - / / AW g (e
0 0

aq,a9=1

(5.105)
= Xy + 1(Xy,) (50 — to) + U(Xto>(W - WtO)

+ Z Tay) Xt0 Ty Xto / / dWs(;JQ)dWs(fh)

aq,a9=1

P-a.s. for sy € [to, T|. This stochastic Taylor approximation motivates the scheme pre-
sented in the following subsection.

5.6.3 Milstein scheme

In this subsection we present the Milstein scheme (see [Milstein(1974)]), which is beside
the Euler-Maruyama scheme probably the most known numerical scheme for stochastic
differential equations.

Definition 5.6.3 (Milstein approximation) Let T € (0,00), dym,N € N, u €

-----

stochastic basis, let £ € M(IFO, B(Rd)), and let W': [0 T xQ — R™ be an m-dimensional
standard (2, F, P, (Ft)ico,17)-Brownian motion. Then we say that Y is a Milstein ap-
proximation for the SDE

with time step size T/N on (0, F, P, (Fi)icpr)) (we say thatY is a Milstein approzimation
for the SDE

dX, = p(X)dt +o(X)dW,,  te[0,T], Xo=¢ (5.107)
with time step size T/n) if and only if Y € M({0,1,..., N} x Q,RY) is an (R?, B(RY))-
valued stochastic process with time set {0,1,..., N} on (Q, F, P) which satisfies that for
alln € {0,1,...,N — 1} it holds P-a.s. that Yo = £ and

Yorr = Yo+ (Vo) + 0 (Y) Winsnr — War)

(n+1)T
n I , , 5.108
£ @) [ AWy dwl. .
nT nT
ij=1 ~ ~
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Definition 5.6.4 (Linearly-interpolated Milstein approximation). Let T' € (0,00),
dm,N € N, p € M(BRY,BRY), 0 = (0j)jeqr,.my € CYRLR™™), let
(Q, F, P, (Fy)teor)) be a stochastic basis, let & € M(Fo, B(RY)), and let W: [0,T] x Q —
R™ be an m-dimensional standard (Q, F, P, (F¢)cj0,11)-Brownian motion. Then we say

that Y is a linearly-interpolated Milstein approximation for the SDE

with time step size T/N on (0, F, P, (Fy)ico,17) (we say that Y is a linearly-interpolated
Milstein approzimation for the SDE

with time step size T/N) if and only if Y € M([0,T] x Q,R?) is an (R B(RY))-
valued stochastic process with time set [0,T] on (2, F, P) which satisfies that for all
ne{0,1,....,N—1},t € [%, %] it holds P-a.s. that

Yo=Yar + (= n) [n(Var) %+ 0 (Var) Weasnr — Wz )]
(5.111)

(n+1)T s
nT

m N
_—n [Z Uz YnT Y]\]]")[lT ot

=1 N N

AW dWS@] :

5.6.3.1 Strong convergence of the Milstein scheme

Under suitable assumptions, the Milstein approximations converge at time 7" in the
strong LP-sense to the solution process X : [0,7] x Q@ — D of the SDE (5.2). This is the
subject of Theorem 5.6.5 below which is a slightly modified version of the convergence
results in [Kloeden and Platen(1992)].

Theorem 5.6.5 (Strong convergence of the Milstein method). Let T € (0,00), d,m, N €
N, p € [2,00), let (Q,F, P, (Fi)iepr) be a stochastic basis, let & € L2 (Plgy; ||-||lga), let
W:[0,7] x @ = R™ be an m-dimensional standard (2, F, P, (Ft)icp0,11)-Brownian mo-
tion, let p1: R4 — RY and o: RY — R>™ be twice continuously differentiable functions
with globally bounded derivatives, let X : [0,T] x Q — R? be a solution process of the
SDE

dX; = p(Xy) dt + o(Xy) dWy, te 0,77, Xo=¢ (5.112)

on (L, F, P, (Fy)iecpor)), and for every N € N let YV: [0,T] x Q — R? be a linearly-
interpolated Milstein approximation for the SDE (5.112) with time step size T/N. Then
there exists a real number C' € R such that for all N € N it holds that

C

N
The proof of Theorem 5.6.5 is omitted. Theorem 5.6.5 shows that under the assumptions
of Theorem 5.6.5 it holds that the linearly-interpolated Milstein approzimations (YN )NeN

(Ep (|| X7 = Y [ra))* = 1 X0 = Y| oy < (5.113)
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converge at time 7' in the strong LP-sense with order 1 to X.

5.6.3.2 Simulation of sample paths of Milstein approximations

In general, the Milstein scheme is difficult/impossible to simulate/implement. How-
ever, under a suitable further assumption (see (Commutative noise) below), the Milstein
scheme can be simulated efficiently. This is the subject of the next proposition.

Proposition 5.6.6. Let T € (0,00), d,m,N € N, p € M(B(R?),B(RY)),
o = (0)jeqr,.my € CHRELR™™), let (Q,F, P, (F)iepr) be a stochastic basis,

.....

let £ € M(Fo,B(RY)), let W: [0,T] x Q — R™ be an m-dimensional standard
(Q, F, P, (Fy)ieo))-Brownian motion, let Y: {0,1,...,N} x Q — R* be a Milstein ap-
prozimation for the SDE

X, = p(X)dt +o(X)dW,,  te[0,T],  Xo=¢ (5.114)

with time step size T/n on (Q,F, P, (Fy)epr)), and assume for all x € R?, i,j €
{1,2,...,m} that

(0:)(z) 05(x) = (o) (x) 0i(). (Commutative noise)
Then for alln € {0,1,...,N — 1} it holds P-a.s. that

Yo =Yo +p(Ya) 5 + 0(Yo) (Wesnr — W)

1
+ 5 U/(Yn) (O’(Yn) (WmtvnT — W%)> (WWJ?VI)T — W%) —

T
2N .
=Y, +u(Y) L+ o) (WfﬁNW - %T)) Y S (0s) (Vo) 0i(Yi)

j=1 i=1

D (@) (Y) 03(Ya) (Wil = Weig) (Witkr = W),

N N

DO | —

_l’_
1,j=1

(5.115)

Proof of Proposition 5.6.6. Observe that 1td’s formula (cf. Example 3.5.6) shows that

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 214
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 5. Strong approrimations for SDFEs

for all n € {0,1,..., N — 1} it holds P-a.s. that

m (n4+1)T s
N . .
> (@M ov)- [ AW aw
i.j=1 N L
m % s
=S [ [ awpaw
= A
1 (DT
s Y |erma [0 [ awmaws
i,j€{1,2,....,m} N N
i#£j
(n+1)T s
N . .
+ (05) (Yn) 0i(Yz) - / aw? dWs(”]
5 5
1 & 0 T
=5 2 (0:) (Yy) 0:(Yy) [W(n+1)T — WnT} N
n+1)T (n+1
+1) (00)( / / dWJ)dW’)Jr/ / aw? ]
1',]'6{1,27
m} i

(5.116)

Again It0’s formula hence gives that for all n € {0,1,..., N — 1} it holds P-a.s. that

(n+1)T

Sy [T [ avaw
ij=1 = =
NS i) 2P T
5 Z Uz n oy n) |:W(<n-]-V1)T - %\77)“:| - N
1 i i j j
5 D (e ()es(va) [W&DT - wgg} [W&ZL)T - W“]
N N N N
i,j€{1,2,...,m}
i£]
1 i
=5 X @O (W — W) ) (Wil - W)
ije{1,2,...,m}
T m
T ON (0:)'(Yn) 0i(Yn)
i=1
= 1O-/(Y;l) U(Yn) W(n+1)T - W% W(n+1)T - W% - l 3 (Uz>/(Yn) Uz<Yn)
2 N N 2N —
(5.117)
The proof of Proposition 5.6.6 is thus completed. O
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Assumption (Commutative noise) is, for example, fulfilled in the case where m =1 (cf.
Example 3.5.6).

Exercise 5.6.7 (Milstein method). In this exercise we do not distinguish between pseudo
random numbers and actual random numbers. Let T € (0,00), d,N € N, £ € R4, p €
M(B(RY), B(RY)), 0 € CHRY RY), 6 € C(RY, R™9) satisfy for all v € R? that (x) =
o'(x), let (2, F, P, (Ft)icpom) be a stochastic basis, let W:[0,T] x Q@ — R be a one-
dimensional standard (Q, F, P, (F;)¢cpo,r)-Brownian motion, and let Y: {0,1,..., N} x
Q — R? be a Milstein approzimation for the SDE

with time step size T/N on (Q, F, P, (Fy)icom)) (see Definition 5.6.3). Write a Matlab
function Milstein(T ,d,N,&,p,0,6) with input T € (0,00), d, N € N, £ € R?, p €
M(B(R?), B(R?Y)), o € C* (R4 RY), 6 € C(RY,R™) and output a realization of an
Yn(P)pmwa-distributed random variable.

Exercise 5.6.8 (Milstein method in two dimensions). In this ezercise we do not dis-
tinguish between pseudo random numbers and actual random numbers. Let T € (0, 00),
N eN, ¢ € R?, let (Q, F, P, (Fy)ieppm) be a stochastic basis, let W: [0,T] x Q@ — R? be
a two-dimensional standard (0, F, P, (Fy)ieo,17)-Brownian motion, let Ay, Ay € R**? be
the 2 X 2-matrices given by

Alz(i é) and AQZ(_i _é) (5.119)

let 0 = (01,09): R? — R**? be the function which satisfies for all v = (xy,13), u =
(ul,u2) € R2 that

o(z)u = u Ajx + ug Asx, (5.120)
and let Y: {0,1,..., N} x Q — R? be a Milstein approzimation for the SDE
dX; = o(X;)dW,, t €[0,7T], Xg=¢ (5.121)

with time step size T/N on (0, F, P, (F¢)icpm) (see Definition 5.6.3 and Proposi-
tion 5.6.6).
(i) Prove that for all z € R? it holds that o' (z) oo(x) = oh(z) o1 ().

(i1) Write a Matlab function Milstein2D(T ,N,&) with input T € (0,00), N € N,
¢ € R? and output a realization of an Yn (P)gwz)-distributed random variable.

5.6.4 General stochastic Taylor expansions and hierarchical sets

In Subsections 5.6.2.1-5.6.2.3 three stochastic Taylor expansions have been pre-
sented. For formulating general stochastic Taylor expansions, a bit more notation
is used (see, e.g., Chapter 5 in [Kloeden and Platen(1992)] and, e.g., Section 3.2.4
in [Da Prato et al.(2012)Da Prato, Jentzen, and Roeckner| for the following presenta-
tions).
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5.6.4.1 Multi-indices notation and hierarchical sets

Definition 5.6.9 (Set of multi-indices). Let S C Ny be a non-empty subset of Ny. Then
we denote by Mg the set given by

Mg = {0} U (U, 5™) (5.122)

and we call Mg the set of S-valued multi-indices.

Note that for all Si,Ss € P(Np) with () # S; € Sy C Ny it holds that

Mg, € Mg, € My,. (5.123)

Definition 5.6.10 (Length of an multi-index). Let S C Ny be a non-empty subset of
No. Then we denote by HJMs : Mg — Ny the function with the property that for all
neN, ay,...,a, €5 it holds that

(1, am) |, =7 and |0[pg, = 0. (5.124)

Definition 5.6.11 (Truncation of multi-indices). We denote by (-)—: (Mn,\{0}) —
My, the function with the property that for alln € N, ay, ..., o, € Ny it holds that

e, Oy n>2
(01,0 ) = 4 Q@2 @nt) 22 (5.125)
0 n=1

Observe that Definitions 5.6.9-5.6.11, in particular, ensure that for all m € N and all
o = (061, e }) € Myo1,.my\{0} it holds that

,,,,,,

|l >1 and 1y Qafyg , € {0,1,...,m}. (5.126)

1., m

Definition 5.6.12 (Hierarchical set). A finite non-empty subset A C My, of My, is
called a hierarchical set if it holds for all « € A\{D} that

a— € A. (5.127)

Definition 5.6.13 (Remainder set). Let S C Ng be a non-empty subset of Ng. Then
we denote by Bs: P(Mg) — P(Mg) the function with the property that for all A C Mg
it holds that

Bs(A) = {Oé € MS\A: a— € .A} (5.128)

5.6.4.2 General stochastic Taylor expansions

We are now ready to present general stochastic Taylor expansions.
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Theorem 5.6.14 (Stochastic Taylor expansions). Assume the setting in Section 5.1,
assume that p € C*°(0,R?) and 0 € C*(0,R™™), let k € N, f € C*(O,R*). Then
for all ty, so € [0, T] with toy < so and all hierarchical sets A C Myo1,...my it holds P-a.s.
that

.....

F(X,) = (5.129)
a\a\]M]NO o o 50 S1 Sla‘M]NO (a\al]M]NO) (a2) (1)
)+ Y <LW L L f) ()« [ [ [ AW " dw e aws
ac A\{0} fo to fo 0

Taylor approximation
sps o™ ety ar Ton (ala‘MNo) (a2) (o)
> S 1 (e L L ) (K, ) AW AW g
to to to No Ng

TV
remainder of the Taylor expansion

Let m € IN. Then observe in the case of the hierarchical set

A= {0} (5.130)
that
Bio,..my(A) ={0,1,...,m} (5.131)
and hence, formula (5.129) reduces to (5.95). Moreover, note in the case of the hierar-
chical set
A=1{0,0,1,...,m} (5.132)
that
Brot,.m(A) = {0,1,...,m}” (5.133)
and formula (5.129) therefore reduces to (5.99). Furthermore, in the case of the hierar-
chical set
A=1{0,0,1,....,m}yuU{1,2,...,m}? (5.134)
we obtain that
Bio1,...m(A)
- ({0} x {0,1,...,m}) U ({0,1,...,m} x {o}) U ({1,2,...,m}2 x {0,1,...,m}>
(5.135)

and hence, formula (5.129) reduces to (5.103). Finally, in the case of the hierarchical set

A=1{0,0,1,...,m}yu{0,1,...,m}? (5.136)

we obtain that
Byo1,..m}(A) ={0,1,...,m}* (5.137)
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and formula (5.129) hence reduces to the fact that under the assumptions of Theo-
rem 5.6.14 we have that for all sq, ¢y € [0,T] with sg < to it holds P-a.s. that

F(Xa) = F(X)+ 3 (12 F) (Xay) - / L awen (5.138)
a1=0 to

J/

~
Taylor approximation

£ 3 (mrmn ) [ [ aviawg
to to

aq,00=0
N

TV
Taylor approximation cont’d

c U T g o) v e e

aq,a2,03=0
>

remainder of the Taylor expansion

and
_ 0 (50 — to)”
XSO - Xto + M(Xto) (30 - tO) + U(Xto) (WSO - Wto) + (meu) (Xto) ’ T
Taylor apggoximation
+ ) 0i(Xy) 05(Xe) / / dw aw () +Z LY ,0:)(Xs,) / / dsy dW ()
7,7=1

TV
Taylor approximation cont’d

+Zu(Xt0 0i(Xt,) / / dW )ds

Taylor approx1mat10n cont’d

+ Z ~/t / / La3 Laz Lal 1dO) (ng,) dWS(gas) dWs(Qaz) dWs(lal) .

al,ag az3=0

J/

remainder of the Taylor expansion

(5.139)

In the next step the proof of Theorem 5.6.14 is presented.

Proof of Theorem 5.6.14. 1f A C My, m) is a hierarchical set, then we show (5.129) by
induction on maxaea [|nry, € No. The base case maxaea ||y, = 0, that is, A = {0},
follows from (5.95). For the induction step we observe that if n € Ny and if (5.129) holds
for all hierarchical sets A C Myq 1, .. m} With max,c4 |a|]M]N < n, then combining (5.94)

and (5.129) for all hierarchical sets A C Mg 1, .m} With maxae4 |a|]M{0 1oy = T results
in (5.129) for all hierarchical sets A C Myq 1. m} with max,e .4 |Oé’1M{0 - =n-+1. The
proof of Theorem 5.6.14 is thus completed. [
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5.6.4.3 General stochastic Taylor approximations

Theorem 5.6.14 formulates stochastic Taylor expansions for solution processes of SDEs.
In particular, in the case f = (O S x = x € ]Rd), Theorem 5.6.14 represents the
solution process X of an SDE at some time instance sy € [0,7] by the sum of two
terms, a stochastic Taylor approximation depending on the solution process X only at
time ¢y € [0, so] and a remainder term of the stochastic Taylor expansion depending
on the “whole” solution process X, u € [to, So]. Omitting the remainder term does,
of course, not give a representation of the solution anymore but results, under suitable
assumptions, in a (in an appropriate way) good approximation of X, . Corollary 5.6.15
below quantifies, under suitable assumptions, how “good” this approximation is. The
whole identity (5.129) is referred to as stochastic Taylor expansion.

Corollary 5.6.15 (Estimation of the remainder terms). Assume the setting in Sec-
tion 5.1, assume that p € C*°(0O,R?) and o € C*(O,R¥>™), letk € N, f € C>=(0O,RF),
to € [0,TY, so € [to, T], let A C M,, be a hierarchical set, and assume for all o« € AUB(A)
that

a‘("l]N « a1
sup ||(Lpo ... Lo L0V f) (XU)HLQ(P;W|| L < 0 (5.140)
uE[tQ,So} R
Then
Yo as a1
F(Xa) = F(X) = Y (L™ o Lo L2 ) (X,)
acA\{0}
/ ) / / T gl gyptes) gy
alN S2 S1
to Jto to ’ L2(P3) )

Yo

< maX{TmaxaeB(A) IaIJNo’ 1} Z sup H (LWT .. .Lﬁfa ij}af) (Xu) HLQ(P;”.” o)
acB(A) uElto-so] "

[0 — to][% min{|aly, +#R{i€{1,2,..Jalng }: @i=0}): a€B(A) }]

(5.141)
and
*al «a «a
Eplf(Xo)] —Ep[f(Xi)] = Y Ep {(Lu,a YL Ly f) (Xe,)
acA\{0}
R Flalng—1 (Yaln,)
: / / / AW AWl dWS(f‘l)}
to to to 0 RF
(5.142)
ol «a «a
< Z sup H Ep [(LW’ T LH?U LM}Uf> (Xu)} HIRk
acB(4),  u€ltoso]
a1:..‘:a|a‘N0:O
. maX{TmaXC‘EB(““) oo, 1} ~[s0 — to]min{‘alN‘): B, 1= Zlag :O} .
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Proof of Corollary 5.6.15. Observe that for all & € M,,\{0} it holds that

2
S|D“JN0*1 Oz|a

SN Lo Lo £)(X, ) dWal ) qwen

SlalNg

L2(Ps|-ll k)

@lNg ! “ o e’
< / /t 0 || | hNO . LH?U L“}Uf) (XSIGHNO) HiQ(PQH'“Rk) dS\OChNo - d81:|
o

X [80 ¢t ]#]R z€{12 ,,,,, |a\]N }:ai= 0})

< | sup |[[(Lus'.. Loz Lo f) (Xu)HiQ(P;~|IRk)]

ue [tQ,SQ}

_ t0]|a|N0+#R<{i€{l,2 ..... la g } a;=0}) _

- [s0
(5.143)
Moreover, note for all &« € AUB(A) that
5081 Pleing Yol ey e Ao o o
Ep|[ [ [ (Lwo™ - L% Ly f) (X, ) dWs‘a‘l Ao qw 1>]
to to to R*
< 1oy (L0 )
so s1 lalng =1
// / HEP[(L!J;‘JNO "'Lfﬁa Lg}gf) (XS‘CVl]NO)]’ - d3|a|]N0 ...dsydsy.
to to to
(5.144)

Combining (5.143) and (5.144) with Theorem 5.6.14 completes the proof of Corol-
lary 5.6.15. ]

In the next step we illustrate Corollary 5.6.15 in the case of the examples (5.95), (5.99),
(5.103), and (5.139) above. If it holds for all a = (ay, ..., Qja)y,) € Mo, my\{0} that

sup |[(Luls' ... L2, Lovido) (X

welo,1] ez < (5.145)

(this is, e.g., fulfilled if Vp € (0,00): sup,cior [ Xellze(py e < o0 and if p and o
are infinitely often differentiable with at most polynomially growing derivatives), then
Corollary 5.6.15 proves that

||Xs - Xt H HIB
. < o T Mol | (5.146)
) (

s0€(to, T’ So — t0)§

(Corollary 5.6.15 applied to the hierarchical set A = {0}; see (5.130)), that

HXt o [Xto + M(Xto) (t - tO) + J(Xto) (Wt o Wto)] HLQ(P;H-H )
sup = oo (5.147)
te(to.T] (t —to)
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(Corollary 5.6.15 applied to the hierarchical set A = {0,0,1,...,m}; see (5.132)), that

HX { Xio + (X)) (E = to) + (X)) (We = Wiy }
- m t s ] 7
C L S o) a3(Xa) [y Sy WAV ]

sup 3 = < 00
te(to,T) (t — tO)E

(5.148)
(Corollary 5.6.15 applied to the hierarchical set A = {0,0,1,...,m}U{1,2,...,m}?; see
(5.134)) and that

HX { Xio + i Xao) (E = to) + 0(Xeo) (We = Wiy }

Lt m T t s j ;
Zivj:o (tho Llhﬁf) (XtO) ’ fto fto dW?EJ) dWs( )

sup

te(to,T (t _ to)%

L2(P;|-
(Psll-ll gw) < o0

(5.149)
(Corollary 5.6.15 applied to the hierarchical set A = {0,0,1,...,m}U{0,1,...,m}?; see
(5.136)). Theorem 5.6.14 and Corollary 5.6.15 motivate the following definition.

5.6.4.4 General higher order stochastic Taylor schemes

Definition 5.6.16 (A-stochastic Taylor approximation). Let T' € (0,00), d,m, N € N,
A€ P(Mioi,..my), p € C®(RYRY), 0 € C(RY, R™™), let (2, F, P, (Ft)ep.r)) be a
stochastic basis, let £ € LO(Plgy; ||*||ga), let W = (WO .. W) [0, T]xQ — R™ be a
standard (Fy)iejor)-Brownian motion, and let Y': {0,1,..., N} x Q@ — R? be a stochastic
process such that Yy = & and such that for alln € {0,1,..., N — 1} it holds P-a.s. that

|
Yn+1 — Yn + Z (Lu,o' Mo e Lffa’ Lf;la. Zd]Rd> (Yn)
acA\{0}
(n+1)T (5.150)

: / : / / P gy e gyt o,
nT nT nT My 2 !
N N N

Then we call Y an A-stochastic Taylor approximation for the SDE

with time step size T/N.
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Remark 5.6.17. Let T € (0,00), d,m, N € N, uy € C*(R% R%), 0 € C*(R%, R>™),
let (Q,F,P,(F)epr) be a stochastic basis, let & € LO(Plgy;||||ga), let W =
(WO W) [0,T) x Q@ — R™ be a standard (F;)epo.7)-Brownian motion, and let
X:[0,T] x Q = R? be a solution process of the SDE

Note

(i) that Euler-Maruyama approzimations for the SDE (5.152) with time step size T/N
(see Definition 5.5.1) are {0,0,1, ..., m}-stochastic Taylor approximations for the
SDE (5.152) with time step size T/N,

(i) that Milstein approximations for the SDE (5.152) with time step size T/N (see
Definition 5.6.3) are ( {0,0,1,...,m}U{1,2,... ,m}2 ) -stochastic Taylor approxi-
mations for the SDE (5.152) with time step size T/N,

(iii) that ({@, 0,1,...,m}uU{0,1,... ,m}2 ) -stochastic Taylor approzimations for the
SDE (5.152) with time step size T/N are also referred to as Milstein-Talay approx-
imations for the SDE (5.152) with time step size T/N, and

(v) that ({0,0,1,...,m}uU{0,1,... omyuU{1,2,... ,m}3)—stochastic Taylor approxi-
mations for the SDE (5.152) with time step size T/N are also referred to as Wagner-
Platen approzimations for the SDE (5.152) with time step size T/N.

5.6.5 Runge-Kutta schemes for SDEs

Similar as in the case of ordinary differential equations (ODEs), derivative-free Runge-
Kutta type numerical approximation schemes for SDEs can be derived on the basis of
stochastic Taylor schemes (such as the Milstein scheme and the Wagner-Platen scheme).
For example, assume that the setting in Section 5.1, assume that & is continuously
differentiable, and let Z%: {0,1,...,N} x Q@ — R% N € N, be stochastic processes
which satisfy for all N € N, n € {0,1,..., N — 1} that Z = ¢ and P-a.s. that

Z =2, +i(Z)) % +0(2)) (Wesnr = War)

N ~
(n+1)T
m N8 , ‘ 5.153
ey aEa [ [Lavpare. P
i,j=1 ~ ~

Then observe that the Taylor approximation

(61' (YnN + 5j(YnN)\/£%> — 5i(YnN)> ~ 6'-(ZN) @-(ZN) (5_154)

=
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forn € {0,1,...,N — 1}, N € N suggests the approximation
Zyn 2y +i(Z2)) % + 6 (Z)) (Wasor — War)

N T\ on [E [ (5155)
+\/>Z (m(Y + (Y] )T>—ai(yn )) /NT /NT AW qy

1,7=1

for n € {0,1,...,N — 1}, N € N. This motivates the following definition (see, e.g.,
Section 11.1 in [Kloeden and Platen(1992)]).

Definition 5.6.18 (Milstein-Runge-Kutta approximation). Let T € (0,00), d,m,N €
N, p € M(BGRd)?B(Rd))r o = <0J)]€{1 ----- my € M(B(Rd)vB(Rdxm)>7 let
(Q,F, P, (F)iepor)) be a stochastic basis, let & € LO(Plry;|||ga), let W =
WO Wm0, T) x Q@ — R™ be a standard (Fy)iepo.r)-Brownian motion, and let
Y:{0,1,...,N} x Q — R? be a stochastic process such that Yy = & and such that for
alln € {0,1,...,N — 1} it holds P-a.s. that

Yoir = Yo+ ulYa) 5 + oY) (Wi — War)

S /r WL s , (5.156)
i,j=1

AWD aw®

nT nT
N N
Then we call Y a Milstein-Runge-Kutta approximation for the SDE
dX; = p(Xy) dt + o(Xy) dWy, t €[0,7T], Xog=¢ (5.157)

with time step size T/N.

Definition 5.6.19 (Linearly-interpolated Milstein-Runge-Kutta approximation). Let
T € (0,00), dm,N € N, p € MBRY,BRY), ¢ = (0))jef1,.m} €
M(B(RY), BR™™)), let (Q,F,P,(Ft)cor)) be a stochastic basis, let & €
LY(Plgy; || lga), let W:[0,T] x Q@ — R™ be a standard (F;)iejom)-Brownian motion,
and let Y: [0,T] x Q — R? be a stochastic process with continuous sample paths such
that Yo = & and such that for allmn € {0,1,...,N — 1}, t € [% (’H—l} it holds P-a.s.

that

Y, = YnT + (— — n) [M(Yﬂ)% (YWT) (W<n+1>T — Wm)} (5.158)
+(F - [‘F Z [01<Y +UJ(Y) —02 ) /(”“’T/ AW ) W“]

Then we call Y a linearly-interpolated Milstein-Runge-Kutta approximation for the SDE
dX; = p(Xy) dt + o(Xy) dWy, t € 0,7, Xg=¢ (5.159)

with time step size T/N.
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Further derivative free approximation schemes for SDEs of this type can, e.g., be found in
[Kloeden and Platen(1992)] and [R68ler(2010)] and in the references mentioned therein.
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6 Weak approximations for SDEs

In Chapter 5 it has, under suitable assumptions, been demonstrated that the Euler-
Maruyama approximations (and other schemes) converge, under suitable assmptions, in
the strong LP-sense with order % to the solution process of the SDE (5.2). This chapter,
in particular, shows that the Euler-Maruyama converge, under suitable assumptions, in
the numerically weak sense with order 1 to the solution process of the SDE (5.2); see The-
orem 6.2.4 below. The proof of this theorem uses the deterministic Kolmogorov partial
differential equation. This topic will be considered first; see Subsection 6.1. The content
of this chapter can, e.g., be found in a bit different form in [Kloeden and Platen(1992)].
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6.1 Kolmogorov backward equation

Theorem 6.1.1 (Kolmogorov backward equation). Assume the setting in the beginning
of Chapter 5, let p € [3,00), let f: RY — R be a three times continuously differentiable
function with

I @) o sy
u

sup —
sert (1 + ||o||ga)®

o0, (6.1)

assume that O = R® and that u and o are globally Lipschitz continuous and three times
continuously differentiable with at most polynomially growing derivatives. Moreover, let
Xt [ty T x Q = R%, ty € [0,T], x € RY, be up to indistinguishability unique solution
processes of the SDFEs

dXt = ,U(Xt) dt + O'(Xt) th, te [to, T], Xto =X (62)

for (to,x) € [0,T] x R%, that is, assume for every ty € [0,T] and every x € R? that X'
is an (Fy)iepy,r-adapted stochastic processes with continuous sample paths satisfying that
for every t € [ty, T] it holds that

t t
xior —a [ xmyase [ oo aw, ©3)

to to

P-a.s. Then the function u: [0,T] x R — R given by
u(t,r) = E[f(X7")] (6.4)
for all (t,x) € [0,T] x R? is the unique function satisfying

|u(s, )] .
sup sup —————— < 00, (Growth condition)
se0,7] zerd (1 + ||7]|ra)”

u(T,x) = f(x) (End value condition)
and
1 m d ) d
Du(t,r) = -3 D okila) - o1ix) - gl w) = Y k() - Fult, x)
i=1 k=1 k=1
= —% Trace(a(a:) o(z)" (Hess, u)(t, x)) — (u(z), (Vou)(t, ) ga

(Kolmogorov partial differential equation (Kolmogorov PDE))

for allt € [0,T) and all z € R%.

Sketch of the proof of Theorem 6.1.1. First of all, observe that for all # € R? it holds
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that
u(T,2) = E[f(X]")] = Elf(@)] = f() (6.5)

and this proves (End value condition). Next define a real number ¢ € [0, 00) by

el
¢ S Tt el) (6:6)

and observe that for all z € R® it holds that
|f(@)] < e (14 [x]za) (6.7)
This implies that

ult,z)| [ELf(X7)]]
sup sup ——— T
t€[0,T] zeR4 (1 + HxHRd) t€[0,T] zeRd (1 + HxHRd)

e (6.8)
<ec ( sup sup (L+ B[ X7 HRdD) < 0

eo.rzere (1 + [|2]|ga)’

and this shows (Growth condition). Next w.l.o.g. assume that for every to,¢ € [0,T]
with t, < t and every w € € it holds that the function R? 3 z — X[*%(w) € R is

continuous. Then observe that .
t1,X 0@

X=X, " (6.9)

P-as. for all tg,t1,t, € [0,T] with tg < t; <t and all x € RY. This illustrates that for
all t,h € [0,T] with t + h < T and all z € R? it holds that

u(t,r) = E[f(Xi")] = E [f (X;fﬁh Xffh)} — E[u(t + h, Xt5)] . (6.10)

Ito6’s formula hence proves that for all ¢, h € [0,T] with t+h < T and all z € R¢ it holds
that

u(t+ h,x) —u(t,x) = u(t + h,z) — Efu(t + h, X;%)]

A (e I

(6.11)
t+h 1 d
S S B () 4 X oK) (2] .
t i=1 k,l=1
This implies that for all ¢ € [0,7) and all z € R? it holds that
5 . u(t+ h,x) — u(t,x)
R ( h
d [ (6.12)
=3 () o) mle) = 530D (5mu) (4:0) - oral) - o1a(e).
k=1 i=1 k=1
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This proves (Kolmogorov partial differential equation (Kolmogorov PDE)).
The fact that « is the wunique function satisfying (Growth condition)-
(Kolmogorov partial differential equation (Kolmogorov PDE)) follows, e.g., from
Corollary 4.7 in [Hairer et al.(2012)Hairer, Hutzenthaler, and Jentzen]. This completes
the sketch of the proof of Theorem 6.1.1. O]

In the setting of Theorem 6.1.1 it holds that the function v: [0, 7] x R? — R given by

v(t,z) = u(T —t, ) = E[f(X;")] (6.13)

for all (¢,z) € [0,T] x R? is the unique function satisfying

o(t, )|
sup sup ————————5 < 00 (6.14)
tef0.7] vera (14 [|7]|ra)”

and

v(0,2) = f(z) (Initial value condition)
for all z € R? and
1 m d d
Qo(t,z) = 5 Z Z oki(x) - opi(x) - ﬁv(t,x) + Z,uk(m) : %U(t, )
i=1 k=1 k=1

_ %Trace(a(a:) o) " (Hess,v)(t,2)) + (u(x), (Vav) (£, 7)) g
= (L%(t,"))(z)

(Kolmogorov PDE revisited)

for all t € [0, 7] and all x € R%.
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6.2 Numerically weak convergence of the
Euler-Maruyama scheme

6.2.1 Generator and noise operator associated to the Euler scheme

Definition 6.2.1 (Generator associated to the Euler-Maruyama scheme). Let d,m € N,
let O C R? be an open set, and let p1: D — R? and o: D — R¥™™ be continuous
functions. Then we denote by

IO Upen CHO,R*) = Upen C(O x O, RF) (6.15)

w,o

the function with the property that for all x € O it holds that

(B0 1) (o) = F @) o) + 5 3 1) (0u(0), 0:0)

i=1
m d

= (N ) + 5> (500 @) - oriy) - o1i(y).

k=1 i=1 k,l=1

(6.16)

N | —

Definition 6.2.2 (Noise operator associated to the Euler-Maruyama scheme). Let
d,m € N, let O C R? be an open set, and let p: D — R? and o: D — R¥™™ be
continuous functions. Then we denote by

Li : Ugen CHO,RY) = Upen C(O x O, R¥) (6.17)

o

forie{1,2,...,m} the functions with the property that for allx € O, i € {1,2,...,m}
it holds that

d
(waf) (7,y) = f'(z) oily) = Z (a%f) () - oni(y). (6.18)
k=1
WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 231

DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 6. Weak approximations for SDEs

6.2.2 Weak error representation for the Euler scheme

Lemma 6.2.3 (Weak error representation for the Euler-Maruyama scheme). Let T' €
(0,00), d,m,N € N, let (Q, F, P, (F¢)ico,r) be a stochastic basis, let W: [0, T]xQ — R™
be a standard (Fy)seqo r-Brownian motion, let & € Npe(,00)LP (Plrys ||*|Iga), let f: RY —
R, 1: R = RY, and o: RY — R¥™ be four times continuously differentiable functions
with at most polynomaially growing derivatives, assume that p and o are globally Lipschitz
continuous, let X : [0,T] x Q — R® be a solution process of the SDE

dXt = /,L(Xt) dt + O'(Xt) th, te [0, T], XO == f, (619)

let u e C*([0,T] x RYR) be a function with the property that for all t € [0,T], x € R?
it holds that u(T,x) = f(z), imsup, ., SUDP,e(o 7] SUPyeRd (|u(s—’y)‘p < 00, and

I+lyllga)
m d
2
Du(t,r) = — > o) - o1i(x) - Ggmult,r) = > () - Fult,x)
i=1 k=1 k=1

(6.20)

N~ N~

Trace(o(z) o(z) " (Hess, u)(t, 2)) — (u(x), (Vou)(t, 2))pa
Lu(t,))(x),

and let Y : [0,T) x Q — R be an (Fy)iejo.r-adapted stochastic processes with continuous
sample paths which satisfies that for all t € [0,T] it holds P-a.s. that

—

t t
Yi=¢+ /0 M(YI_SJT/N) ds + /0 O-<YL5JT/N) AW. (6'21)

T t
= /0 E [(Lﬁ,oLﬁ,a“t) (Ye, Yitpryn) + (Lo [(Lnotte) (- Yty )]) (Y, YLtJT/N)} ds dt.

(6.22)

Proof of Lemma 6.2.3. Theorem 6.1.1 and It6’s formula for time-dependent test func-
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tions (see Corollary 3.5.8) proves that

E[f(Yr)] — E[f(Xr)]
[f(Yr) — u(0, Xo)]
[U(Tv YT) - U(O, YE))]

| G )+ G 0, )

E
E

Il
&=

(6.23)

+ Z (86_;2u> (t7 Y;f) (g’i(YLtJT/N)7 O-i(YLtJT/N)) dt]

=1

N | —

T
_ /0 E[(5)(4,Y7) + (£ ) (Vi Vi )| .

This and (6.20) show that

T A~
E[f(XT)} — E[f(YT)} :/0 E[(L?wut)(}/;) — (Lg}aut)(Yt,YMT/N)] dt. (6.24)
Therefore, we obtain that

E[f(Xr)] —E[f(¥Y)]

= /OTE[(L27Uut) (Y;) — (L?L’gut) (YLtJT/N)] dt (6.25)

T
+/0 E[<Lg,0ut) (YLUT/MYUJT/N) - (L?L,Uut) (Y2, YUJT/N>] dt.

Again It0’s formula for time-independent test functions (see Corollary 3.5.8) hence shows
that

E|f(Xr)] - E[f(Y7)]
T t
- ]E[ L9 10 w)(Y,.Y, )] ds dt
/O /UJT . ( o, t) [tlr/~ (6.26)
T [t X .
+ / / B (20 [(Ef 1) (s Voo )] ) (Ve Yiess, )| ds .
0 [tlr/n
The proof of Lemma 6.2.3 is thus completed. O
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6.2.3 Weak convergence analysis

Theorem 6.2.4 (Numerically weak convergence with order 1 of the Euler-Maruyama
scheme). Let T € (0,00), d,;m € N, let (Q,F,P,(Fy)cpo,r) be a stochastic ba-
sis, let W:[0,T] x Q@ — R™ be a standard (Fy)icjo,r-Brownian motion, let { €
Npe©0.00) L (Plrg: || lga), et f: RT = R, p: R* — R?, and o: R — R™™ be four
times continuously differentiable functions with at most polynomially growing deriva-
tives, assume that i and o are globally Lipschitz continuous, let X : [0,T] x Q — R< be
a solution process of the SDE

dXt = /,L(Xt) dt + O'(Xt) th, te [O, T], XO = 6, (627)

and for every N € N let YV : [0, T] x Q — R? be a linearly interpolated Euler-Maruyama
approxzimation for the SDE (6.27) with time step size T/N. Then there ezists a real
number C € R such that for all N € N 1t holds that

E[f(Xr)] —E[f(Y)]|g <C- N~ (6.28)

Proof of Theorem 6.2.4. Throughouht this proof let YV: [0,7] x @ — R? N € N, be
(F¢)tepo,m-adapted stochastic processes with continuous sample paths satisfying

t t
TN =g+ [ ) as+ [o(,) (6.20)
0 0

P-as. for all t € [0,T] and all N € N. Observe that YN, N € N, are Ité processes and
that

yV=vy (6.30)
P-as. forallt € {0,%,...,T} and all N € N and that
t t
vV =¢ +/0 n(Yh,) ds +/0 o(Y,) dW, (6.31)

P-as. for all t € [0,7] and all N € N. Lemma 6.2.3 implies that for all N € N it holds
that

E[f(X7)] —E[f(¥7)]|

T [t
<[] Bl 0 50 + (B[ VD)0 535,0] s
0 t|n
7070 N N 70 70 o N N YN T
< ( tSI?OPT] E[(Lu,aLy,oUt)(Ys ’YLtJN) + <Ly,g[(L#,gut)(wYmN)D(Ys 7YLtJN)]’)W
s,te|0,
< Q.
(6.32)
The proof of Theorem 6.2.4 is thus completed. O]
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6.3 Higher order weak numerical methods

Theorem 6.3.1 (Numerically weak convergence with order 2 of the Milstein-Talay
scheme). Assume that the setting in Section 5.1, let YN :[0,T] x Q@ — R%, N € N, be
linearly interpolated ({0,0,1,...,m} U{0,1,...,m}?)-stochastic Taylor approzimations
(see Definition 5.6.16), assume that O = R?, assume that Vp € [1,00): E[[|¢[|?.] < oo,
assume that f: R* — R, p: R — RY, and o: RY — R¥™™ are siz times continuously
differentiable with at most polynomially growing derivatives, and assume that p and o
are globally Lipschitz continuous. Then there exists a real number C € [0,00) such that
for all N € N it holds that

E[f(Xr)] —E[f(Y)][|, <O N2 (6.33)

The proof of Theorem 6.3.1 is omitted. Under a bit different assumptions, a proof of
(6.33) can be found in Section 14.5 in [Kloeden and Platen(1992)] (see Theorem 14.5.2 in
Chapter 14 in [Kloeden and Platen(1992)]). There also exists a simplified version of the
{0,0,1,...,m}u{0,1,..., m}2—stochastic Taylor scheme in which the iterated stochastic
integrals appearing in it are replaced by random variables that can be simulated easily.
More details on this issue can be found in Section 14.2 in [Kloeden and Platen(1992)].
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7 Monte Carlo integration methods for
SDEs

We refer, e.g., to [Milstein(1995)] and [Glasserman(2004)] as basic references for the
content of this chapter.

7.1 Monte Carlo Euler method

Combining the Monte Carlo method from Chapter 2 and the Euler-Maruyama method
from Chapter 5 results in the so-called Monte Carlo Euler method. This is the subject
of the next definition.

Definition 7.1.1 (Monte Carlo Euler method). Let T € (0,00), d,m, N, K € N,
p € M(B(RY), B(RY)), 0 € M(B(RY), BR™™)), let (Q, F, P, (Fy)iepp,r)) be a stochastic
basis, let & € M(Fo, B(RY)), let W:[0,T] x Q — R™ be an m-dimensional standard
(Q, F, P, (Ft)ieo,1))-Brownian motion, let X : [0,T] x © — R* be a solution process of
the SDE

dX, = p(X,) dt + o(X,)dW,,  te[0,T], Xo=¢ (7.1)
on (0 F, P, (Fi)icpm), let & € M(Fo, B(RY)), k € N, be i.i.d. random variables with
EW(P)pway = E(P)pway, let WM [0, T]1xQ — R™, k € {1,...,K}, be P-independent m
-dimensional standard (Q, F, P, (Fy)icpo,r)-Brownian motions, for every k € {1,..., K}

let Y*: [0,T] x Q — R? be a linearly-interpolated Euler-Maruyama approximation for
the SDE

dX; = (X)) dt + o(X)dWM,  te[0,T],  Xo=¢&W (7.2)

with time step size T/N, and let f: C([0,T],RY) — R be a B(C([0,T],R?))/B(RY)-
measurable function with Ep|[|f(X)|r] < co. Then we call the random variable

1 K

72 /0) (73)

a Monte Carlo Euler approzimation (of Ep[f(X)] based on K samples (Monte Carlo
runs) and time step size T/N ).

Exercise 7.1.2 (Monte Carlo Euler method). In this exercise we do not distin-
guish between pseudo random numbers and actual random numbers. Let T € (0,00),
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d,m,N,K € N, £ € R, p € M(B(RY),B(RY), 0 € M(B(RY),B(R™™)), let
(€, F, P, (Ft)c011) be a stochastic basis, let W: [0,T] x Q@ — R™ be an m-dimensional
standard (Q, F, P, (F;)seo.1))-Brownian motion, let X: [0,T] x Q — R? be a solution
process of the SDE

dX, = p(X,) dt + o(X,) dW,,  te€[0,T), Xo=¢ (7.4)

on (Q, F, P, (Fe)iepr) and let f € M(BR?), B(R)) satisfy Ep|[|f(Xr)|r] < 0. Write
a Matlab function MonteCarloEuler (T ,d,m ,N,K ,{,u,o,f) with input T € (0, 00),
dm,N,K € N, ¢ € RY, p € M(B(R?,B(RY), 0 € M(B(RY),BR™™)), f €
M(B(R?),B(R)) and output a realization of a Monte Carlo Euler approzimation of
Ep[f(Xr)] based on K samples and time step size T/N (see Definition 7.1.1).

The root mean square approximation error of the Monte Carlo Euler method is estimated
in the following theorem.

Theorem 7.1.3 (Monte Carlo Euler method). Assume the setting in Section 5.1,
assume that O = RY, let €F: Q — R k € N, be iid Fo/B(R?)-measurable
mappings with 5[1](P)3(Rd) = {(P)mey and ¥Yp € (0,00): IEP[Hé’H%d] < oo, let
WKL [0,T] x Q — R™, k € N, be independent standard (F¢)iefo,-Brownian motions,
let YNE:10,1,...,N} xQ — R¢, N,k € N, be stochastic processes which satisfy for all
N,keN,ne{0,1,...,N -1} thatYON’kzﬁ[k] and

VNE = YN (VI E o (V) (WL, — W) (7:5)
N

(i.i.d. Euler-Maruyama approzimations), assume that f: R* — R, p: R — RY, and
o: R4 — RY™ are four times continuously differentiable with at most polynomially
growing derivatives, and assume that p and o are globally Lipschitz continuous. Then
there ezists a real number C' € [0,00) such that for all N, K € N it holds that

1« 11
Ep|f(Xr)| - Yk <Cl—+=). 76

k=1

L2(Ps|-|g

Proof of Theorem 7.1.3. First of all, note that Theorem 6.2.4 implies that there exists
a real number C' € [0, 00) such that for all N € N it holds that

(7.7)

kS

Er[r(X2)] — B[] | <
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This together with Theorem 2.4.8 proves that for all N, K € N it holds that

2

Ep[f(X1)] - i FO)

k=1

Ep

R

= ‘EP [f(XT)] —Ep [f(Yzjvm)] ‘;"‘EF Ep [f(y]{[\ﬂl)} - %if(yfévk)

squared bias R (7.8)
= PEP [f(XT)] —Ep [f (Yzifm)] );+—Var(fg]ffv’l))
squared bias

C2  Var(f(Y3) ’ VRS IR
< S \JNN V) < ’ —_— — .
< + T < max{C’ ’f)é%var(f(YM ))} [Nz - K]

Next note that by assumption there exists a real number ¢ € [1,00) such that for all
x € R% it holds that

[f (@) < (X [|2][ga) - (7.9)
This implies that for all M € N it holds that
L2C(P§'||]Rd))

Var(f(Yh) < Hf(Y]\]/\[/[’l)

<c 1+HYM’1‘
L2(Pi|-) ( M

<cl1+ |y

LQC(P§‘||]Rd):| (7.10)

- M,1
< e |1+ 11Xl ey ) T HXT ~

LQC(P§||’]Rd):|

< |14 | X7ll 20 o + su HX _YNJ‘ } <
L+ Xl e + 890 [ X =Y

where the last inequality follows from Theorem 5.3.10. Inequality (7.10) proves that

sup Var(f(YA]f’l)) < . (7.11)

MeN

Combining this with (7.8) shows that for all N, K € N it holds that

Ep[f(Xn)] - f} FON™)
k=1

L2(Ps|'|g)
< max4q C, su ar(f(Y;, — 4+ —.
{e.sup \Varts0v ”Hm v
<o
The proof of Theorem 7.1.3 is thus completed. O
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The term \/LR on the right hand side of (7.6) appears due to approximating the expec-
tation in (7.6) with Monte Carlo approximations (cf. Theorem 2.4.8). The term - on
the right hand side of (7.6) appears due to approximating the solution process X of the
SDE (5.2) with Euler-Maruyama approximations (cf. Theorem 6.2.4). The right hand
side of (7.6) converges to zero as both K and N on the right hand side of (7.6) tend
to oco. In order to balance the error on the right hand side of (7.6), it turns out to be
asymptotically optimal to choose K ~ N? (cf., e.g., the references mentioned in the
introductory section in [Hutzenthaler and Jentzen(2011)]). The choice K = N? in (7.6)
in Theorem 7.1.3 proves in the setting of Theorem 7.1.3 that there exists a real number

C € [0,00) such that for all N € N it holds that

<= (7.13)

=ie

Ep[f(X0)] - 1 NZ FN")

L2(Pi||g)

Observe that if the initial random variable ¢ is deterministic, that is, {(w) = (@) for all
w,w € (), then
N-K-m=m-N? (7.14)

realizations of independent standard normal random variables (cf. “randn” calls in
Matlab) are needed to compute a realization of

1 X
e Z FYR") (7.15)
k=1

for N € N and in that case, the Monte Carlo Euler method converges under the assump-
tions of Theorem 7.1.3 with the order % with respect to the number of used independent
standard normal random variables. In other words, O(e~%) independent standard normal
random variables are used in (7.15) to compute an approximation of

Ep[f(X)] (7.16)

with a root mean square approximation error of size € > 0 (cf. (7.6) in Theorem 7.1.3).
In the next step two simple illustrative Matlab codes for the Monte Carlo Euler method
are presented (cf. Exercises 3.3.9 and 3.3.11).

function mc = MonteCarloEuler (mu, sigma ,BM_dim,T,x0,f ,N,M)
mc = 0;
h = T/N;
sqrth = sqrt(h);
for m = 1:M
Y = x0;
for n = 1:N
Y =Y 4+ mu(Y)*xh + sigma(Y)*sqrthxrandn(BM_dim,1);
end

© 00 O Ol Wi
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10 mc = mc + f(Y);
11 end

12| mc = me/M;

13 |end

Matlab code 7.1: A Matlab function for the Monte Carlo Euler method. Matlab/Mon-
teCarloEuler.m

lmu = Q(x) log(1.06)x*x;

2 |sigma = @Q(x) x/10;

3| noise_dim = 1;

4T = 1;

5(x0 = 92;

6|f =Q(x) max(x—100,0);

7IN = 100;

8|M = N"2:

9 tic

10 | MonteCarloEuler (mu, sigma , noise_dim ,T,x0, f ,N,M)
11 | MonteCarloEuler (mu, sigma , noise_dim ,T,x0, f N, M)
12 | MonteCarloEuler (mu, sigma , noise_dim ,T,x0, f ,N,M)
13 |toc

Matlab code 7.2: A Matlab code for the Euler-Maruyama method. Matlab/RunMonte-
CarloEuler.m

The Matlab code 7.2 prints three realizations of a Monte Carlo Euler approximation of
Ep [ max{X; — 100,0}] (7.17)

based on 10000 samples and time step size 1/100 where (X)) is a solution process
of the SDE (4.55) with a = In(1.06), § = /10, and T" = 1. We would like to point
out that the Matlab codes 7.1 and 7.2 respectively can be significantly improved by
vectorization to obtain more efficient computations for the Monte Carlo Euler method.
This is illustrated in the following two Matlab codes.

function mc = MonteCarloEuler2 (mu,sigma ,T,x0,f N ,M)
h = T/N;
sqrth = sqrt(h);
Y = ones(M,1)xx0;
for n = 1:N
Y =Y + mu(Y)xh + sigma(Y).xrandn(M,1)*sqrth;

S O W N =
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Terminal

File Edit View Search Terminal Help
== RunMonteCarloEuler

ans =

2.8435

ans

2.8036

ans =
2.7450

Elapsed time is B83.708926 seconds.
==

Figure 7.1: Result of a call of the Matlab code 7.2.

Matlab code 7.3: A Matlab function for the Monte Carlo Euler method. Matlab/Mon-
teCarloEuler2.m

1 mu = @(x) log(1.06)%x;

2 |sigma = Q(x) x/10;

3T = 1;

4|x0 = 92;

51f = @Q(x) max(x—100,0);

6|N = 100;

7IM = N"2;

8|tic

9| MonteCarloEuler2 (mu, sigma ,T,x0, f ,N,M)
10 | MonteCarloEuler2 (mu, sigma ,T,x0, f ,N,M)
11 | MonteCarloEuler2 (mu, sigma ,T,x0, f ,N,M)
12 [ toc

Matlab code 7.4: A Matlab code for the Euler-Maruyama method. Matlab/RunMonte-
CarloEuler2.m
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Terminal

File Edit View Search Terminal Help
=> RunMonteCarloEuler2

ans =

2.8921

ans

2.7525

ans =
2.8155

Elapsed time is 0.097696 seconds.
=

Figure 7.2: Result of a call of the Matlab code 7.4.

7.2 Further one-level Monte Carlo methods for SDEs

The next theorem, Theorem 7.2.1, is proved similar as Theorem 7.1.3 above (cf. Theo-
rem 6.3.1 above).

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 243
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 7. Monte Carlo integration methods for SDFEs

Theorem 7.2.1 (Monte Carlo {(,0,1,...,m} U {0,1,..., m}*stochastic Taylor
method). Assume the setting in the beginning of Chapter 5, assume that O = RY,
that f: R — R, u: R = R? and o: RY — R¥™™ are siz times continuously dif-
ferentiable with at most polynomially growing derivatives and that p and o are glob-
ally Lipschitz continuous. Moreover, let M. Q — RY, k € N, be ii.d. Fo/B(RY)-
measurable mappings with Py = Pe and Ep[||€|F.] < oo for all p € (0,00), let
Wk = Wk WwkLem)) . 0, T] x Q@ — R™, k € N, be independent standard
(Fy)iejo,r-Brownian motions, let YN*: {0,1,..., N} x Q — R%, N,k € N, be stochastic
C Nk _ ¢[k]
processes satisfying Yy " = M and

v
n+
=V n(V) § 4+ 0 (00Y) (Wikaw = W) + (L L idaa) (V1) - 57
m [CES DL
£ 3 (Lg Lyt (VY9 - [ ) |, dsadWi0
z:ll ]\ZHJA)T ]\; (718)
. N 1 .
+ ) (L, LY idga) (V) - . / i AWk ds,
j=1 ~ ~
m (T
+ Y (L, L, yidga) (Y,F) - / ] . AW LD gk
3,j=1 N N

P-a.s. for alln € {0,1,...,N — 1}, k,N € N (ii.d. {0,0,1,....,m} U{0,1,...,m}?-
stochastic Taylor approximations). Then there exists a real number C' € [0, 00) such that
for all N, K € N it holds that

Ep[£(Xr)] - %f £ <c (%E " Ni) . (7.19)

L2(Ps]))

Proof of Theorem 7.2.1. First of all, note that Theorem 6.3.1 implies that there exists
a real number C' € [0, 00) such that for all N € N it holds that

‘EP [f(XT)] —Ep [f(ijfV’l)] ’ SN2 (7.20)

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 244
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 7. Monte Carlo integration methods for SDFEs

This together with Theorem 2.4.8 proves that for all N, K € N it holds that

2

Ep |[Ep|f(X7)| - % i F)

k=1

:l]Ep [f(XT)} —Ep[f(yzév’l)”iJrEP

Vv
squared bias

~ [En )] - Er ]|

C? Var(f(Y]ffv’l))
N4 K A {

< max{(:?, sup ]EP[(f(Y]{‘f’l)ﬂ } [% + H .

MeN

e 02)] - £ 3 702

: Va2 (7.21)

% sup Var(F0 D 2+ 7]

MeN

Next observe that again Theorem 6.3.1 implies that there exists a real number C' € [0, 00)
such that for all N € N it holds that

[ (70X0)?] ~ B[ (r0)] | < 72)

This ensures that

sup EP[(f(XT))z} —EP[(f(YzéV’l))ﬂ <00 (7.23)
NeN
and therefore, we obtain that
sup Ep [(f(yjé“l))z} < . (7.24)
NeN
Putting this into (7.21) completes the proof of Theorem 7.2.1. O

If we choose K = N* in the setting of Theorem 7.2.1, then (7.19) proves that there
exists a real number C' € [0, 00) such that for all N € N it holds that

< % (7.25)
L2(Ps|))

Ep[f(X1)] - 15 NZ FN™)

Note that if the initial random variable ¢ is deterministic, that is, {(w) = (@) for all
w,w € €, then
N-K-m=m-N° (7.26)
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realizations of independent standard normal random variables (cf. “randn” calls in
Matlab) are needed to compute a realization of

N4
1 Nk
~i > ") (7.27)
k=1
for N € N and in that case, the Monte Carlo method in (7.19) converges under the
assumptions of Theorem 7.1.3 with the order % =04 (> 0.333... = %) with respect to

the number of used independent standard normal random variables. In other words,
O(e73) = O(¢72%) independent standard normal random variables are used in (7.27) to
compute an approximation of

Ep[f(X1)] (7.28)

with a root mean square approximation error of size € > 0 (cf. (7.19) in Theorem 7.2.1).

7.3 Multilevel Monte Carlo Euler method

This subsection presents and briefly investigates multilevel Monte Carlo Euler approxi-
mations; see [Giles(2008)] and [Heinrich(2001)].

Definition 7.3.1 (Multilevel Monte Carlo Euler method). Assume the setting in the
beginning of Chapter 5, let f: C([0,T],R?) — R be a Borel measurable function with
Ep[lf(X)|]] < oo, let &:Q — RY, k € N, I € Ny, be ii.d. Fo/B(R?)-measurable
mappings with Pao = P, let W*': [0,T] x Q@ — R™, k € N, | € Ny, be independent
standard (Fy)iejor)-Brownian motions, let YN {0,1,... N} x @ — R?, N,k € N,
[ € Ny, be stochastic processes satisfying Y[)N’k’l = M and

VU = YR 4 (VR E 4 (V) (W, - W) (7.29)
N

foralln € {0,1,...,N =1}, Nk € N, [ € Ny (i.i.d. Euler-Maruyama approximations)
and let YN®L [0, T] x Q@ — R?, N,k € N, | € Ny, be stochastic processes satisfying

= (=) Y+ (0 1= ) (730

n

for all t € [oL @]y e {0,1,...,N =1}, N,k € N, I € Ny (iid. lin-

early interpolated Euler-Maruyama approximations).  Then for every L € Ny,
No,Ni,...,Np, Ko, Ky,...,K; € N the random variable

Ko L K
1 _ 1 _ _
- YNo,k,O i YNl,k:,l o YNl_l,kJ 7.31
o 2 SR 4 Y | PN — () (7.31)
k=1 =1 k=1
is called a Multilevel Monte Carlo Euler approximation (of Ep [ f(X )] based on L Lewvels,
Ky samples on level zero, Ky samples on level one, ..., K samples on level L and time
step sizes Nlo, Nll, R NLL .
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The root mean square approximation error of the multilevel Monte Carlo Euler method
is estimated in Theorem 7.3.2 below. Theorem 7.3.2 is, e.g., similar to Proposition 6.2
in [Hutzenthaler et al.(2011b)Hutzenthaler, Jentzen, and Kloeden).

Theorem 7.3.2 (Multilevel Monte Carlo Euler method). Assume the setting in the
beginning of Chapter 5, assume that O = R%, let €¥': Q@ — R, k€ N, [ € Ny, be i.i.d.
Fo/B(R%)-measurable mappings with Peo = P and Ep[||¢|[h..] < oo for all p € (0,00),
let WL [0,T] x Q@ — R™, k € N, | € Ny, be independent standard (F)epo,r-Brownian
motions, let YNVEL10.1,... N} x Q — R, N,k € N, [ € Ny, be stochastic processes
satisfying YON’k’l = &8 and

Yn]\—tllﬁl = YnNJC’l + M(YnNykyl) % + J(YnN7k7l) <Wﬁ;l+1)T - W%) (732>

N

foralln € {0,1,...,N =1}, N,k € N, l € Ng (i.i.d. Euler-Maruyama approximations)
and let YNRU[0,T] x Q — R4, N,k € N, | € Ny, be stochastic processes satisfying

VR = () Y (1 — ) Y (7.33)

for all t € [2T HDT] 1y € {0,1,...,N =1}, N,k € N, I € Ny (i.id. linearly inter-
polated Euler-Maruyama approximations). Moreover, let 1 and o be globally Lipschitz
continuous, let ¢ € [0,00) be a real number and let f: C([0,T],R%) — R be a function

satisfying

) = £l < e (14 Iollqomme + 10 leomze ) 10 = wllegomze
] (7.34)

te[0,7 te[0,7 te[0,T]

ZC<1+ sup [|v(t)[ge + sup |IW(t)II?Rd) lsup [o(t) = w(t)||ga

for all v,w € C([0,T],R%). Then there exists a real number C' € [0, 00) such that for all
L e No, N07N17---aNLyK()’Kl’“-;KL € N with Ng < N1 <... < NL it holds that

Ko L K,
Ep [f(X)} — Kio Zf(YNo,kD) _ Z Kil [Z f(YNl,k,l) _ f(YNll,k,l)]
= o L2(P )
1 L 1 1
SO (1+1n(NL>> (Fo‘f‘ [lzlmN—(l_l)] +FL>
(7.35)

Proof of Theorem 7.3.2. First of all, note that Theorem 5.3.11 implies that there exists
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a real number C' € [0, 00) such that for all N € N it holds that

(5 ;Jf

-3

sup HXt _ Y;N,LO
t€[0,T]

sup HXt — Y;N’l’o
t€[0,T]

RA

LA(Ps])

= =T g 70

N,1,0
Y HC([O,T],Rd) (P;C([0,T],R))

LA(P3|])
< C+/1+In(N)
- VN '

Assumption (7.34) and Hoélder’s inequality hence show that for all N € N it holds that

1FX) = FEO)
” (1 + HX”C’ ([0,T],R4) + HYNlOHC ([0, T],]Rd)> HX o YN’LOHC ([0,T7], Rd)‘ L2(P;]])
< || (L I o ey + 17V ooy )| I =7 oo LPi)

(1 XN e o,y may) + HYN’LOHiélc(P;C([o,T],Rd))) X~ YN’LO||L4(P;C([0,T],1Rd))

Cy/1+In(N)

M,1,0
(1 + ||X||L4c (PsC((0.1),RY) T z\iup HY ||L4c(P c([o,11, Rd))) VN

LA(Ps|-))

IN

(7.37)

This implies that there exists a real number C' € [0, 00) such that for all N € N it holds
that

N10 N1,0 C In(N
1F(X) = SO0 Ly = Er | [F(X) = F(F )”gw, (7.38)

Next observe that for all L € Ng, Ko, K1,..., K, No, N1,..., N € N it holds that

L
1
EP K Z YNQ kO _'_ Z Kl [Zf YNZ kl (YNll,k:,l)]

k=1

. (7.39)

_ E [ YNO 1 0 + Z]EP YNZ 1 0 f(}_/Nl_l,l,O)} _ EP [f(i/NL,l,O)] )

=1

Therefore, we obtain that for all L € Ny, Ky, K1,..., K, No, N1,..., N € N it holds
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]EP|:EP[f(X)} _Kioif(YNokO) _i% [if(lekl) f(YN, 1kl)] ]

Ep[£(X)] ~Ep[7(¥¥1)]|

N J/
-~

squared bias

—i—Var( Zf YNOkO _|_Z [Zf Ylel YNll,k,l)])

= ]EP[f(X)] —Ep[f(YN10)] ‘ —|—Var( Zf (Y Nok0Y )

N ~ O 1
squared bias

L K;
+ ZVar(Kil [Z FY Nk — f({/Nll,k,z)]>
=1 k=1

(7.40)
and hence, we get that for all L € Nq, Ky, Ky,..., K, Ng, N1,..., Ny € N it holds that
2

= [ [10)] ~Eo[s (@) [ +

J/

Ep [f(X)} — KLOZ YNokO Zf [Zf YN”” f(YNll,k,l)]

k=1 =1

Var(f (Y No:10))
Ky

TV
squared bias

L YNl 10) f(YNl_l,Lo))

R
<Ep[£(x) = f(TV10) ] +
Hf YN“I’O) - f(YNl_l’l’O) HiQ(P;H)

L
+ Z e

=1

suparen || (V) 2oy
Ky

(7.41)

The triangle inequality and the estimate (a + b)*> < 2a2+2b? for all a, b € R hence imply
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that for all L € Ny, Ko, Ky,..., K, Ng,Ny,..., N € N it holds that

2

1 Ko B L ~
E E [ X ] - — y Nok,0 YNzkl YNkl
P ||Ep|f(X) K, kz:; f( ) — Z K kz; f( — f( )
2 supyren || (V1) HLQ(P;H)
< ) = O O ey + K,

2 Hf(YN“l’O) - 1(X) ”;(P o 2| FX) = Y eeto) ||izu>;|~\)

L
+) o
=1

(7.42)

Inequality (7.38) therefore proves that for all L € N, Ko, Ky,...,Kr, No, Ny, ..., Ny €
N it holds that

2

Ep

Ep [f(X)] — Kio Zf(YNo,k,O) _ Z i [Zf YNz kl f(YNll,k,l)]

=1 k=1

L C+In(Ny) | SParex LF P Gy

- N;, Ky
Lo (20 (1+1In(N;)) 201+ 1n(N,_1))>
Z + .

= N, Ny

(7.43)
The fact that the function

141

[1,00) >z — +Tn(a;) € (0, 00) (7.44)

is strictly decreasing hence proves that for all L € Nq, Ky, Ky,..., K, Ng, Ny,..., N €
N with Ny < N; < ... < Np it holds that

2
Ep

Ko L
Ep [f(X)] — Kio ;f(yNo,kQ) o Z e [;f s kl f(YNll,k,l)]

=1
- C(1+1n(Ny)) N sup e || F(Y10) Hi?(m.n N i 4C (1 +In(N; 1))
B Ni Ko P KiNi—

L
A - M,1,0\ [|2 1
< (1 +4C + J\S/[%I]?\I Hf(Y )HL2(P;~|)> (1 + 1n(NL>) <_ Tt lzl K|N,_ 1)

(7.45)
The proof of Theorem 7.1.3 is thus completed. O
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If we choose

L=1d(N), Ny=2=1, N =2'"=2 N,=2>=4, , Np=2L=N
(7.46)
and
N N N N N N
Ko—?—N, Klzizg, KQ_ﬁ_Z, ey KL:Q_L:1 (747)

for N e {2°,21,22 23 ..} in the setting of Theorem 7.3.2, then (7.35) proves that there
exists a real number C' € [0, c0) such that for all N € {2°21,22 23 ...} it holds that

Ep [f(XT)] - f(Y2l,k,l> _ f(YZl—l,k,l)
= L2(Py|)
< CV(1+1In(N)) ——:47u+mm»&%¢ 3%”)
oA+ m@) (1+ (V2C) /(T + (V) (1 + \/1+T>
) ¥y
_ (V8C) V(I + (W) V( V) _ (VBC) (1 +1d())
< Vi < N ,

(7.48)

Observe that if the initial random variable £ is deterministic, that is, {(w) = (@) for all
w,w € €2, then

ld(N) ()BN
N+Z 21 2l1 m = N+Z m

— Nm (1 + M) < (3—m) N (1 +1d(N))

(7.49)
2 A\ 2
realizations of independent standard normal random variables (cf. randn calls in Matlab)

are needed to compute a realization of

ld(N)

N
%Z Yl kO Z Zf Y2l kl (Y21*1,k,l) (7.50)
k=1

=1

for N € {2°21,22.23 ..} and in that case, for every arbitrarily small § € (0,0), the
multilevel Monte Carlo Euler method converges with the order % — 0 with respect to

the number of used independent standard normal random variables. In other words, for
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every & € (0,00) it holds that O(s~(3*%)) independent standard normal random variables
are used in (7.50) to compute an approximation of

Ep[£(X)] (750)

with a root mean square approximation error of size € > 0 (cf. (7.35) in Theorem 7.3.2).
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8 Solutions to the exercises

In this chapter we do not distinguish between pseudo random numbers and actual ran-
dom numbers.

8.1 Chapter 0

8.1.1 Solution to Exercise 0.2.8

Lemma 8.1.1. Let (2, A) be a measurable space and let A C Q be a subset of Q. Then
(A, Am.A) is a measurable space.

Proof of Lemma 8.1.1. First of all, observe that the fact that A is a sigma-algebra on
Q ensures that () € A and this implies that

(D:Amiﬂ/eArmA. (8.1)
cA

Next we observe that for all B € A it holds that Q\B € A. This shows that for all
B € A it holds that

A\(ANB)=A\B = AN (Q\B) € An A (8.2)
cAmA €A

It thus remains to verify that Am.A is closed under countable unions; see Definition 0.2.1.
To see this observe that for all functions B: N — A it holds that

Unen (AN B(n)) = AN (UpenB(n)) . (8.3)
Combining (8.1), (8.2), and (8.3) proves that Am A is a sigma-algebra on A. The proof

of Lemma 8.1.1 is thus completed. O

8.1.2 Solution to Exercise 0.2.43

Lemma 8.1.2. Let (E, &) be a topological space and let pi: B(E) — [0, 00] be a measure
on (E,B(E)). Then it holds that E\ supp(u) € €.

253



Chapter 8. Solutions to the exercises

Proof of Lemma 8.1.2. First, note that

Supp(p):{er: (VUEE: (IGU:>,M(U)>O)>}

:{er: (VUES: (a:géU)\/(,u(U)>O))}. 54
This implies that
E\ supp(y) = {x cE: —|(VU €& (xd UV (uU) > 0))}
:{er: <E|U€€:ﬂ[(:)sgéU)\/(pJ(U)>0)]>} )
- {m cE: <3U e&: (xel)A(uU) :0))}
= Uyee uwn=oU € &.
The proof of Lemma 8.1.2 is thus completed. O

8.1.3 Solution to Exercise 0.4.7

Lemma 8.1.3 (Approximations of the exponential function). Let a; € R, [ € N, be a
convergent sequence and let n; € N, | € N, satisfy lim;_,.o n; = 0o. Then

lim [ [1 + %rl} = exp (llim al) : (8.6)

l—00 —00

Proof of Lemma 8.1.3. Let f;: Ng — R, [ € N, be the functions which satisfy for all
[ € N, k € Ny that

(8.7)

nl(nlfl)(;;l.iscnlfk‘+l) . (akl:')k : k S ny
0 k> ny .

Next observe that the binomial theorem proves that

14a]" Z ()]s = gﬁ(m - [ aw . s

Moreover, note that for all £ € Ny it holds that

limy oo g k
lim fi(k) = D@l G | < BRex lall (8.9)
l—00 k! lEN k!
Lebesgue’s theorem of dominated convergence hence proves that
. . lim;_o @ b
lim [ fulk) #wo (k) = / lim fi(k) #x, (d) = / (e Oy ()
l—o00 No No l—o00 No k
k (8.10)
_ g B al” ex (11111 a >
a k! - P l—00 by
k=0
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This and (8.8) ensure that

lim [ [1 + ﬂ} m] — exp(lim al) . (8.11)
l—o00 ™ l—o00
The proof of Lemma 8.1.3 is thus completed. n

8.1.4 Solution to Exercise 0.4.14

Lemma 8.1.4. Let d € N. Then it holds that

Noz, (RY) =1. (8.12)

Proof of Lemma 8.1.4. First of all, observe that a polar coordinate transform ensures
that

1 —||T 22
Nor,, (R2) —/ 1 Nor, (da) = 27?/ exp (082 ) g ()
/ / T exp _T dadr—/oor exp(%) dr (8.13)
0

= |- —— =1
{2
This implies that

4y — |2
-/\/’O,I]Rd(R)_/I;le’O[ (dz d/z/Rde2 rd dp

[t T o
— [No;( 9] = 1. )

The proof of Lemma 8.1.4 is thus completed. O

Lemma 8.1.5 (First and second moments). Let d € N. Then it holds for all i,j €
{1,2,...,d} that

/ €T; N()JRd(dSL’l,...,dSL’d) =0 (815)
R4
and
1 1=
T Tj No’[Rd<dl’1,...,dl’d) = . (816)
R4 0 : else
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Proof of Lemma 8.1.5. First, observe that for all x € R it holds that

Le 21””2] =(—x)e 7o (8.17)
This ensures that
/x62112d1: = —/ (—x) e dy = -6%112]3::00 = 0. (8.18)
R R L r=—00
Moreover, note that (8.17), Lemma 8.1.4, and integration by parts imply that
1 9 _ 1,2 / [ _1 2
— | z7e 2V dr = —x v } dx
V2T /]R \/ 27 ( )
(8.19)
1 [ _1Z2 / 1 2
= —— | - e 2 6 2
s a:f—oo \/ 27

Combining Lemma 8.1.4, (8.18), and (8.19) proves that for all & € {0, 1,2} it holds that

—— | e 2" dax = ) 8.20
\/271'/1; {1 kE{O,Q} ( )
This shows that for all ¢ € {1,2,...,d}, k € {1,2} it holds that

1 L
/d [xi}k'/\[o’lﬁd(dml’ o dTa) = W /d )" e 217lka gy
R T R

1 e, 1V L 1,2
= |— 2% — 27
{V 27 /Re x} [\/27? /Rx ‘ 4 (8.21)

= —F T e T = .
\/27‘(‘ R 1 k=2

Next note that (8.20) ensures that for all 4,j € {1,2,...,d} with ¢ # j it holds that

1 ~Llel?
/ .jS'xj./\/Q[Rd(dxl,...,dxd):— zixye 2Rrd dr
R4 R4

(27T)d/2
(d-2) 2

1 1

[ [t [ e 2
R

1 A

=|— [ ze 2 dx| =0.
{\/QW /]R }
This and (8.21) complete the proof of Lemma 8.1.5. O

8.2 Chapter 1

8.2.1 Solution to Exercise 1.2.16

Lemma 8.2.1 (N-stability of the class of "southwest rectangles”). Let d € N and let
A C P(RY) be the set given by A = Uy, syer {(—00,21) X - -+ X (—00,24)}. Then it
holds that A is N-stable.
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Proof of Lemma 8.2.1. Let (ai,...,aq),(b1,...,b5) € R% and let A, B € A be the sets
given by
A=x9_(=00,a;) and B = x}_(—00,b;). (8.23)

Then it holds for all x = (z1,...,24) € AN B, j€{l,...,d} that
rj < a; and xj < bj. (8.24)

Moreover, it holds for all z € x9_,(—oo, min{a;,b;}) that x € AN B. This and (8.24)
imply that
AN B = xI_,(—o0, min{a;, b;}) € A. (8.25)

The proof of Lemma 8.2.1 is thus completed. [

Lemma 8.2.2 (Generation of B(R?) by rectangles). Let d € N and let R C P(R?) be
the set given by

R= |J {lawby)x - x[ag,ba)}. (8.26)
b ba€Q

Then it holds that B(R?) = ora(R).

R? and every
G. Hence, we

Proof of Lemma 8.2.2. Throughout this proof for every open set G
y € G let Ag € R be a set with the property that y € Ag and Ag
obtain for all open sets G C R? that

N 1N

G = UyegAY. (8.27)

Combining (8.27) with the fact that R is countable implies that for every open set
G C R there exists a countable set J C G such that

G = UyecAY = Uy  AS. (8.28)

This and the fact that B(IR?) is generated by the open sets in the normed R-vector space
(RY, ||| ga) shows that B(RY) C ora(R). Next observe that for all ai, ..., aq4,b1,...,bs €
Q it holds that

x ) [a,b;) = Nnen Xy (a; — 1,b;). (8.29)

This, the fact that for all ay,...,aq,b1,...,b5 € Q it holds that the set x?zl(aj,bj)
is open in RY, and the fact that B(R?) is generated by the open sets in the normed
R-vector space (R, ||-[|za) show that

ora(R) C B(RY). (8.30)
This completes the proof of Lemma 8.2.2. O
Proposition 8.2.3 (An N-stable generating system for the Borel sigma-algebra). Letd €

N and let A C P(RY) be the set given by A= Uy, per {(—00,21) X +++ X (—00,24)}.
Then it holds that B(R?) = opa(A).
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Proof of Proposition 8.2.3. Throughout this proof let Si, . .,) € RY, (z1,...,24) € RY,

.....

be the sets with the property that for all (z1,...,z4) € R? it holds that

S(ot,za) = X1 (=00, 75) (8.31)

and let R, Q C P(R?) be the sets given by

R= |J Aflab)x - xlagb)}  and Q= |J {Swiwa}. (832)

al,...,0d, Z1,0.,24€Q
b1,....b4€Q T

We first prove that B(R?) = oRe(Q). Observe that every element of Q is open in R

This implies that og«(Q) C B(IRY). Moreover, note that for all ay, ..., a4, by1,...,bg € Q
it holds that

X;-lzl [aj,b;) = Str,..00)\ [S((zl,bg ..... ba) Y S(b1,az,bg) U - U Sy o, ad)] . (8.33)
This and Lemma 8.2.2 imply that
B(RY) = 0ga(R) C 05s(Q). (5.3)
Therefore, we obtain that B(R?) = oga(Q). In addition, observe that
B(R?) = 0ga(Q) C ogra(A). (8.35)

Next note that every element of A is open in R?. This implies that B(R?) D opa(A).
Hence, we obtain that

B(R?) = opa(A). (8.36)

The proof of Proposition 8.2.3 is thus completed. O

8.2.2 Solution to Exercise 1.2.24

Lemma 8.2.4. Let a,b € R be real numbers with a < b and let F': R — [0,1] be a
distribution function which satisfies for all y € (0,1) that

Ir(y) =yb+ (1 —y)a. (8.37)

Then it holds for all x € R that

0 r<a
. (i[} B Cl) (z—a)
F(x) = maxq 0, min< 1, = =4 a<z<bh. (8.38)
1 b <
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Proof of Lemma 8.2.4. Throughout this proof let  and F be the sets given by 2 = (0, 1)
and F = B((0,1)), let P: F — [0,00] be a measure given by

P = B(O,l)? (839)
and let U: Q — R be the function which satisfies for all w € €2 that
U(w) = w. (8.40)

Then it holds that (£2, F, P) is a probability space and it holds that U: @ — R is an
U(o,1)-distributed random variable which satisfies that

U(Q) C (0,1). (8.41)
Proposition 1.2.7 hence proves that for all z € R it holds that

F(z)=P(Ip(U)<z) =P{Ub+(1-U)a<z)=P{U(b—a)+a<uz)

(r —a)
= — <z-— = <
PU((b—-a)<z—a) P(U_ b—a) (8.42)
= max4 0, min< 1, (z—a) .
(b—a)
The proof of Lemma 8.2.4 is thus completed. [

8.2.3 Solution to Exercise 1.2.25

1 |function X=Cauchy (N,mu, lambda)

2| U=rand(1,N);

3| X=lambdaxtan(pix(U — 0.5)) + mu;
4 |end

Matlab code 8.1: A Matlab function Cauchy(N,u,\) with input N € N, p € R, A €
(0,00) and output a realization of an (Cau,,)®"-distributed random
variable generated with the inversion method. The Matlab function
Cauchy (V,p,\) uses exactly N realizations of an U 1)-distributed
random variable.
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8.2.4 Solution to Exercise 1.2.26

Lemma 8.2.5 (Distribution function of the Laplace distribution). Let A € (0,00) and
let F: R — [0,1] be the distribution function of Laplace,. Then

(i) it holds for all z € R that

LAz <0
F(z) = Laplace, ((—o0, x]) = < 2 8.43
() = Laplace, ((~oc, ) {1_#% 2 (8.43)
and
(i1) it holds for all y € (0,1) that
L1n(2 0<y<i
In(y) = {10V V<¥<sy (5.44)
Proof of Lemma 8.2.5. First of all, observe that for all x € R it holds that
AT —Alu|
F(z) = Laplace, ((—o0, z]) = 3 e du
A min{z,0} x \
= — / e’\“du—l—/ e du
2 —o0 min{z,0}
A |:1 \ :|u:min{a:,0} A |: 1 _)\ :|u:x
=—|-e™ + |- ™ (8.45)
2 LA U=—00 2 A u=min{z,0}
1 A1 u=min{z,0} 1 Ayl U=t
- 5 [6 ]u:—oo o 5 [6 }u:min{x,O}
1 Az .
_ 1 [ekmin{x,O} + e—)\min{x,O} _ 6—)\1:] _ 7€ cx <0 .
2 1-— %e‘” x>0

This, in particular, ensures that F'is strictly increasing. Lemma 1.2.4 hence proves that
for all y € (0,1) = F(R) it holds that

y=F(F"(y) = F(Ir(y)). (8.46)

The fact that F([0,00)) = [3,1) and (8.45) therefore ensure that for all y € (0, 3) it
holds that

1
37Y= F(Ir(y)) = %eMF(y)_ (8.47)
This shows that for all y € (0, 3) it holds that

Y In(2y) = Ir(y). (8.48)
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In addition, we observe that (8.45), (8.46), and the fact that F/((—oo,0)) C (0, 3) imply
that for all y € [5,1) it holds that

<y=F(Ir(y)=1- %e—Mﬂyx (8.49)
Hence, we obtain that for all y € [%, 1) it holds that

In(2 —2y) = —Alp(y). (8.50)
This proves that for all y € [,1) it holds that
— 3In(2 - 2y) = Ip(y). (8:51)

Combining this with (8.48) completes the proof of Lemma 8.2.5. O

8.2.5 Solution to Exercise 1.2.27

function X=Laplace (N,lambda)
U=rand (1,N);
X=InvDFLaplace (U,lambda);
end

=W N =

Matlab code 8.2: A Matlab function Laplace(N,\) with input N € N, A € (0,00)
and output a realization of an (Laplace, )®"-distributed random vari-
able generated with the inversion method. The Matlab function
Laplace(/N, M) uses exactly N realizations of an U )-distributed
random variable.

function x=InvDFLaplace(y,lambda)
x=zeros (size(y));
I[=(y<0.5);
x(I)=log(2x*y (I
I=logical(1-1)
x(I)=—log(2+%(1—y(I)))/lambda;
end

))/lambda;

N O Ol W N

function LaplacePlot ()
rng ('default ’);
N=10"5;
lambda=0.1;
X=Laplace (N,lambda ) ;
hist (X,10"3)

end

N O U~ W N+~
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L 1

Matlab code 8.3: A Matlab function LaplacePlot() which plots 10° realizations of
an Laplace ;-distributed random variable generated with the Matlab
function Laplace (N, ) in a histogram with 1000 bins.

1200

1000 -

800

600 |-

400 -

200

-150 -100 -50 0 50 100

Figure 8.1: Result of a call of the Matlab function 8.3.

8.2.6 Solution to Exercise 1.2.30

function X = AcceptanceRejection (N)
X =[]
while ( length(X) < N )
U = rand (2, N-length(X));
U= [8 0; 0 sqrt(8)]«U;

O 1 O UL Wi

U(l,:) =U(1,:) — 4;
U(Qa:) :U(27) - SqI‘t(Q);
I = (U(1,:).72/8 +U(2,:)."2 <=2 );
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9 X =[X U(:.1) ;
10 end
11 |end

Matlab code 8.4: A Matlab function AcceptanceRejection(/N) with input N € N and
output a realization of an (Us)®V-distributed random variable gener-
ated with the acceptance-rejection method.

1 |function AcceptanceRejectionPlot ()
2| rng(’default’);

3| N=1075;

41 X= AcceptanceReJectlon(N)

5 plot (X(1,:),X(2,:), ")

6| axis([-4.5 4.5 —1.7 1.7]);

7| daspect([1 1 1]);

8 |end

Matlab code 8.5: A Matlab function AcceptanceRejectionPlot() which uses the
Matlab function AcceptanceRejection(/N) and the built-in Matlab
function plot(...) to plot 10° realizations of an U4-distributed ran-
dom variable in a coordinate plane.

8.2.7 Solution to Exercise 1.2.38

Lemma 8.2.6. Let f,f: R — [0,00) be the functions which satisfy for all x € R that

1 1 S
f(z) = ez and  f(z) = ) (8.52)

and let A C R be the set given by A = {CeR: (Vz eR: f(z) < C’f(x))} Then it
holds that C € A if and only if (Vy €0,00): 142y < %)

Proof of Lemma 8.2.6. The definition of A and (8.52) ensure that C' € A if and only if
for all z € R it holds that

1 1.2 1 1
2T < (0 ———=C . 8.53
\/27r6 (14 2?) 7r(1+2[%x2]) (8:53)
The fact that { ireR:x e ]R} [0, 00) hence proves that C' € A if and only if for all
y € [0, 00) it holds that

1 1
— e V< (C———. 8.54
\/27r€ —  7w(142y) ( )
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1.5 ]
1+ i
0.5F i
or i
-0.5F :
1+ 4
-1.5F b
4 3 2 a4 o 1 2 3 4
Figure 8.2: Result of a call of the Matlab function 8.5.
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Reorganizing the terms in (8.54) shows that C' € A if and only if for all y € [0, c0) it

holds that
\/§ CeY
VZ

The proof of Lemma 8.2.6 is thus completed. n

1+2y <

(8.55)

Lemma 8.2.7. Let f,f: R — [0,00) be the functions which satisfy for all x € R that

—_
»

1

A -
= T2 d = — 8.56
fla)= o=t and @) = (3.56)
and let A C R be the set given by A = {CeR: (VzeR: fz) < C’f(x))} Then it
holds that
A= {Sup <M) ,oo> : (8.57)
ecRk \ f(z)
Proof of Lemma 8.2.7. Throughout this proof let k € R be the real number given by
K = sup M (8.58)
veR f(y)
The definition of the set A assures that for all C' € A, z € R it holds that
@ <C. (8.59)
f(z)
Hence, we obtain for all C' € A that
k<C. (8.60)
This implies that 3
A C [k, 00). (8.61)
Next observe that the definition of x ensures that for all x € R, C' € [k, o) it holds that
@ < sup <Ji(—y)) =r<C. (8.62)
() ~ ver \ f(y)
Therefore, we obtain that for all z € R, C' € [k, c0) it holds that
f(z) < Cf(a). (8.63)
This proves that .
[k,00) C A. (8.64)

Hence, we obtain that A = [, 00). The proof of Lemma 8.2.7 is thus completed. O
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Lemma 8.2.8. Let f, f: R — [0,00) be the functions which satisfy for all x € R that

1 1.2 2\ 1
f(x) = \/%e 2 and  f(z) = 0T (8.65)
Then it holds that
|7
(r) /2w Jr [SupyGR f(y)}f@) dz 2w

Proof of Lemma 8.2.8. Throughout this proof let k € R be the real number given by

K = sup &, (8.67)

ver f(y)

let A C R be the set given by A = {C € R: (Vz € R: f(z) < C’f(x))}, and let
g :10,00) = R be the function with the property that for all y € [0, 00) it holds that

g(y) = e Y(1+ 2y). (8.68)

Lemma 8.2.7 implies that min(A) = k. Hence, Lemma 8.2.6 ensures for all € € (0, c0)
that there exists a real number yy € [0, 00) such that

V2(k — €)e¥o

This implies that for every e € (0, 00) there exists a real number y, € [0, 00) such that

\/ge_yo(l +2yy) > Kk —e€. (8.70)

Similarly, Lemma 8.2.6 proves that for all y € [k, 00) it holds that

\/ge_y(l +2y) < K. (8.71)

Combining (8.70) and (8.71) proves that

\/g sup e Y(1+42y) = \/g sup ¢(y) = k. (8.72)
y€[0,00) y€[0,00)

The fact that g is smooth enables us to find its extrema by analyzing its derivatives.
Note that for all y € (0, 00) it holds that

1+ 2y > (8.69)

g'(y) =e(1-2y) (8.73)

and
" (y) = e Y (=3 +2y). (8.74)
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Next note that ¢'(3) = 0 and g”(%) < 0. This implies that ¢ has a local maximum point

at £. Observe that ¢’ has no roots in (0,00)\{3}. This shows that % is the only local

maximum point of the function g|(o,). Combining the fact that g(0) =1 < g(3) = \%

and L9
lim e7¥(1 +2y) = lim Ty _

y—>00 y—>00 ey

0 (8.75)

with (8.72) proves that

T T 2 27
k== sup e Y(1+2y)=4/=—F4==1/—. 8.76
\/gye[o,oo) ( ) 2 \/E € ( )

Furthermore, Lemma 8.2.7 and the fact that f and f are probability density functions
imply that

W | f
Jx [S“pyeR f(y)}f (@dr —  fo) [
=SuUp =~ =K =4/ —. (8.77)
f]R f<x> dx yeR f(y) €
The proof of the Lemma 8.2.8 is thus completed. O

Please be aware that the following Matlab function makes use of the Matlab function
Cauchy (N, mu, lambda) , which is part of the solution to Exercise 1.2.25.

1 |function X = AcceptanceRejectionGaussianCauchy (N)
20 X =[]

3| while( length(X) < N )

4 Y = Cauchy (N — length(X) ,0,1);

5 U =rand(l, N — length(X) );

6 kappa = sqrt( 2xpi/exp(1l) );

7 I=(U/ pi./(1 +Y.72) % kappa...

8 <= 1/sqrt (2xpi)*xexp(—1/2xY."2) );
9 X=X, Y(I) ;

10 end

11 [end

Matlab code 8.6: A Matlab function AcceptanceRejectionGaussianCauchy(/N) with
input N € N and output a realization of an (N r, )®"-distributed
random variable generated with the acceptance-rejection method with
f as the density of the target distribution and x f as the unnormalized
density of the proposal distribution Caug .

function AcceptanceRejectionGaussianCauchyPlot ()
rng ('default ’);
N=10"5:
X=AcceptanceRejectionGaussianCauchy (N);
hist (X,1000);

U W N =

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 267
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 8. Solutions to the exercises

6 |end

Matlab code 8.7: A Matlab function AcceptanceRejectionGaussianCauchyPlot ()

which  plots  10°  realizations  of

random  variable  generated  with  the

AcceptanceRejectionGaussianCauchy (V)
1000 bins.
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Figure 8.3: Result of a call of the Matlab function 8.7.
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8.2.8 Solution to Exercise 1.2.39

Lemma 8.2.9. Let f, f: R — [0,00) be the functions which satisfy for all x € R that

fz) = \/127 3 and fla) = 6_2'3: (8.78)
and let A C R be the set given by A = {CeR: (VzeR: f(z) < Cf(x))} Then
- f(x)
A= [ilelg <f(x)> ,oo> : (8.79)

Proof of Lemma 8.2.9. Throughout this proof let # € R be the real number given by
R = Supyegr I The definition of the set A implies that for all C' € A, z € R it holds

f)”
that
f(x)

< 8.80
flx) (550

Hence, we obtain that for all C' € A it holds that

k< C. (8.81)

This implies that A C [k, 00). Moreover, the definition of & implies that for all C' €
[k, 00), x € R it holds that

f(x) f()

- <sup——= =~

flx) — wer f(y)
This shows that for all x € R, C' € [k, 00) it holds that

f(z) < Cf (). (8.83)

A

This proves that [#,00) C A. Hence, we obtain that A = [&,00). The proof of
Lemma 8.2.9 is thus completed. O

IN

C. (8.82)

Lemma 8.2.10. Let f, f: R — [0,00) be the functions which satisfy for all x € R that

1 A~
xr) = e 2 and x) = . 8.84
f@)= = fo) =5 (5:5)
Then it holds that
A

f(x) 2e Jr [SupyelR TZ) f(z) dx %
SUPger +— = {\/ — and =1/— (8.85)

f(x) i f fz)dx s
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Proof of Lemma 8.2.10. Throughout this proof let h: R — R be the function which

satisfies for all z € R that
2 1
h(z) = f@) _ \ﬁ e % el (8.86)
T

We are interested in the local maxima of the function h. The fact that h is an even
function, i.e., Vo € R: h(x) = h(—=z), implies that it is enough to analyze h over (0, 00).
First of all, note that h|(c0): (0,00) — R is smooth. Next observe that for all x € (0, c0)
it holds that

h'(z) = 2 (1—x)e 2% ¢ (8.87)

T
and

Additionally, note that A'(1) = 0 and A”(1) < 0. Combining (8.87) with (8.88) hence
proves that h has a local maximum point at 1 with value

h(1) = \/2; (8.89)

The function | )13 : (0,00)\{1} = R has no roots. This implies that 1 is the only
local maximum point of h(g ). Combining this with the fact that

h(0) = \/g < h(1) (8.90)

and
lim A(z) =0 (8.91)
|z|—o00
implies that
2
sup j:(x) =h(l) = =, (8.92)
zeR f((lf) ™

The fact that f and f are normalized density functions hence proves that

N [supye]R %}f(x) dx B I [supyeR %] f(x) dx 9

= =1/—. (8.93)

Jg f(x)dx J fz)da T
The proof of Lemma 8.2.10 is thus completed. [
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Please be aware that the following Matlab function makes use of the Matlab function
Laplace (N ,lambda), which itself uses the Matlab function InvDFLaplace (y, lambda) .

These are both part of the solution to Exercise 1.2.27.

1 |function X = AcceptanceRejectionGaussianLaplace (N)
2| X=1[];

3| while ( length(X) < N )

4 Y = Laplace(N — length(X) , 1 );

5 U = rand(1,N — length(X) );

6 kappa = sqrt(2xexp(1)/pi);

7 I = (U .x exp(—abs(Y))/2 % kappa

8 <= 1/sqrt (2xpi)xexp(—1/2xY."2) );
9 X=X, Y(I) ];

10 end

11 |end

Matlab code 8.8: A Matlab function AcceptanceRejectionGaussianLaplace(/N) with

input N € N and output a realization of an (N r, )®V-distributed
random variable generated with the acceptance-rejection method with
f as the density of the target distribution and 4 f as the unnormalized

density of the proposal distribution Cauy ;.

function AcceptanceRejectionGaussianLaplacePlot ()
rng ('default ’);
N=10"5;
X=AcceptanceRejectionGaussianLaplace (N);
hist (X,1000);

end

DO W N =

Matlab code 8.9: A Matlab function AcceptanceRejectionGaussianLaplacePlot()
which  plots  10°  realizations of an N ,-distributed

random  variable  generated  with the  Matlab

function

AcceptanceRejectionGaussianLaplace(/N) in a histogram with

1000 bins.

8.2.9 Solution to Exercise 1.3.7

1 |function X = BoxMuller( N )

2\% allocating memory for the output

3% and simultaneously generating uniformly distributed
4% random wvariables

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS.
DISSEMINATION PROHIBITED. DECEMBER 15, 2018

271



Chapter 8. Solutions to the exercises

400

350

300

250

200

150

100

50

Figure 8.4: Result of a call of the Matlab function 8.9.
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% (one in addition to N if N is odd)
X =rand( 2, ceil( N/ 2 ) );
X = [ sqrt( —2xlog( X(1,:) ) ) .x
cos( 2xpi * X(2,:) ), ...
sqrt ( —2xlog( X( 1, 1 : floor( N / 2 ) ) ) ) .x
sin( 2xpi x X( 2, 1: floor( N/ 2 ) ) ) |;
end

Matlab code 8.10: A Matlab function BoxMuller (N) with input N € N and output a
realization of an N s -distributed random variable generated with

O 1O Ul W

©

10
11
12
13
14
15
16
17
18

the Box-Muller method.

function BoxMullerPlot ()
rng ('default ’);
N = 10"5;
% Probability density function of the normal distribution
f = @(x) exp(—0.5%x."2)/sqrt(2*pi);
% Generating the normalized histogram for the Box—Muller
% sampling method
XBM = BoxMuller (N);
figure (1)
clf
[NBM, x]=hist (XBM,1000);
% Normalizing the bins such that they have area 1
bar (x ,NBM/N/(x(2)—x(1)))

hold on
plot (x,f(x),’r")
legend ( 'normalized _histogram ’, 'normal_distribution ’)
hold off
end

Matlab code 8.11: A Matlab function BoxMullerPlot() which plots 10° realizations
of an N 1, -distributed random variable generated with the Matlab
function BoxMuller (N) in a mormalized histogram with 1000 bins

and which also plots the density of N s, in this histogram.

8.2.10 Solution to Exercise 1.3.9
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Figure 8.5: Result of a call of the Matlab function 8.11.
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1 |function X = MarsagliaPolar( N )

2% Sampling from wuniformly distributed random wvectors
3|% over the wunit disk

41% in the 2—dimensional real space

5| X = AcceptanceRejectionUnitDisk( ceil( N / 2 ) );
6 q =sum(X." 2,1);

7| a = sqrt( —2«log(q)./q );

8 X =1 q.xX(1,:), q( 1: floor(N/2) ).x

9 X( 2, 1: floor(N/2) ) |;

10 |end

Matlab code 8.12: A Matlab function MarsagliaPolar (/N) with input N € N and out-

put a realization of an Ny r_-distributed random variable generated
with the Marsaglia polar method.

1 |function X = AcceptanceRejectionUnitDisk (N)
2| X=1[];

3| while ( length(X) < N )

4 RV = rand( 2, N-length(X) );

5 RV — 2+RV — 1;

6 I = (RV(1,:)."2 +RV(2,:).72 <1 );

7 X=[X, RV(:,1) |;

8 end

9 |end

Matlab code 8.13: A Matlab function AcceptanceRejectionUnitDisk(/N) with input

N € N and output N realizations of uniformly-distributed random
variables over the unit disk generated with the acceptance-rejection

method.
1 |function MarsagliaPolarPlot ()
2| rng(’default’);
3| N=10"5;
4% Probability density function of the normal distribution
5 f =@(x) exp(—0.5%x."2)/sqrt (2xpi);
6|% Generating the normalized histogram for the Marsaglia
7% polar sampling method
8| XMP = MarsagliaPolar (N);
9 figure (1)
10 clf
11 [NMP, x]=hist (XMP,1000);
12|% Normalizing the bins such that they have area 1
13 bar (x,NMP/N/(x(2)—x(1)))
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hold on
plot(x,f(x),’r’)
legend ( 'normalized _histogram ’, 'normal_distribution ’)
hold off
end

Matlab code 8.14: A Matlab function MarsagliaPolarPlot() which plots 10° realiza-

tions of an Nj r-distributed random variable generated with the
Matlab function MarsagliaPolar(N) in a normalized histogram
with 1000 bins and which also plots the density of N s, in this his-
togram.
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Figure 8.6: Result of a call of the Matlab function 8.14.

8.2.11 Solution to Exercise 1.3.11

1 |function X = StandardBrownianMotion (t)
2\ %getting rid of O—valued t’s
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3 I =(t>0); Q= t(I);

4\ %constructing the desired covariance matriz

5 Q = repmat( Q, size(Q’) );

6 Q = min(Q,Q’);

7| %assigning the Brownian Motion at times t to X
8 Q = chol(Q) +«randn(sum(I),1);

9 X = zeros(length (1) ,1);

10 X(I) =Q;

11 |end

Matlab code 8.15: A Matlab function StandardBrownianMotion(t) with input t € A
and output a realization of an N o)-distributed random variable.

1 |rng(’default’);

2 [N=10"3;

3 |preimage = (0:1/N:1);

4 |X=StandardBrownianMotion (preimage );
5| plot (preimage ,X);

6 |hold on

7 [ X=StandardBrownianMotion (preimage );
8 | plot (preimage ,X, 'r’);

9 | X=StandardBrownianMotion ( preimage );
10 | plot (preimage , X, 'g’);

Matlab code 8.16: A Matlab function StandardBrownianMotionPlot() which
plots linearly interpolated 3 realizations of an N gu)-
distributed random variable generated with the Matlab function
StandardBrownianMotion(t).

8.3 Chapter 2

8.3.1 Solution to Exercise 2.1.12

Lemma 8.3.1. Let (E,dg) and (F,dr) be metric spaces and let f: E — F be a function.
Then it holds that [ is uniformly continuous if and only if

li h) = . 94
lim w; () = wy (0) (8.94)
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Figure 8.7: Result of a call of the Matlab function 8.16.
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Proof of Lemma 8.3.1. Without loss of generality we assume that F # (). Next
observe that the fact that w;(0) = 0 ensures that it holds that limy\pws(h) =

My 0 SUD, ye g dp @< Ar (f (@), f(y)) = ws(0) if and only if it holds that
Vee (0,00): FJh € (0,00): sup dp(f(z), f(y)) <e. (8.95)

,y€B,dp(2,y)<h

This implies that limy\ o ws(h) = wy(0) if and only if
Ve € (0,00): 36 € (0,00): Va,y € E with dg(z,y) < 6: dp(f(z), f(y)) <e. (8.96)
This completes the proof of Lemma 8.3.1. O

8.3.2 Solution to Exercise 2.1.13

Lemma 8.3.2. Let (E,dg) and (F,dp) be metric spaces, let a € (0,1] be a real number,
and let f: E— F be a function. Then it holds that

wy(h
|fleags,py = sup {%} (8.97)
he(0,00)

Proof of Lemma 8.3.2. Without loss of generality we assume that # > 1. Note that for

allz,y € E, h € (0,00) with z # y it holds that dg(x,y) < h implies that m > L

This together with the definition of |-|qa (g gy and wy imply for all h € (0, 00) that

dr(f(x), f(y)) 1 wy(h)
ewier = sup [T > 50| s antston s | = 5 o
vy ’ dp(2.y)<h
This implies that
we(h
\flee(e,r) > sup ﬁ . (8.99)
he(0,00) he

Again the definition of |- |ca (g ry and wy show that for all 2, y' € E with 2’ # ¢/ it holds
that

sup
he(0,00)

wi(h)] - wilde(e, )
[ he ]> (dnla5))"
1

T da@ ) W dp(f(@), f(y)) (8.100)
U dp(ey) s y)

 de(/(@), S))

— lde(e Yl
This implies that
wy(h
sup [ 2& )] > | floee,r)- (8.101)
he(0,00)
The proof of Lemma 8.3.2 is thus completed. O
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8.3.3 Solution to Exercise 2.2.8

Lemma 8.3.3. Let n € N, a,b € R with a < b and let f € LY(Bjay; ||g). Then
Nl [ H1/20-a)

Z[/ _ fla+i(b—a)) - f(z)dx

im0 || /ot

a4 H10=a)

/a+(z‘+1/2)<ba>f<a+ @(b_a)) — f(x) dx].

Toalfl - [ S
’ (8.102)

+

Proof of Lemma 8.3.3. Note that (2.44) implies that

T ] - / f(x) da
b—a) (=2 Fla+20-0) + f(a+ 20— 0)

n 2
i=0

a GF1/2(0-a)

n-l a4 G+D(b=a)
-> (/ — f(x)dz +/ P C)) daz) (8.103)
0o \Yet—%— i 20me)

a

ot EH1/2)0=0)

im0 </a+"“’;a>f(a+%(b_a)> — f(x)dz

o (HD0=a) ’
b—a)) - dz |.
/a+<i+1/33<ba>f(a+ o ( a)) f(x) x)

The proof of Lemma 8.3.3 is thus completed. O

_l_

Proposition 8.3.4. Let « € (0,1], n € N, a,b € R with a < b and let f €
El(B[a’b];’-|R). Then

(b— a>(1+a) |f|cw([a,b],R)

< (b—a) w5 < e

2n

T 1] - / /() de (8.104)

Proof of Proposition 8.3.4. Note that for all 7 € {0,1,...,n — 1}, x € (a + @,a +
(+12D0-a)y ¢ (g 4 D=0 ;| GO0 §¢ )]s that

n n

z— (aﬂ(b_“))' Lb=a) ‘y— (a+w)‘ <=9 (5105

n - 2n n 2n
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Combining this with Lemma 8.3.3 and the fact that wy is non-decreasing implies that

b
T ] / f() de

ot GH1/20-0)

n—1
5| L

o+ 20-0) - 1)

at (i+1)75b7a)

[
ot GH1/20-0)

n—1 at Lit1/2)(b=a) (b B CL) g i+ D(b=a) (b B a) (8106)
< d d
- ; [/(Hubw wf( 2n > v /a+(z'+1/2)<ba> wf( 2n ) x]
b n—1 oy GTLU/D0=0) ay GF1=0)
:wf(( a))z[/ | dx—i—/ , dx
2n — RICED at Gt/ (=a)
(b—a)
=(0b—a)- .
(b—a) wf( o
Moreover, observe that Lemma 8.3.2 proves that
—a (b— a)(Ha) | flea(an®
(b—a) - wp(&2) < Ok (el (8.107)
This and (8.106) complete the proof of Proposition 8.3.4. ]

8.3.4 Solution to Exercise 2.2.10
Proposition 8.3.5. Let f: [0,1] — R be a function with the property that for all x €
[0,1] it holds that f(x) = 2. Then

(i) it holds that f is infinitely often differentiable and

(i) it holds for all n € N that

1

n? {T[g,” [f] — /Olf(a:) da:} = (8.108)

Proof of Proposition 8.3.5. The fact that f is a polynomial implies that it is infinitely
often differentiable. Next note that Lemma 8.3.3 and the integral transform theorem
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show that for all n € IN it holds that

L] - / f(z) de

n—1 (1+1/2) (+1) )
= [(%)2 — xQ} dz +/ [((121)> — x2] dm)
PR i (2+T1L/2>
n—1 (i+1/2) G+1)
= Z (L —z] [t +a]de +/ [(221) ZB} [(’Zl) +x] dx
— i (+1/2)
no1 0 L (8.109)
:Z / u[%—u]du—l—/ u[@—u}du)
i=0 ~ 0
_nz_:l 2 [u2]"™" ud]" N 200+ 1) [u? Smm [y3]"m
- i=0 n 2 u:—%n 3 u:—ﬁ n 2 u=0 3 u=0
— i 1 (i+1) 1 1 1
— _—— =N _— = —_—
— 4n?  24n3 4n3 24n? 6n3 6n?2
This shows that for all n € N it holds that
2 ' 1
n {Tﬁl][f] —/0 f(z) dx} =5 (8.110)
The proof of Proposition 8.3.5 is thus completed. O
8.3.5 Solution to Exercise 2.2.13
1 |function R_n=RecRule(f ,a,b,d,n)
2 gridld = linspace(a,b,n+1);
3 gridld = gridld (l:end—1);
4| h = (b-a)/n;
5) % empty array for the recursion
6| x=[];
7 R.n = RecRuleRecursion (f,x,gridld ,h,d);
8 lend
9
10 |function R.n = RecRuleRecursion(f,x,gridld h,d)
11 % Subfunction , which contains the recursive
12 % evaluation of [ over the
13 % d—dimensional grid.
14 Ron = 0;
15 if d>1
16 y = [x 0];
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17 for i= 1l:length(gridld)

18 y(end) = gridld (i);

19 Rn = R.n + hxRecRuleRecursion(f,y,gridld ,h,d—1);
20 end

21 else

22 a=repmat (x,length (gridld) ,1);

23 Rn =Rn + h % sum( f([a,gridld’]) );

24 end

25 |end

Matlab code 8.17: A Matlab function RecRule(a,b,d,n, f) with input ¢« € R,b €
(a,00), d,n € N, and a function f: [a,0]” - R € £(B ati ] |R)
and output Rf, ,[f].

1 |function RecRuleTest ()

2 % Warning: with the given parameter values

3 % the programs runs for about 30 mins.

4| % parameter

5 a = 0;

6 b = 2;

7f—ax) x(:,1);

8 d_list =1:8;

9 n_list =5:10;

10 % Array for the error

11 err_list = zeros(length(d_list),length(n_list));
12 time _list = zeros(length(d_list),length(n_list));
13

14| for i = 1l:length(d_list)

15 % exact value of the integral

16 int = 0.5%(b—a) ~d_list (i)*(b+ta);

17 for j = l:length(n_list)

18 % computing the error and measure run time
19 tic

20 err_list (i,j) = abs( RecRule(f,a,b,d_list (i),
21 n_ list( )) — int);

22 time_list (i,j) = toc;

23 end

24 end

25

26 format short;

27 f1 = figure;

28 cnames = n_list;

29 rnames = d_list ;

30 t_err = uitable(’Parent’ fl, Data’, err_list ,...
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31 "ColumnName ’ ,cnames , "RowName’ ,rnames , . ..
32 "Position’ [0 210 525 200]);

33| set(t_err,’columnwidth’ {80});

34 t_time = uitable(’Parent’ fl, Data’, time_list ,...

35 "ColumnName ’ ,cnames , . ..

36 "RowName’ ;rnames , *Position’ ,[0 0 525 200]);
37| set(t_time, columnwidth’ {80});

38

39

40 d_list = 9;

41 n_list = 3:8;

42| % Array for the error

43 err_list = zeros(length(d_list),length(n_list));
44 time_list = zeros(length(d_list),length(n_list));
45 % exact value of the integral

46 int = 0.5%(b—a)” d_listx(bta);

47 for j = 1:length(n_list)

48 % computing the error and measure run time
49 tic

50 err_list (j) = abs( RecRule(f,a,b,d_list ,...
51 n_list(j)) — int);

52 time_list (j) = toc;

53 end

54

5} f2 = figure;

56 cnames = n_list;

57 rnames = d_list ;

58 t_err = uitable(’Parent’ {2, Data’, err_list ,...
59 "ColumnName ’ ,cnames , ’RowName’ ,rnames , . ..
60 "Position’ ;[0 60 525 50]);

61 set (t_err , 'columnwidth’ ,{80});
62 t_time = uitable(’Parent’ f2, Data’, time_list ,...

63 "ColumnName ’ ,cnames , "RowName’ ,rnames , . ..
64 "Position’ ;[0 0 525 50]);

65 set (t_time , 'columnwidth’ {80});

66

67 d_list =10;

68 n_list =1:6;

69| % Array for the error

70 err_list = zeros(length(d_list),length(n_list));
71 time_list = zeros(length(d_list),length(n_list));
72 % exact value of the integral

73 int = 0.5%(b—a)” d_listx(bta);

74| for j = l:length(n_list)
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75 % computing the error and measure run time

76 tic

7 err_list (j) = abs( RecRule(f,a,b,d_list ,...

78 n_list(j)) — int);

79 time_list (j) = toc;

80 end

81

82 f3 = figure;

83 cnames = n_list;

84 rnames = d_list;

85 t_err = uitable(’Parent’ f3, ’Data’, err_list ,...

86 "ColumnName ’ ,cnames , 'RowName’ ;rnames , . ..
87 "Position’ ,[0 60 525 50]);

88 set (t_err , "columnwidth’ ,{80});

89 t_time = uitable(’Parent’ 3, 'Data’,time_list ,...
90 "ColumnName ’ ,cnames , 'RowName’ ,rnames , ...
91 "Position’ ,[0 0 525 50]);

92 set (t_time , 'columnwidth’ {80});

93 |end

Matlab code 8.18: A Matlab function RecRuleTest() which outputs error and mea-
sured run time of the Matlab function 8.17 in the case of f =
0,21 5 (x1,...,20) » 21 € R, a=0,b=2, (d,n) € {1,...,8} x
{5,...,10} U {9} x {3,..., 8t U{10} x {1,...,6}.

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 285
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 8. Solutions to the exercises

3 =} 7 8 8 10
1 0.4000 0.2333 0.2857 0.2500 0.2222 0.2000
_2 | 0.8000 0.6667 0.5714 0.5000 0.4444 0.4000
3 | 1.6000 1.3333 1.1429 1 0.B889 0.8000
4 3.2000 2.6667 2.2857 2 1.7778 1.6000
=N 5.4000 5.3333 4.5714 4 3.5558 3.2000
N 12.8000 10,6667 9.1429 8 7.1111 6.4000
_7 25,6000 21,3333 18.2857 1& 14,2222 12,8000
8 | 51.2000 42,6667 36,5714 32 28.4444 25,6000

> =] 7 8 9 10
1 0.0048 3.1600e-04 9.2000e-05 6.6000e-05 5.9000e-05% 6.1000e-05
2 | 0.0011 3.1000e-04 3.0900e-04 3.0900e-04 4.0600e-04 3.7000e-04
_3 | 0.0010 0.0014 0.0023 0.0028 0.0030 0.0035
4 0.0049 0.0083 0.0129 0.0189 0.0269 0.0367
=N 0.0239 0.0477 0.0872 0.1488 0.2334 0.3600
N 0.1184 0.2884 0.6132 1.1990 2.2677 3.7622
7 0.6036 1.8265 4.4078 89.5715 19.3589 36.9045
8 3.0910 10.5998 30.2362 J7.8631 175.8351 362.0270

Figure 8.8: Partial result of a call of the Matlab function 8.18 for (d,n) € {1,...,8} X

{5,...,10}. The upper table presents the approximation errors and the lower
table presents the measured run times in seconds, where d € {1,...,8} is
the row index and where n € {5,...,10} is the column index.
| 3 [ a4 [ s | & | 7 | & |
ﬂ 170.6667 128 102.4000 85,3333 73.1429 G4
| 3 [ a4 [ s | & | 7 | & |
ﬂ 0.2784 2.6465 15.0062 63,2750 215.3077 B21.4268

Figure 8.9: Partial result of a call of the Matlab function 8.18 for (d,n) € {9} x
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| 1 | 2 | 3 | a4 | 5 | 6 |
10 1024 512 341.3333 256 204.8000 170.6667
| 1 [ 2 | 3 | a4 | s | & |
10 | 4.0100e-04 0.0259 0.8239 10,1803 74,1359 380.1321

Figure 8.10: Partial result of a call of the Matlab function 8.18 for (d,n) € {10} x
{1,...,6}. The upper table presents the approximation errors and the lower
table presents the measured run times in seconds, where n € {1,...,6} is
the column index.

8.3.6 Solution to Exercise 2.3.9
Lemma 8.3.6. Let A, B C R? be the sets given by
A= {(z,y) € R*: |z — 25 +¢* <4}, (8.111)

B={(v,y) e R*: 2® + |y — 2|}, < 4}, (8.112)
let f: R? — R be the function with the property that for all z,y € R it holds that
f(x,y) = Lans) (2, ) - \x]g?’, let (Q, F, P) be a probability space, let Y,, Z,: Q@ — R,
n € N, be independent U o 1y-distributed random variables, and let In: Q2 — R, N € N,
be functions with the property that for all N € N it holds that

N

> f2Y,,22,)

n=1

Iy = (8.113)

4
N

Then it holds for all N € N that In is P-unbiased with respect to fo fo x,y) dx dy.

Proof of Lemma 8.3.6. Observe that for all N € N it holds that (2Y,,27,), n €
{1,..., N}, are independent U g 2)2-distributed random variables. This implies that for
all N € N it holds that

N 2 2
4 1
Eplly] = = flay) 3 Brotdndy) = [ [ fa)dedy. (s119)
N (0,2)2 4 0 0
n=1 ’
Hence, we obtam for all N € N that the random variable Iy is P-unbiased with respect
to fo fo x,y) dx dy. The proof of Lemma 8.3.6 is thus completed. O
1 |function Int=MonteCarlo(N)
2 RV— 2 % rand(2 N ;
3 = (RV(1,:).72 + (RV(2,:) — 2 )."2 <=4)...
4 & ( (R ( i) — 2).72 + RV(2,:).72 <=4);
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5 Int
6 |end

= 4/N % sum(RV(1,1).°(2/3));

Matlab code 8.19: A Matlab function MonteCarlo(N) with input N € N and output a

realization of Iy.

1 |function MonteCarloPlot ()
2| rng( ’default’ );

3 Int = zeros( 25, 1);

4| k = zeros( 25, 1);

5/ for j = 2:6

6 for i = 1:5

7 Int( (j—2)%b + i ) MonteCarlo( 107 ]
8 k( (j—2)«5 + 1 ) =
9 end

10 end

11 plot (k,Int, ’x )

12 |end

);

Matlab code 8.20: A Matlab function MonteCarloPlot() which plots for every k €
{2,3,4,5,6} five realizations of I, each marked by a blue star, in

a coordinate plane.

8.3.7 Solution to Exercise 2.3.10

function I = intMC(a,b,d,f ,N)
RV = (b—a) % rand(N,d) + a;

I = (b—-a)"d/N % sum( f(RV) );
end

=W N =

Matlab code 8.21: A Matlab function intMC(a,b,d, f, N) for a Monte Carlo estimator
of the integral f[a b f(z) dz with N i.i.d. samples of U, ya-distributed

random vectors.

1 |function intMCTest ()

2 a = 0;

3 b = 2;

4 f =Q(x) x(:,1);

5 d_list = 3:2:7;

6 N_list = [5."7d_list , 10."d_list ];
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2.8
2.7+ .
*
26 b
25 b
2.4+ .
*
231 b
ES i
ES
2.2t * $ ¥ *
*
*
21F B
*
2 | | | | | | |
2 25 3 3.5 4 4.5 5 55 6
Figure 8.11: Result of a call of the Matlab function 8.20.
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7| % Array for the error

8 err_list = zeros(length(d_list),length(N_list));
9 time_list = zeros(length(d_list),length(N_list));
10
11 for i = 1:length(d_list)

12 % exact value of the integral

13 int = 0.5%(b—a)"~d_list (i)*(bta);

14 for j = 1:length(N_list)

15 % computing the error and measure run time
16 tic

17 err_list(i,j) = abs( intMC(a,b,d_list (i),f,...
18 N_list (j)) — int);

19 time_list (i,j) = toc;

20 end

21 end

22

23 format short;

24 f1 = figure;

25 cnames = N _list;

26 rnames = d_list;

27 t_err = uitable(’Parent’ fl1, Data’ err_list ,...

28 "ColumnName ’ ,cnames , "RowName’ ,rnames , . ..
29 "Position’ ;[0 100 525 90]);

30 set (t_err , ’columnwidth’ {80});
31 t_time = uitable( ’Parent’ {1, Data’, time_list ,...

32 "ColumnName ’ ,cnames , . . .

33 "RowName’ ,rnames , *Position’ ,[0 0 525 90]);
34| set(t_time, columnwidth’ {80});

35

36

37 |end

Matlab code 8.22: A Matlab function intMCTest () which outputs error and measured

run time of the Matlab function 8.21 with a =0, b=2, f = [0,2]* 3
(21,...,20) > 71 € R, (d, N) € {3,5,7} x {5%,5%,57,10%,10°, 107}.
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125 3125 | 78125 | 1000 | 100000 le+07
3 0.1125 0.1566 0.0052 02178 0.0170 5.4451e-04
5 | 0.6627 0.4222 0.1144 0.8768 0.1409 0.0076
7 0.7740 1.3507 0.2025 15960 0.0563 0.0278

125 3125 78125 1000 100000 1e+07
3 | 1.5800e-04 2,6000e-04 0.0041 1.1400e-04 0.0055 0.4554
5 | 1.1300e-04 1.9000e-04 0.0055 1.1700e-04 0.0070 0.6901
7 | 1.1400e-04 2.8600e-04 0.0076 1.3900e-04 0.0097 0.9409

Figure 8.12: Result of a call of the Matlab function 8.22. The upper table presents the
approximation errors and the lower table presents the measured run times
in seconds, where the dimension d € {3,5, 7} is the row index and where the
number of used samples N € {52,5%, 57,103,105, 107} is the column index.

8.3.8 Solution to Exercise 2.4.10

Lemma 8.3.7. Let (2, F, P) be a probability space, let f € M(B(R), B(R)) be a globally
bounded function, and let U, € M(F,B(R)), n € N, be independent U _1 1-distributed
random variables. Then

(EP

Proof of Lemma 8.3.7. The assumption that f is globally bounded ensures that for all
n € N it holds that foU, € L2(P;|-|g). Theorem 2.4.8 hence implies that for all n € N
it holds that

<EP

This proves that for all n € N it holds that

FU) + ...+ f(Usono) !
500 5000 _/1 f(z)dw

27\ /2
R

2

fU) 4+ ...+ f(U)

IEP [f(Ulﬂ - \/ﬁ :

R

12
> _ VVarp(f(Th)) (8.116)

2

N AR (AR R OL _ WNVarp(f(00)
r n 2 B NG

R (8.117)

VERIFOR] ~ EAFO] _ VEIAOE] _ sup,en £(a)lg

B Vn B vn - vn '

Hence, we obtain that for all n € N it holds that
27\ /2
PO+ O [ 2wp,en f@l] g
(EP B IREL RD <= - &
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This and the fact that v/5000 > /3600 = 60 = 2 - 30 show that

<EP

The proof of Lemma 8.3.7 is thus completed. O]

f(U) + ...+ f(Usooo) !
s 5000) /_lf(x> dr

N swpaen 7@l _ 59paen |72
R —[V5B000/2] T 30 ‘
(8.119)

8.4 Chapter 3

8.4.1 Solution to Exercise 3.1.9

Lemma 8.4.1. Let Q, F be the sets given by Q = {1,2} and F = {0,{1,2}}. Then it
holds that (2, F) is a measurable space and it holds that

{(w,w) € weQ}={(1,1),(2,2)} ¢ {0,QxQ} =F F. (8.120)

Proof of Lemma 8.4.1. Clearly, it holds that (2, F) is a measurable space. Moreover,
observe that

FOF =00a({AXx BEPQx0): A, BeF}) =o00xa({QxQ})

= {0, x 0} = {(Z), {(1,1),(1,2),(2.1), (2,2)}} 4 {(1,1),(2,2)). (8.121)

The proof of Lemma 8.4.1 is thus completed. O

8.4.2 Solution to Exercise 3.1.10

Lemma 8.4.2. Let Q,F,S,S be the sets given by Q = S = {1,2} and F = S =
{0,{1,2}} and let X,Y: Q — S be the functions with the property that for all w € € it
holds that

X(w)=w and Y(w)=1 (8.122)

Then
(1) it holds that (Q, F) and (S,S) are measurable spaces,
(i1) it holds that X andY are F /S-measurable functions, and

(#i) it holds that
{fwe: X(w)=Y(w)} ¢ F. (8.123)
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Proof of Lemma 8.4.2. Clearly, it holds that (€2, F) and (S,S) are measurable spaces.
Moreover, note that

X ') =Y'P)=0cF and X' (S)=YHS)=0QecF. (8.124)

It thus holds that X and Y are F/S-measurable functions. Furthemore, observe that

we: X(w) =Y(w)={1}¢ {(7), {1, 2}} - F. (8.125)

The proof of Lemma 8.4.2 is thus completed. n

8.4.3 Solution to Exercise 3.2.23

Lemma 8.4.3 (Product measurable random fields). Let (I,Z), (2, F), and (S,S) be
measurable spaces, let X: 1 x Q — S be an (Z @ F)/S-measurable function, and let
w € Q. Then it holds that I 2 i+ X(i,w) € S is Z/S-measurable.

Proof of Lemma 8.4.3. First of all, let R: I — (I x ) be the function with the property
that for all ¢ € I it holds that
R(i) = (i,w). (8.126)

Next note that for all A € Z, B € F it holds that

A B
RYAxB)={iel:Rl)e AxB}={icl: (iw)eAx B} = wer
0 :wé¢B
(8.127)
This and the fact that
I®F:U[XQ<{AXB:AEI7BEF}) (8128)

prove that R is Z/(Z ® F)-measurable. The assumption that X is (Z® F)/S-measurable
hence ensures that

XoR=[I3i— (XoR)(i)=X(R(i) = X(i,w) € 5] (8.129)

is Z/S-measurable. The proof of Lemma 8.4.3 is thus completed. O

8.4.4 Solution to Exercise 3.3.9

1 |function E.N = MonteCarloGBM (T, alpha ,beta,x0,f N)

2| WIT = sqrt(T) x randn(1,N);

3| X.T = exp( alphaxT + betaxW.T ) x x0;

4| EN = 1/N % sum( {(X.T) );

5 |end
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L 1

Matlab code 8.23: A Matlab function MonteCarloGBM(T ,«,5,xq, f, N) with input T" €
(0,00), a, 8 € R, g € (0,00), f € LY X7 (P)sw); ||g), N € N and
output a Monte Carlo approximation of E[ f (XT)] based on N € N
samples; see Exercise 3.3.9.

T=1;

beta = 1/10;

alpha = log(1.06) — beta”2/2;

f = @(x) subplus( x — 100 );

x0 = 92;

N = 10" 4;

MonteCarloGBM (T, alpha , beta,x0,f N)

ans =

—_ O © 00 O Ui W N -

—_ =

2.7708

Matlab code 8.24: A script in the Matlab console to test the Matlab function 8.23 in
thecaseTzl,B:%,a:ln(l.OG)—%Q,xO:QQ,f:]RBxl—>
[z —100]" € R, N = 10%,

8.4.5 Solution to Exercise 3.3.10

1 |function BM = BrownianMotion (T,m,N)
2| BM = cumsum( [ zeros(m,1), randn(m,N) |xsqrt(T/N), 2 );
3 |end

Matlab code 8.25: A Matlab function BrownianMotion(7,m,N) with input
T € (0,00), m,N € N and output a realization of an
(W(), W%, W%, o Wwoyr, WT) (P)B(Rmx<N+1))—distributed ran-

N

dom variable; see Exercise 3.3.10.

function BrownianMotion2DPlot ()

rng ('default ’);

T=1; N= 1000

BM = BrownianMotion (T,2 ,N);

InterpolatedBMx = @(t) (floor (t«N/T) + 1 — t«N/T).x*...
BM(1,floor (t«N/T)+1) + (t«N/T — floor (t«N/T)).x*...
BM(1,ceil (t«N/T)+1);

InterpolatedBMy = @Q(t) (floor (t«N/T) 4+ 1 — t«N/T).x...

O 1 O UL Wi
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9 BM(2, floor (t«N/T)+1) + (t«N/T — floor (t«N/T)).x*...
10 BM(2, ceil (t«N/T)+1);

11 tgrid = [0:T/(1e3xN):T];

12 clf

13 hold on

14 plot3 (InterpolatedBMx (0),0,InterpolatedBMy (0), 'rx*’);
15 plot3 (InterpolatedBMx (T),T, InterpolatedBMy (T), "rx*’);
16| plot3(InterpolatedBMx (tgrid),tgrid ,...

17 InterpolatedBMy (tgrid ));

18 xlabel('x’); ylabel(’'t’); zlabel(’y’);

19 grid on; daspect([1 1 1]); view(—30,15);

20 hold off

21 |end

Matlab code 8.26: A Matlab function BrownianMotion2DPlot () which uses the Matlab
function 8.25 to plot in the case T' = 1, m = 2 one realization
of an (TW100)(P) 5(r2)-distributed random variable in a three-

dimensional coordinate system; see Exercise 3.3.10.

®telo,1

8.4.6 Solution to Exercise 3.3.11

Lemma 8.4.4 (Geometric Brownian motion revisited). Let T, xo, 5 € (0,00), a € R,
let (2, F, P) be a probability space, let W: [0,T] x Q@ — R be a standard Brownian
motion, let X: [0,T] x Q@ — R be the function which satisfies for all t € [0,T] that
X, = et W) g0 and let ®: R — R be the function which satisfies for all y € R that
O(y) = ff’oo \/%7 e=3%" dx. Then for all K € R 1t holds that

E[max{X; — K,0}]
{e(a+§62)T z0 — K K <0 (8.130)

el BT gy (LB 4 g VT) - Ko(“D0R) K >0

- OBVT CBVT

Proof of Lemma 8.4.4. Observe that In(xo) + T + fWr is an Niy(y,)+ar,g2r-distributed
random variable and note that

max{Xr — K,0} = max{eln(m(ﬁjLaTJrﬁWT - K,0}. (8.131)
This and Lemma 4.7.2 complete the proof of Lemma 8.4.4. O]
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Figure 8.13: Result of a call of the Matlab function 8.26. The two red stars mark the
starting point and the end point of the plotted sample path.
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1 T=1;

2| beta = 1/10;

3 alpha = log(1.06) — beta"2/2;

4 = 100;

5) x0 = 92;

6

7| Z1 = ( alphaxT + log(x0/K) )/beta/sqrt(T);
8| Z2 = Z1 + betaxsqrt(T);

9

10 price = exp( (alpha + beta”2/2)«T ) % x0 x
11 1/2 % ( erf( Z2/sqrt(2) ) + 1 ) — K =
12 1/2 = ( erf( Zl1/sqrt(2) ) + 1)

13

14 | price =

15

16 2.8217

Matlab code 8.27: A Matlab script in the Matlab console to price the European call
option according to the Black—Scholes model with the parameters
specified in Exercise 3.3.11.

8.4.7 Solution to Exercise 3.3.15

Lemma 8.4.5 (Quadratic variation of Brownian motion). Let T' € (0,00), N € N, 0 =
to <ty <---<ty=T, let (Q,F,P) be a probability space, and let W: [0,T] x 2 = R
be a standard Brownian motion. Then

1/2

<V2T max  |tpy1 — ta|| - (8.132)
ne{0,1,...,N—1}
L2(Ps]|g)

N-—1 )
T- Z (th+1 - th)
n=0

Proof of Lemma 8.4.5. Observe that Corollary 2.4.7 and the fact that T =
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SN (tiq — t,) prove that

n=0
N-1 2
T-3 (We =W,
n=0 L2(P;||R)
N-1 2
=Ep Z [(th+1 th)Q (tns1 — tn)]
n=0 R (8.133)
N-1
:Varp< [(thﬂ —th)Q — (tns1 —t,ﬁ})
N-1 =
= Varp<(th+1 th)2 (tn+1 - tn))
n=0

N—-1 ) N-1 ) 9
T3 (Wi, — W) — 3 Ep U Wy = Wi)* = (bnsr — t) R}
n=0 52(P§H]R) =0
N-1

=3 (Bp [ (Worrs = W)"] = 20 [(War = W) (bnsr = 1) + (tas — 8))

n=0
N-1 12 N-1
= (3 ‘EP [(th+1 - th) ] ’ - (tn—H - tn)2> =2 (tn+1 - tn)2
n=0 n=0
<2T — .
<or| et =tk
(8.134)
The proof of Lemma 8.4.5 is thus completed. O

8.4.8 Solution to Exercise 3.4.7

Lemma 8.4.6. Let (E,p) be a metric space, let ¢ € (0,00), and let p: E x E — [0,00)
be the function with the property that for all x,y € E it holds that

o(z,y) = min{e, p(z, y)}. (8.135)
Then ¢ is a globally bounded metric on E.
Proof of Lemma 8.4.6. First, we observe that for all z,y € E' it holds that

o(z,y) <c (8.136)
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Therefore, it holds that p is a globally bounded function. It thus remains to prove that
0 is a metric on E. Note that for all x,y € E it holds that

o(z,y) = min{c, p(z,y)} = min{c, p(y, )} = o(y, ). (8.137)
This shows that o is symmetric. Moreover, we note that for all x,y € E it holds that
o(z,y) = 0« p(z,y) = 0. (8.138)

The positive definiteness of the metric p thus shows that g is positive definite. In

addition, we observe that the fact that the metric p satisfies the triangle inequality

shows that for all z,y,z € F with ((p(z,y) < ¢) and (p(y, z) < ¢)) it holds that
o(x,z) = min{c, p(x, 2)} < min{c, p(z,y) + p(y, 2)} < p(x,y) + p(y, 2)

: . (8.139)

— min{e, plz, y)} + min{e, p(y, 2)}.

Similarly, we note that for all z,y,z € E with ((p(z,y) > ¢) or (p(y,2) > ¢)) it holds
that

o(z,z) = min{c, p(x, 2)} < ¢ < min{e, p(z,y)} + min{c, p(y, 2)}. (8.140)

Combining (8.139) and (8.140) proves that for all z,y, z € F it holds that

o(z, 2) < oz, y) + oy, 2). (8.141)
This proves that p satisfies the triangle inequality. The proof of Lemma 8.4.6 is thus
completed. O

Lemma 8.4.7. Let d € N, p € [1,00), let (0, F, P) be a probability space, let p: R? x
RY — [0,00) be a globally bounded B(R® x RY)/B([0,00))-measurable metric, and let
0: LO(P; || - [|ge) X LY%(P; || - |ge) = [0,00) be the function with the property that for all
X,Y € L°(P; || - ||ga) it holds that

o(X,Y) = 100X, Y)lis(p 1y = (I, V)PP (5.142)
Then o is a metric on LY(P; || - ||ga)-

Proof of Lemma 8.4.7. First, we note that the symmetry of g follows immediately from
the symmetry of p. Next we observe that for all X, Y € LY(P;|| - |ge) with o(X,Y) =
lp(X,Y)||Le(py- ) = 01it holds P-a.s. that p(X,Y’) = 0. Combining this with the positive
definiteness of the metric p proves the positive definiteness of p. Finally, we observe that
for all X,Y,Z € L°(P;|| - ||ga) it holds that

o(X, Z) = lp(X, D)o pim) < lp(XY) + p(Y, Z) || Lo )

(8.143)
< (X, V)l zepiim) + 1Y Z) || Lopym) = o(X,Y) + 0(Y, Z).

This shows that g satisfies the triangle inequality and therefore is a metric on L°(P; || -
|lre). The proof of Lemma 8.4.7 is thus completed. ]
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Proposition 8.4.8 (Metrization of convergence in probability). Let d € N, p € [1, 00),
c € (0,00), let (2, F, P) be a probability space, and let p: L°(P; ||+ ||ga) X L°(P; || - ||ga) —
[0,00) be the function with the property that for all X,Y € L°(P; || - ||rae) it holds that

. . 1
p(X,Y) = [ minfe, | X — ¥ i} llmrippin = (E[min{e, | X —YI2)])'7. (8.144)

Then (LO(P; || - ||a), p) is a metric space.

Proof of Proposition 8.4.8. Combining Lemma 8.4.6 and Lemma 8.4.7 completes the
proof of Proposition 8.4.8. O

Proposition 8.4.9 (Metrization of convergence in probability). Let d € N, p € [1, 00),
c € (0,00), let (2, F, P) be a probability space, and let p: L°(P; ||+ ||ga) X L°(P; ||+ ||ga) —
[0,00) be the function with the property that for all X,Y € LO(P;|| - ||ra) it holds that

. . 1
p(X,Y) = [ minfe, | X — ¥ g} e = (E[min{e, | X ~YI2)])'7. (8.145)

Then for all X,, € L°(P; || - ||rae), n € No, it holds that limsup,, .. p(X,, Xo) = 0 if and
only if Ve € (0,00): limsup,_,. P(|| X, — Xo|lge > €) = 0.

Proof of Proposition 8.4.9. Observe that the Markov inequality proves the for all € €
(0,00), X, Y € LY(P;|| - ||ge) it holds that

P(|X = Y|ge > €) < P(min{c®, | X — Y|2,} > min{c”, ¢"})
<EmewX—W@H_‘m&w

- min{c?, er}

P (8.146)

~ |min{c, e}

This proves that for all X,, € L%(P;|| - ||ge), » € No, with limsup,,_, . p(X,, Xo) = 0
it holds that Ve € (0,00): limsup,_,. P(||X, — Xollge > €) = 0. Next we note
that for all €, € (0,00) and for all X,, € L%P;| - ||re), n € Ny, with Ve €
(0,00): limsup,_,., P([|Xn — Xo|lge > €) = 0 there exists an Ny € N such that for
all n € {Ny, No+ 1,...} it holds that

P(|| X5 — Xo|lge =€) < 6. (8.147)

This ensures that for all ¢ € (0,00) and all X,, € LO(P;|| - ||ge), n € Ny, with Ve €
(0,00): limsup,_,o P(||[ X, — Xo|lge > €) = 0 there exists an Ny € N such that for all
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n € {Ny, No + 1,...} it holds that P(HX — Xol|lge > 21/p) < 55 and

p(X, Xo) = [E[min{e?, | X, — Xo|[2..}]|""

— | B [min{e?, X — Xl g1, Yol 23]
b 1/p
+ B [min{e?, | X, = Xoll% 1, ulas 25 |
1/p
< |- P(| Xy — Xollre > 555) + min{c?, S} - P([| Xy — Xollre < 55%)
P P 1/p
<|S+5| =e
(8.148)
The proof of Proposition 8.4.9 is now completed. O

8.4.9 Solution to Exercise 3.4.8

Lemma 8.4.10. Let d,m € N, T € (0,00), p € [1,00), let (Q,F,P,(Fi)co,n)
be a stochastic basis, let p: L*(Apr;; R™™) x L2(Agr; R>™) — [0,00) be a glob-
ally bounded Pred((Ft)ico,r)) @ Pred((Fi)icpm)/B([0, 00))-measurable metric, and let
0 L'(PF)comi | - Iraxm) X LOAPF) oz || - Iraxm) — [0,00) be the function with the
property that for all X,Y € L°(P o) - lgaxm) it holds that

Ft)telo, 1]

o(X,Y) = p(X,Y) = (E[lp(X, V)" (8.149)

HLP(P(;t)te[O,T]ﬂ'\R)
Then ¢ is a metric on L(P(r,),c 0103 || - Iraxm).

Proof of Lemma 8.4.10. The proof of Lemma 8.4.7 can be copied line by line with
L(P; || - [|e) replaced by LY(P(£),ci0.00; | - [Iraxm). The proof of Lemma 8.4.10 is thus
completed. O

Proposition 8.4.11 (Metrization of convergence in probability). Let d,m € N, T €
(0,00), p € [1,00), c € (0,00), let (2, F, P, (Fi)icor]) be a stochastic basis, and let

T 2
d.: {X € L(Piyeim: | lasn): PU X ds < 00) = 1} [0, 00), (8.150)

be the function with the property that for all X,Y € dom(d,.) it holds that

dye(X,Y) = \/mn{ /THX YR ds } SN CREH

Lr(Ps|-|r)

Then (L°(P, Ve | IRaxm), dy.c) is a metric space.
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Proof of Proposition 8.4.11. Note that for all a € [0,00) it holds that y/min{c,a} =
2

min{/c, /a}. Combining the fact that the function p: (LQ()\[O,T];IRdme — [0, 00)

with the property that for all f, g € Lz(/\[OVT]; R4*™) it holds that

o(f.9) \/ / 1£(5) — 9(3)|Boarn ds (8.152)

is a metric, Lemma 8.4.7, and Lemma 8.4.10 completes the proof of Proposition 8.4.11.
O

Proposition 8.4.12 (Metrization of convergence in probability). Let d,m € N, T €
(0,00), p € [1,00), c € (0,00), let (0, F, P, (Ft)icpo,r)) be a stochastic basis, and let

T 2
dP:C: {X € LO(P(}-t teOT]? || ||]Rdxm): P(({ ||XS||§{d><m ds < OO) = 1} — [0,00), (8153)

be the function with the property that for all X,Y € dom(d, ) it holds that

dpo(X,Y) \/mln HX Y, || axm ds } : (8.154)

Lr(P;||r)

Then for all X, € LYPFE)epmsll - lrom), n € Ny, it holds that

limsup,,_,o dpe(Xn, Xo) = 0 if and only if Ve € (0,00): limsupn_)ooP(fOTHXn

Proof of Proposition 8.4.12. The proof of Proposition 8.4.9 can be copied line by line
with the the usual metric on R? replaced by the metric defined in (8.152). Thus the
proof of Proposition 8.4.12 is completed. O]

8.4.10 Solution to Exercise 3.4.20

See, e.g., Lemma 4.4.25 in [Jentzen(2014)] for the statement and the proof of the follow-
ing lemma.

Lemma 8.4.13. Let T € [0,00), t € [0,T], let (U, F, P, (F)sco,r)) be a stochastic basis,
let (S,8) be a measurable space, let X: Q — S be an F /S-measurable function, let
Y:Q— S be an F,/S-measurable function, and let A € F satisfy P(A) =1 and

AC{weQ: X(w) =Y W)} (8.155)

Then it holds that X is an JF;/S-measurable function.
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Proof of Lemma 8.4.13. First, note that for all w € A it holds that X (w) = Y (w). Next
observe that for all B € S it holds that
X NB)=[X"'(B)nA] U [X (B)\4]
—{weA Xw)eB}U[X Y(B)\A4]
—{weA Yw)eB}U[X "(B)\4]
B nA) U X B)).

(8.156)

Moreover, observe that the assumption that (—Fs)se[O,T] is a normal filtration together
with the fact that P(A) = 1 implies that

A A € FoCF CF. (8.157)

This and the assumption that Y is F;/S-measurable prove that for all B € S it holds
that
Y Y (B)NA€F. (8.158)

Furthemore, note that the monotonicity of the probability measure P ensures that for
all B € S it holds that P(X~*(B)\A) = 0. The assumption that (F;)secp,r is normal
hence shows that for all B € § it holds that

“UB\A € F,. (8.159)

Combining (8.156) with (8.158) and (8.159) proves that for all B € S it holds that
XY B) € F;. The proof of Lemma 8.4.13 is thus completed. [

8.4.11 Solution to Exercise 3.4.22

Lemma 8.4.14. Let T € (0,00), d,m € N, let (2, F, P, (F;)ico,1)) be a stochastic basis,
let W:[0,T] x Q — R™ be an m-dimensional standard (Q, F, P, (F;)icpo,n)-Brownian
motion, let a,b,c,d € [0,T] witha < b < c <d, and let X,Y:[0,T] x Q — R¥™ be
(}"t)teoT]/B(]Rdxm) -predictable functions with X,Y € C([0,T), L*(P;||-||gaxm))- Then
f EP[HX ||HS R™,R4) + ||Ys ||HS R Rd) } ds < oo and

b d
IEPK/ XSdWS,/ YSdWS> ]:o. (8.160)
a c Rd

Proof of Lemma 8.4.14. Throughout this proof let Z, R: [0, T] x Q — R%™ be stochas-
tic processes which satisfy for all ¢ € [0, 7] that

= ]]-(a,b] (t) - X+ ﬂ(qd] (t) -Y; (8.161)
and

Ry =Tp(t) - Xo — Lieq(t) - Vi (8.162)
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Then note that Item (iv) in Theorem 3.4.21, the fact that ||| gaxm and H'”Hs(]Rm’]Rd) are
equivalent norms on R¥™, and the assumption that X, Y € C([0,T], L*(P; ||| gaxm))

b
imply that f IEP[HAX HHS R™,R9) + HYHHS R™ R4) ] ds < oo, fa EP[||ZS||12{S(Rm,Rd) +
| Rs HHS R Rd)} ds < oo, and

b
Ep [< XdWS,/YdW> }
a R4
b d
/XSdWS+/ /Xdes_/
S 9 2
[ z.aw. /)
a R4
d_
/ EP|:||ZSH?-IS(R"‘,RCZ) / ||R ||HS(R"‘ ]Rd)i| dS)

b
/ Ep |:HX8H12{S(IR’",IR‘1) / HY HHS R Rd)] ds

B /abEp[HX g | ds — /Cd e Y||HSRW)}C;):0,

_EP

)

d

—Ep R dWs

R4

(8.163)

The proof of Lemma 8.4.14 is thus completed. [

Lemma 8.4.15. Let T € (0,00), d,;m € N, let (Q, F, P, (Fi)wcio,r) be a stochastic
basis, let W: [0,T] x @ — R™ be an m-dimensional standard (2, F, P, (Fi)icpm)-
Brownian motion, let a € [0,T], b € [a,T], and let X: [0,T] x Q — R™™ be
an (Fi)iep,r/BR>™)-predictable function with X € C([0,T], L*(P;||*||gaxm))- Then

b
fa EP[HXSH%—IS(RMJRCI)} < oo and
b
/ XsdWy — ZX( ) a))( ot (ED0—) —WG+M> —0.

L2(P3) llpa)
(8.164)

lim sup
n—o0

Proof of Lemma 8.4.15. Lemma 8.4.14 proves for all n € N  that
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JPEp [IX, 2 mm )] < 00 and

2

b
/ X, dW, — [ZX k(b a) < +(k+1)(b a) — Wa+k(b—a)>]

L2(Pi-lga)

aq (D (b=a) 2

n—1
kzg /a‘+k(b‘l) (XS o X(a+@)> dWS

L2(P3|-lga)
2

(8.165)

n1 || oy GFDCG=0)
—Ep |} " <X X >dW
= L&p K(ba) s (a+@) s
k=0 a+ n Rd
=1 || o G- 2
E: / (XS—X k(ba>dW
k(b ) (a+
=0 L2(P;|ll ga)

Item (iv) in Theorem 3.4.21 and the fact that ||-[|gaxm and ||-||gggm ey are equivalent
norms on R**™ hence prove for all n € N that

b
/ X, dW, — [ZX Ko=) ( IRCEENCEN Wa+k(ba))]

e 8.166
-y / 1, = X s [ s (8.166)

k(b a) P7H'||HS(Rm7Rd))

2

L2(Ps ||l ga)

HanS(Rm’]Rd)
Izl gaxm

2
< (b — (Z) [wx(b )]Zsupwewm\{o} |: :| < 0.

The fact that X € C([0,T], L*(P; ||-||gaxm)) and the compactness of the interval [0, 7]

imply that the function [0,7] 3 ¢ — X; € L*(P;||:||gaxm) is uniformly continuous.
Combining this with (8.166) and Lemma 8.3.1 completes the proof of Lemma 8.4.15. [

8.5 Chapter 5

8.5.1 Solution to Exercise 5.2.4

Lemma 8.5.1. Let (FE,dg) and (F,dg) be metric spaces, let v € E, w € F, ¢ € [0,00),
and let f: E— F be a function which satisfies for all x € E that

dr(w, f(z)) < c(1+dp(v,z))". (8.167)

Then f grows at most polynomially from (E,dg) to (F,dp).
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Proof of Lemma 8.5.1. Observe that (8.167) and the triangle inequality ensure that for
all v,x € E, w € F it holds that

dp(w, f(z)) < dp(0,w) +dp(w, f(z))

< dp(@,w) + ¢ (1 +dg(v,z))°

< dp(W,w) + ¢ (1 + dg(v,0) + dp(?,2))°

(dp(w,w) + ) [L+ (1 + dp(v, ) + dp(?,z))°] (8.168)
(drp(@,w) +¢) (1+dp(v,0)" [1+ (1 +dp(d,2))°]

2 (dp(w,w) + ¢) (1+dg(v, )" (1+ dp(0, )"

[2 (dp(w,w) +¢) (1 + dg(v, 6))6} (1+ dp(@, 7)) [2(dr (@) +¢) (1+dp(0.0))] |

VAN VAN VAN

IN

The proof of Lemma 8.5.1 is thus completed. n

Proposition 8.5.2. Let (E,dg) and (F,dr) be metric spaces with E # (). Then for all
functions f: E — F it holds that f grows at most polynomially from (E,dg) to (F,dr)
if and only if there exist v € E, w € F such that

[ dr(w, f(z))

T ar] < (8.169)

lim sup sup
c—oo  x€EE

Proof of Proposition 8.5.2. Throughout this proof let f: E — I be an at most polyno-
mially growing function and let g € M(FE, F'), v € E, w € F satisfy that

dp(w, g(x))

Observe that (8.170) implies that there exist real numbers K, ¢ € [0, 00) such that for
all x € F it holds that

dp(@,g(x)) < K (14 dg(0,2))° < max{K, &} (1 + dg(0,z))

< o0. (8.170)

lim sup sup {

c—oo x€FE

max{K,c}

(8.171)

Lemma 8.5.1 hence shows that g grows at most polynomially from (E,dg) to (F,dp).
It thus remains to prove that there exist v € E/, w € F' such that

{ dr(w, f(x))
1+dg(v, )|

The assumption that f is polynomially growing ensures that for all v € E, w € F there
exists a real number ¢ € [0, c0) such that

|: dF (U), f(l’))

sup | ——————=—
z€E [1+dE(U,IL’)]C
Combining this with the fact that for all v,z € E, w € F it holds that the function

—[1+dE(v,x)]T} € [0,00) (8.174)

is non-increasing implies (8.172). The proof of Proposition 8.5.2 is thus completed. [

lim sup sup < 0. (8.172)

c—oo x€EFE

< o0. (8.173)

(0,00)97“»—>{

WORK IN PROGRESS. COPYRIGHT (C) WITH THE AUTHORS. 306
DISSEMINATION PROHIBITED. DECEMBER 15, 2018



Chapter 8. Solutions to the exercises

8.5.2 Solution to Exercise 5.2.7

Lemma 8.5.3. Let k,l € N and let f: R¥ — R! be a continuously differentiable function
with at most polynomially growing derivative. Then f grows at most polynomially.

Proof of Lemma 8.5.3. Observe that the fundamental theorem of calculus ensures that
for all -, € R* it holds that

f(9) — fla) = / fatry—o)(y—z)dr (8.175)

The assumption that f’ grows at most polynomially hence implies that there exists a
real number ¢ € [0, 00) such that for all z € R” it holds that

1@ lae < 1) — FO) s + 170)
< / 1/ () e dr+ 1 £(0)

1
< / 1) ez 1 dr + [L£0)
0
1

) (8.176)
S/O ¢ (L4 l|ollgx)” [|2llgs dr + [ £(0)||g:

< e (14 lallne ) lelize + 11 O) e
< (e + £ 0)]|m) (1 + [l]fge)
< (e NFO)me + 1) (1 + [afe) O,

This and Lemma 8.5.1 imply that f grows at most polynomially. The proof of
Lemma 8.5.3 is thus completed. O

Proposition 8.5.4. Let k,l,v € N and let f: R¥ — R! be a v-times continuously
differentiable function with at most polynomially growing derivatives. Then it holds for
allw e {0,1,...,v} that F®) grows at most polynomially.

Proof of Proposition 8.5.4. The proof of Proposition 8.5.4 in the case v = 1 fol-
lows directly from Lemma 8.5.3. Therefore, assume without loss of generality that
v € {2,3,...}. Next we show by induction that for all j € {1,2,...,v} it holds that
9 grows at most polynomially. It is clear that f*) grows at most polynomially. Let
w € {1,...,v—1} satisfy that f (w+1) orows at most polynomially. Note that the function

RF 5 . — f(z) € LW(R* R (8.177)

is continuously differentiable with at most polynomially growing derivative. This, the
fact that L) (R* R!) = R*! and Lemma 8.5.3 show that f(*) grows at most poly-
nomially. Induction implies that for all 7 € {1,...,v} it holds that fU) grows at most
polynomially. In addition, Lemma 8.5.3 proves that f grows at most polynomially. The
proof of Proposition 8.5.4 is thus completed. O
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8.5.3 Solution to Exercise 5.3.3

1 |function Y = EulerMaruyama (T,d,m,N,xi ,mu,sigma)

2 h = T/N;

3 sqrth = sqrt(h);

4 Y = xi;

) for i=1:N

6 Y =Y 4+ mu(Y)xh + sigma(Y)*sqrth*randn(m,1);
7 end

8 |end

Matlab code 8.28: A Matlab function EulerMaruyama(7,d,m,N,{,u,0) with input
T € (0,0), dym,N € N, £ € RY pu € M(B(R?),B(RY),
o € M(B(R%), B(R™™)) and output a realization of an Yy (P)pga)-
distributed random variable.

8.5.4 Solution to Exercise 5.3.4

1 [function E = MonteCarloEulerGBM (T, alpha , beta, xi ,K,N,M)
2 Y = xi;

3 h = T/N;

4 sqrth = sqrt(h);

) for i=1:N

6 Y =Y + alphaxYxh + betaxY.xrandn(M,1)*sqrth;

7 end

8| E =sum(max( Y — K,0 ))/M;

9 |end

Matlab code 8.29: A Matlab function MonteCarloEulerGBM(T ,«,3,¢, K, N, M) with
input T,a, 5,&, K € (0,00), N,M € N and output a realization of
an (57 224:1 max{Y¥ — K,0})(P)pw)-distributed random variable.

MonteCarloEulerGBM (1 ,log (1.06) —1/200,1/10,92,100,100,10000)

ans =

Uk~ W N+~

2.6618

Matlab code 8.30: Result of the Matlab function 8.29 with specified values in the Matlab
console.
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8.5.5 Solution to Exercise 5.5.6

Lemma 8.5.5. Let L € R. Then for all p € C*(R,R) it holds that sup,cg i (z) < L if
and only if Va,y € R: (z —y) - (u(z) — p(y)) < L(z—y)*.

Proof of Lemma 5.5.6. Throughout this proof let 1,7 € C1(R, R) satisfy for all z,y € R

that sup,cg ¢//(t) < L and (z —y) - (n(z) —n(y)) < L(x —y)*. Observe that for all
x € R,y € [x,00) it holds that

Yy Yy
(o)~ uly) == [ Ot =~ [ supcn (s dt = o = p)supcn (0. ($17)
Next note that for all x € R,y € (—o0, z] it holds that
(o) =) = [ 1Ot < [ supeni(s)dt = (@~ y)supen w0 (8.179)
Yy Yy

Combining (8.178) and (8.179) implies that for all z,y € R it holds that

(z —y)(u(x) — ply)) < (x—y)?* sup,eg 1/ (1). (8.180)

This shows for all z,y € R that (z —y) - (u(z) — pu(y)) < L(z — y)?. Furthermore, for
all z,y € R with  # y it holds that %:Z(y) < L. Therefore, for all z € R it holds

that '(x) = lim,_,, %Z(y) < L. Hence, it holds that sup,.g 7' (z) < L. The proof of
Lemma 5.5.6 is thus completed. O

8.5.6 Solution to Exercise 5.5.9

1 |function Y = IncrementTamed (T,d,m,N, xi ,mu, sigma )
2 h = T/N;

3 sqrth = sqrt(h);

4 = Xi;

5 for i=1:N

6 Z = mu(Y)xh + sigma(Y)xsqrthxrandn(m,1);

7 Y =Y + Z/max([1 ,h*norm(Z)]);

8 end

9 |end

Matlab code 8.31: A Matlab function IncrementTamed (7 ,d,m,N,&,u,0) with in-
put T € (0,00), d,m,N € N, ¢ € R¢, p € M(B(R?),B(RY)),
o € M(B(R%), B(R™™)) and output a realization of an Yy (P)gga)-
distributed random variable.
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8.5.7 Solution to Exercise 5.6.7

function Y = Milstein (T,d,N, xi ,mu, sigma , sigma_t )
h = T/N;
sqrth = sqrt(h);
Y = xi;
for i=1:N
Delta.W = randn(1,1)*sqrth;
Y =Y + mu(Y)xh + sigma(Y)*Delta_ W
+ 1/2xsigma_t (Y)*sigma (Y)*Delta W "2
— h/2xsigma_t (Y)*sigma(Y);
end
end

—_ O © 00 O Ui Wi -

—_ =

Matlab code 8.32: A Matlab function Milstein(7T,d,N,{,pu,0,6) with input T €
(0,00), d,N € N, £ € R¢, u € M(B(RY), B(RY)), o € C}(R%, RY),
¢ € CYR%R™) and output a realization of an Yy(P)pga)
distributed random variable.

8.5.8 Solution to Exercise 5.6.8

Lemma 8.5.6. Let Ay, Ay € R?*2 be the 2 x 2-matrices given by

11 1 -1

and let ¢ = (01,02): R? — R**? be the function which satisfies for all x = (x1, x9),
u = (uy,uz) € R? that
o(z)u = u A1x + us A, (8.182)

Then for all x € R? it holds that o' (x) o9(x) = oh(x) o1(z).
Proof of Lemma 8.5.6. Observe that for all z € R? it holds that
o(x) =Aix,  oo(x)=Ax, oi(x)=A and  oh(x) = Ay.  (8.183)

Observe that

11 1 -1 0 1
aa= (D)) =(0 ), a0
and
1 -1 11 0 1
A2A1—(_1 2)(10)—<1_1>. (8.185)
The proof of Lemma 8.5.6 is thus completed. O
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1 |function Y = Milstein2D (T,N, xi)

ol Al =[1, 1; 1, 0];

3 A2 = [1, —-1; =1, 2];

4 sigmal = Q(x) Alxx;

5| sigma2 = Q(x) A2xx;

6| sigma = Q(x) [sigmal(x),sigma2(x)];

7| h = T/N;

8 sqrth = sqrt(h);

9 = Xi;

10 for i=1:N

11 Delta.W = randn(2,1)x*sqrth;

12 Y =Y + sigma(Y)xDelta. W

13 — h/2%( Alxsigmal(Y) + A2x«sigma2(Y) ) ...
14 + 1/2xDelta.W (1)*Al*(sigmal (Y)xDelta. W (1)
15 + sigma2(Y)*Delta. W(2)) ...

16 + 1/2x%Delta_ W (2)*A2x(sigmal (Y)xDelta W (1)
17 + sigma2(Y)xDelta. W (2));

18 end

19 |end

Matlab code 8.33: A Matlab function Milstein2D(7',N,&) with input 7' € (0, 00),
N € N, ¢ € R? and output a realization of an Yy (P)psrz)-distributed
random variable.
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