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Abstract

In recent years, several deep learning-based methods for the approximation of high-
dimensional partial differential equations (PDEs) have been proposed. The consider-
able interest these methods have generated in the scientific literature is in large part
due to numerical simulations which appear to demonstrate that some of these deep
learning-based approximation methods might have the capacity to overcome the curse
of dimensionality in the numerical approximation of PDEs in the sense that the number
of computational operations they require to achieve a certain approximation accuracy
ε P p0,8q grows at most polynomially in the PDE dimension d P N “ t1, 2, 3, . . . u and
the reciprocal of ε. While there is thus far no mathematical result which proves that
one of these methods is indeed capable of overcoming the curse of dimensionality in the
numerical approximation of PDEs, there are now a number of rigorous mathematical
results in the scientific literature which show that deep neural networks (DNNs) have
the expressive power to approximate solutions of high-dimensional PDEs without the
curse of dimensionality in the sense that the number of real parameters used to describe
the approximating DNNs grows at most polynomially in both the PDE dimension d P N
and the reciprocal 1{ε of the prescribed approximation accuracy ε P p0,8q. More specif-
ically, [Hutzenthaler, M., Jentzen, A., Kruse, T., and Nguyen, T. A., SN Part. Diff.
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Equ. Appl. 1, 2 (2020)] proves that for every T P p0,8q, a P R, b P ra,8q it holds that
solutions ud : r0, T s ˆ Rd Ñ R, d P N, of semilinear heat equations with Lipschitz con-
tinuous nonlinearities can be approximated by DNNs spatially in the L2-sense on ra, bsd

and temporally at time of maturity t “ T without the curse of dimensionality provided
that the initial value functions Rd Q x ÞÑ udp0, xq P R, d P N, can be approximated by
DNNs without the curse of dimensionality. It is the key contribution of this article to
generalize this result by proving this statement in the Lp-sense with p P p0,8q.
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1 Introduction
Finding approximate solutions to high-dimensional partial differential equations (PDEs) is
one of the most challenging issues in computational mathematics. In recent years, several
deep learning-based methods for this approximation problem have been proposed and have
received significant attention in the scientific literature; cf., e.g., [1, 2, 3, 5, 6, 7, 8, 10, 11, 12,
13, 15, 16, 19, 24, 25, 26, 29, 32, 35, 36, 37, 38, 39, 40, 42, 44]. The considerable interest in deep
learning-based approximation methods for high-dimensional PDEs is in large part due to
numerical simulations which appear to demonstrate that some of these deep learning-based
approximation methods might have the capacity to overcome the curse of dimensionality
in the numerical approximation of PDEs in the sense that the number of computational
operations they require to achieve a certain approximation accuracy ε P p0,8q grows at
most polynomially in the PDE dimension d P N “ t1, 2, 3, . . . u and the reciprocal of ε.
In spite of the numerous highly encouraging numerical simulations for deep learning-based
approximation methods for high-dimensional PDEs indicating this potential, there is thus
far no mathematical result which proves that one of these methods is indeed capable of
overcoming the curse of dimensionality in the numerical approximation of PDEs. However,
in the last three years, a number of rigorous mathematical results have appeared in the
scientific literature which show that deep neural networks (DNNs) have the expressive power
to approximate solutions of high-dimensional PDEs without the curse of dimensionality in
the sense that the number of real parameters used to describe the approximating DNNs
grows at most polynomially in both the PDE dimension d P N and the reciprocal 1{ε of the
prescribed approximation accuracy ε P p0,8q; cf., e.g., [9,14,17,18,20,21,23,28,30,33,34,41].
While the articles [9,14,17,18,20,21,23,28,33,34,41] prove such DNN approximation results
for linear PDEs, the article [30] establishes a DNN approximation result for certain nonlinear
PDEs. More specifically, Hutzenthaler et al. [30] proves that for every T P p0,8q, a P R,
b P ra,8q solutions ud : r0, T s ˆRd Ñ R, d P N, of semilinear heat equations with Lipschitz-
continuous nonlinearities can be approximated by DNNs spatially in the L2-sense on ra, bsd
and temporally at time of maturity t “ T without the curse of dimensionality provided that
the initial value functions Rd Q x ÞÑ udp0, xq P R, d P N, can be approximated by DNNs
without the curse of dimensionality.

It is the key contribution of this article to generalize this result by proving this statement
in the Lp-sense with p P p0,8q. In order to illustrate the contribution of this article in
more detail, we now present in the following result, Theorem 1.1 below, a special case of
Theorem 4.1 in Section 4.1, which is the main result of this paper.

Theorem 1.1. Let γ P N, ν P t1, 2, 3, 4u, T, κ, p, α P p0,8q, a1, a2, a3, a4 P CpR,Rq satisfy
for all x P R that a1pxq “ pmaxtx, 0uqγ, a2pxq “ xγ, a3pxq “ maxtx, αxu, and a4pxq “
lnp1 ` exppxqq, let A :

Ť

dPNRd Ñ
Ť

dPNRd satisfy for all d P N, x “ px1, . . . , xdq P Rd that
Apxq “ paνpx1q, . . . , aνpxdqq, let N “

Ť

LPN
Ť

l0,l1,...,lLPNp
ŚL

k“1pRlkˆlk´1 ˆ Rlkqq, let R : N Ñ

p
Ť

k,lPNCpRk,Rlqq and P : N Ñ N satisfy for all L P N, l0, l1, . . . , lL P N, Φ “ ppW1, B1q,
pW2, B2q, . . . , pWL, BLqq P p

ŚL
k“1pRlkˆlk´1 ˆ Rlkqq, x0 P Rl0, x1 P Rl1, . . . , xL P RlL with

@ k P t1, 2, . . . , Lu : xk “ ApWkxk´1 `Bkq that

RpΦq P CpRl0 ,RlLq, pRpΦqqpx0q “ WLxL´1`BL, and PpΦq “
řL
k“1 lkplk´1` 1q, (1.1)
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let pgd,εqpd,εqPNˆp0,1s Ď N, let f : RÑ R be Lipschitz continuous, let ud P C1,2pr0, T s ˆRd,Rq,
d P N, and assume for all d P N, x “ px1, . . . , xdq P Rd, ε P p0, 1s, t P p0, T s that Rpgd,εq P
CpRd,Rq, ε|udpt, xq|` |udp0, xq´pRpgd,εqqpxq| ď εκdκp1`

řd
k“1|xk|qκ, Ppgd,εq ď κdκε´κ, and

p B
Bt
udqpt, xq “ p∆xudqpt, xq ` fpudpt, xqq. (1.2)

Then there exist c P R and pud,εqpd,εqPNˆp0,1s Ď N such that for all d P N, ε P p0, 1s it holds
that Rpud,εq P CpRd,Rq, Ppud,εq ď cdcε´c, and

„
ż

r0,1sd

∣∣udpT, xq ´ pRpud,εqqpxq∣∣p dx

1{p

ď ε. (1.3)

Note #1: We will need to update the descriptions below based on our changes
in Theorem 1.1 above. . .

Theorem 1.1 is an immediate consequence of Corollary 4.15 in Section 4.3 below. Corol-
lary 4.15, in turn, follows from Theorem 4.1 which is the main result of this article (see
Section 4 below for details). In the following we provide some explanatory comments concern-
ing the mathematical objects appearing in Theorem 1.1 above. The function A :

Ť

dPNRd Ñ
Ť

dPNRd in Theorem 1.1 above describes the multidimensional rectifier functions which we
employ as activation functions in the approximating DNNs in Theorem 1.1 above. The func-
tion ‖¨‖ :

Ť

dPNRd Ñ r0,8q describes the standard norms on Rd, d P N, in the sense that for
all d P N we have that ‖¨‖ :

Ť

dPNRd Ñ r0,8q restricted to Rd is nothing but the standard
norm on Rd. The set N “

Ť

LPN
Ť

l0,l1,...,lLPNp
ŚL

k“1pRlkˆlk´1 ˆ Rlkqq in Theorem 1.1 above
represents the set of all neural networks which we employ to approximate the solutions of
the PDEs under consideration. The function R : NÑ

Ť

k,lPNCpRk,Rlq in Theorem 1.1 above
assigns to each neural network its realization function. More specifically, we observe that for
every neural network Φ P N we have that RpΦq P Ť

k,lPNCpRk,Rlq is the realization function
of the neural network Φ with the activation functions being multidimensional versions of the
rectifier function provided by A :

Ť

dPNRd Ñ
Ť

dPNRd. The function P : N Ñ N counts for
every neural network Φ P N the number of real parameters employed in Φ. More formally,
we note that for every neural network Φ P N we have that PpΦq P N is the number of real
numbers used to describe the neural network Φ. Furthermore, we observe that PpΦq corre-
sponds to the amount of memory that is needed on a computer to store the neural network
Φ P N. The real number T P p0,8q in Theorem 1.1 above specifies the time horizon of the
PDEs (see (1.2)) whose solutions we intend to approximate by DNNs in (1.3) in Theorem 1.1
above. The real number κ P p0,8q in Theorem 1.1 above is a constant which we employ to
formulate our regularity and approximation hypotheses in Theorem 1.1. The real number
p P p0,8q in Theorem 1.1 above is used to specify the way we measure the error between the
exact solutions of the PDEs under consideration and their DNN approximations, that is, we
measure the error between the exact solutions of the PDEs under consideration and their
DNN approximations in the Lp-sense (see (1.3) above for details). In Theorem 1.1 we assume
that the initial conditions of the PDEs (see (1.2)) whose solutions we intend to approximate
by DNNs without the curse of dimensionality can be approximated by DNNs without the
curse of dimensionality. The neural networks gd,ε P N, d P N, ε P p0, 1s, serve as such approx-
imating DNNs for the initial conditions of the PDEs (see (1.2)) whose solutions we intend to
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approximate. In particular, we note that the hypothesis that for all d P N, x P Rd, ε P p0, 1s,
t P p0, T s we have that ε|udpt, xq|` |udp0, xq´pRpgd,εqqpxq| ď εκdκp1`‖x‖κq in Theorem 1.1
above ensures that for all d P N, x P Rd we have that pRpgd,εqqpxq c onverges to udp0, xq as ε
converges to 0. The function f : RÑ R in Theorem 1.1 above specifies the nonlinearity in the
PDEs (see (1.2)) whose solutions we intend to approximate by DNNs in Theorem 1.1. The
functions ud : r0, T s ˆ Rd Ñ R, d P N, in Theorem 1.1 above describe the exact solutions of
the PDEs in (1.2). Observe that the hypothesis that for all d P N, x P Rd, ε P p0, 1s, t P p0, T s
we have that ε|udpt, xq|`|udp0, xq´pRpgd,εqqpxq| ď εκdκp1`‖x‖κq in Theorem 1.1 above also
ensures that for all d P N, x P Rd, t P r0, T s we have that |udpt, xq| ď κdκp1`‖x‖κq. Note that
the fact that for all for all d P N, x P Rd, t P r0, T s we have that |udpt, xq| ď κdκp1 ` ‖x‖κq
in particular ensures that the solutions ud : r0, T s ˆ Rd Ñ R, d P N, of (1.2) grow at most
polynomially. This polynomial growth of the solutions is employed in order to assure that
the solutions of (1.2) with the fixed initial value functions Rd Q x ÞÑ udp0, xq P R, d P N, are
unique. Theorem 1.1 establishes that there exist neural networks ud,ε P N, d P N, ε P p0, 1s,
such that for all d P N, ε P p0, 1s we have that the Lp-distance between the exact solution
ud : r0, T sˆRd Ñ R at time T of the PDE in (1.2) and the realization Rpud,εq : Rd Ñ R of the
neural network ud,ε with respect to the Lebesgue measure on r0, 1sd is bounded by ε and such
that the number of parameters of the neural networks ud,ε P N, d P N, ε P p0, 1s, grows at
most polynomially in both the PDE dimension d P N and the reciprocal 1{ε of the prescribed
approximation accuracy ε P p0, 1s. Theorem 1.1 is restricted to measuring the Lp-distance
with respect to the Lebesgue measure on r0, 1sd but our more general DNN approximation
results in Section 4 below (see Theorem 4.1 and Corollary 4.15 in Section 4) allow measuring
the Lp-distance with respect to more general probability measures on Rd. In particular, for
all a P R, b P pa,8q we have that the more general DNN approximation results in Section 4
below allow measuring the Lp-distance with respect to the uniform distribution on ra, bsd.

The remainder of this article is organized as follows:

2 Artificial neural network (ANN) calculus

2.1 Structured description of ANNs

Comment #2 from Josh: Consider the following options. . .

(i) We denote by N the set given by

N “
Ť

LPN
Ť

l0,l1,...,lLPN

´

ŚL
k“1pRlkˆlk´1 ˆ Rlkq

¯

(2.1)

(ii) We denote by N the set given by

N “
Ť

LPN
Ť

l0,l1,...,lLPN
`
ŚL

k“1pRlkˆlk´1 ˆ Rlkq
˘

(2.2)

(iii) We denote by N the set given by

N “
Ť

LPN
Ť

l0,l1,...,lLPN

´

ŚL
k“1pRlkˆlk´1 ˆ Rlkq

¯

(2.3)
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(iv) We denote by N the set given by

N “
Ť

LPN
Ť

l0,l1,...,lLPN
`
ŚL

k“1pRlkˆlk´1 ˆ Rlkq
˘

(2.4)

Comment #3 from Josh: Which of the following look better?

Φ P p
ŚL

k“1pRlkˆlk´1 ˆ Rlkqq, Φ P p̂ L
k“1pRlkˆlk´1 ˆ Rlkqq, Φ P pˆLk“1pRlkˆlk´1 ˆ Rlkqq

Definition 2.1 (Artificial neural networks). We denote by N the set given by

N “
Ť

LPN
Ť

l0,l1,...,lLPN
`
ŚL

k“1pRlkˆlk´1 ˆ Rlkq
˘

(2.5)

and we denote by P : N Ñ N, L : N Ñ N, I : N Ñ N, O : N Ñ N, H : N Ñ N0 “

t0, 1, 2, . . . u, D : N Ñ
Ť

LPNNL, and Dn : N Ñ N0, n P N0, the functions which satisfy for all
L P N, l0, l1, . . . , lL P N, Φ P p

ŚL
k“1pRlkˆlk´1 ˆ Rlkqq, n P N0 that PpΦq “

řL
k“1 lkplk´1 ` 1q,

LpΦq “ L, IpΦq “ l0, OpΦq “ lL, HpΦq “ L´ 1, DpΦq “ pl0, l1, . . . , lLq, and

DnpΦq “

#

ln : n ď L

0 : n ą L
. (2.6)

Definition 2.2 (Neural network). We say that Φ is a neural network if and only if it holds
that Φ P N (cf. Definition 2.1).

Definition 2.3 (Euclidean and maximum norms). We denote by ‖¨‖ :
Ť

dPNRd Ñ R and
|||¨||| :

Ť

dPNRd Ñ R the functions which satisfy for all d P N, x “ px1, . . . , xdq P Rd that
‖x‖ “ r

řd
i“1|xi|2s

1{2 and |||x||| “ maxiPt1,2,...,du|xi|.

Definition 2.4 (Rectifier function). We denote by r : R Ñ R the function which satisfies
for all x P R that rpxq “ maxtx, 0u.

Definition 2.5 (Multidimensional version). Let d P N and let a P CpR,Rq. Then we denote
by Ma,d : Rd Ñ Rd the function which satisfies for all x “ px1, . . . , xdq P Rd that

Ma,dpxq “
`

apx1q, . . . , apxdq
˘

. (2.7)

Definition 2.6 (Realization associated to a DNN). Let a P CpR,Rq. Then we denote by
Ra : N Ñ p

Ť

k,lPNCpRk,Rlqq the function which satisfies for all L P N, l0, l1, . . . , lL P N,
Φ “ ppW1, B1q, pW2, B2q, . . . , pWL, BLqq P

`
ŚL

k“1pRlkˆlk´1 ˆ Rlkq
˘

, x0 P Rl0 , x1 P Rl1 , . . . ,
xL´1 P RlL´1 with @ k P t1, 2, . . . , Lu : xk “Ma,lkpWkxk´1 `Bkq that

RapΦq P CpRl0 ,RlLq and pRapΦqqpx0q “ WLxL´1 `BL (2.8)

(cf. Definitions 2.1 and 2.5).
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2.2 Compositions of ANNs

Definition 2.7 (Composition of ANNs). We denote by p¨q ‚ p¨q : tpΦ1,Φ2q P NˆN : IpΦ1q “

OpΦ2qu Ñ N the function which satisfies for all L,L P N, l0, l1, . . . , lL, l0, l1, . . . , lL P N, Φ1 “

ppW1, B1q, pW2, B2q, . . . , pWL, BLqq P
`
ŚL

k“1pRlkˆlk´1 ˆRlkq
˘

, Φ2 “ ppW1,ℬ1q, pW2,ℬ2q, . . . ,

pWL,ℬLqq P
`
ŚL

k“1pRlkˆlk´1 ˆ Rlkq
˘

with l0 “ IpΦ1q “ OpΦ2q “ lL that

Φ1 ‚ Φ2 “
$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

`

pW1,ℬ1q, pW2,ℬ2q, . . . , pWL´1,ℬL´1q, pW1WL,W1ℬL `B1q,

pW2, B2q, pW3, B3q, . . . , pWL, BLq
˘ : L ą 1 ă L

`

pW1W1,W1ℬ1 `B1q, pW2, B2q, pW3, B3q, . . . , pWL, BLq
˘

: L ą 1 “ L
`

pW1,ℬ1q, pW2,ℬ2q, . . . , pWL´1,ℬL´1q, pW1WL,W1ℬL `B1q
˘

: L “ 1 ă L
`

pW1W1,W1ℬ1 `B1q
˘

: L “ 1 “ L

(2.9)

(cf. Definition 2.1).

2.2.1 Powers and extensions of ANNs

Definition 2.8 (Identity matrix). Let d P N. Then we denote by Id P Rdˆd the identity
matrix in Rdˆd.

Definition 2.9 (Powers of ANNs). We denote by p¨q‚n : tΦ P N : IpΦq “ OpΦqu Ñ N,
n P N0, the functions which satisfy for all n P N0, Φ P N with IpΦq “ OpΦq that

Φ‚n “

#

`

IOpΦq, p0, 0, . . . , 0q
˘

P ROpΦqˆOpΦq ˆ ROpΦq : n “ 0

Φ ‚ pΦ‚pn´1qq : n P N
(2.10)

(cf. Definitions 2.1, 2.7, and 2.8).

Definition 2.10 (Extension of ANNs). Let L P N, Ψ P N satisfy that IpΨq “ OpΨq.
Then we denote by EL,Ψ : tΦ P N : pLpΦq ď L and OpΦq “ IpΨqqu Ñ N the function which
satisfies for all Φ P N with LpΦq ď L and OpΦq “ IpΨq that

EL,ΨpΦq “ pΨ‚pL´LpΦqq
q ‚ Φ (2.11)

(cf. Definitions 2.1, 2.7, and 2.9).

2.3 Parallelizations of ANNs

Definition 2.11 (Parallelization of ANNs). Let n P N. Then we denote by

Pn :
 

pΦ1,Φ2, . . . ,Φnq P N
n : LpΦ1q “ LpΦ2q “ . . . “ LpΦnq

(

Ñ N (2.12)

the function which satisfies for all L P N, pl1,0, l1,1, . . . , l1,Lq, pl2,0, l2,1, . . . , l2,Lq, . . . , pln,0, ln,1,
. . . , ln,Lq P NL`1, Φ1 “ ppW1,1, B1,1q, pW1,2, B1,2q, . . . , pW1,L, B1,Lqq P

`
ŚL

k“1pRl1,kˆl1,k´1 ˆ

7



Rl1,kq
˘

,Φ2 “ ppW2,1, B2,1q, pW2,2, B2,2q, . . . , pW2,L, B2,Lqq P
`
ŚL

k“1pRl2,kˆl2,k´1 ˆ Rl2,kq
˘

, . . . ,

Φn “ ppWn,1, Bn,1q, pWn,2, Bn,2q, . . . , pWn,L, Bn,Lqq P
`
ŚL

k“1pRln,kˆln,k´1 ˆ Rln,kq
˘

that

PnpΦ1,Φ2, . . . ,Φnq “

¨

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˝

W1,1 0 0 ¨ ¨ ¨ 0
0 W2,1 0 ¨ ¨ ¨ 0
0 0 W3,1 ¨ ¨ ¨ 0
...

...
... . . . ...

0 0 0 ¨ ¨ ¨ Wn,1

˛

‹

‹

‹

‹

‹

‚

,

¨

˚

˚

˚

˚

˚

˝

B1,1

B2,1

B3,1
...

Bn,1

˛

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‚

,

¨

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˝

W1,2 0 0 ¨ ¨ ¨ 0
0 W2,2 0 ¨ ¨ ¨ 0
0 0 W3,2 ¨ ¨ ¨ 0
...

...
... . . . ...

0 0 0 ¨ ¨ ¨ Wn,2

˛

‹

‹

‹

‹

‹

‚

,

¨

˚

˚

˚

˚

˚

˝

B1,2

B2,2

B3,2
...

Bn,2

˛

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‚

, . . . , (2.13)

¨

˚

˚

˚

˚

˚

˝

¨

˚

˚

˚

˚

˚

˝

W1,L 0 0 ¨ ¨ ¨ 0
0 W2,L 0 ¨ ¨ ¨ 0
0 0 W3,L ¨ ¨ ¨ 0
...

...
... . . . ...

0 0 0 ¨ ¨ ¨ Wn,L

˛

‹

‹

‹

‹

‹

‚

,

¨

˚

˚

˚

˚

˚

˝

B1,L

B2,L

B3,L
...

Bn,L

˛

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‚

˛

‹

‹

‹

‹

‹

‚

(cf. Definition 2.1).

2.4 Affine linear transformations as ANNs

Definition 2.12 (Affine linear transformation ANN). Let m,n P N, W P Rmˆn, B P Rm.
Then we denote by AW,B P pRmˆn ˆ Rmq Ď N the neural network given by AW,B “ pW,Bq
(cf. Definitions 2.1 and 2.2).

Lemma 2.13. Let m,n P N, W P Rmˆn, B P Rm. Then

(i) it holds that DpAW,Bq “ pn,mq P N2,

(ii) it holds for all a P CpR,Rq that RapAW,Bq P CpRn,Rmq, and

(iii) it holds for all a P CpR,Rq, x P Rn that pRapAW,Bqqpxq “ Wx`B

(cf. Definitions 2.1, 2.6, and 2.12).

Proof of Lemma 2.13. Observe that the fact that AW,B P pRmˆn ˆ Rmq Ď N ensures that
DpAW,Bq “ pn,mq P N2 (cf. Definitions 2.1 and 2.12). This establishes item (i). Next, note
that the fact that AW,B “ pW,Bq P pRmˆn ˆ Rmq and (2.8) assure that for all a P CpR,Rq,
x P Rn it holds that RapAW,Bq P CpRn,Rmq and

pRapAW,Bqqpxq “ Wx`B (2.14)

(cf. Definition 2.6). This establishes items (ii) and (iii). The proof of Lemma 2.13 is thus
complete.
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Lemma 2.14. Let Φ P N (cf. Definition 2.1). Then

(i) it holds for all m P N, W P RmˆOpΦq, B P Rm that

DpAW,B ‚ Φq “
`

D0pΦq,D1pΦq, . . . ,DLpΦq´1pΦq,m
˘

P NLpΦq`1, (2.15)

(ii) it holds for all a P CpR,Rq, m P N, W P RmˆOpΦq, B P Rm that RapAW,B ‚ Φq P
CpRIpΦq,Rmq,

(iii) it holds for all a P CpR,Rq, m P N, W P RmˆOpΦq, B P Rm, x P RIpΦq that

pRapAW,B ‚ Φqqpxq “ W pRapΦqqpxq `B, (2.16)

(iv) it holds for all n P N, W P RIpΦqˆn, B P RIpΦq that

DpΦ ‚AW,Bq “
`

n,D1pΦq,D2pΦq, . . . ,DLpΦqpΦq
˘

P NLpΦq`1, (2.17)

(v) it holds for all a P CpR,Rq, n P N, W P RIpΦqˆn, B P RIpΦq that RapΦ ‚AW,Bq P

CpRn,ROpΦqq, and

(vi) it holds for all a P CpR,Rq, n P N, W P RIpΦqˆn, B P RIpΦq, x P Rn that

pRapΦ ‚AW,Bqqpxq “ pRapΦqqpWx`Bq (2.18)

(cf. Definitions 2.6, 2.7, and 2.12).

Proof of Lemma 2.14. Observe that Lemma 2.13 proves that for all m,n P N, W P Rmˆn,
B P Rm, a P CpR,Rq, x P Rn it holds that RapAW,Bq P CpRn,Rmq and

pRapAW,Bqqpxq “ Wx`B (2.19)

(cf. Definitions 2.6 and 2.12). Combining this and, e.g., Grohs et al. [22, Proposition 2.6]
establishes items (i), (ii), (iii), (iv), (v), and (vi). The proof of Lemma 2.14 is thus complete.

2.5 Linear combinations of ANNs

2.5.1 Summations of ANNs

Definition 2.15. Let m,n P N. Then we denote by Sm,n P pRmˆpnmq ˆ Rmq the neural
network given by Sm,n “ ApIm Im ... Imq,0 (cf. Definitions 2.2, 2.8, and 2.12).

Definition 2.16 (Matrix transpose). Let m,n P N, A P Rmˆn. Then we denote by A˚ P
Rnˆm the transpose of A.

Definition 2.17 (Transpose ANN). Let m,n P N. Then we denote by Tm,n P pRpnmqˆm ˆ
Rnmq the neural network given by Tm,n “ ApIm Im ... Imq˚,0 (cf. Definitions 2.2, 2.8, 2.12,
and 2.16).
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Definition 2.18 (Sums of ANNs with the same length). Let u P Z, v P Z X ru,8q,
Φu,Φu`1, . . . ,Φv P N satisfy for all k P N X ru, vs that LpΦkq “ LpΦuq, IpΦkq “ IpΦuq,
and OpΦkq “ OpΦuq (cf. Definition 2.1). Then we denote by ‘vk“uΦk (we denote by
Φu ‘ Φu`1 ‘ . . .‘ Φv) the neural network given by

v
‘
k“u

Φk “

´

SOpΦuq,v´u`1 ‚
“

Pv´u`1pΦu,Φu`1, . . . ,Φvq
‰

‚ TIpΦuq,v´u`1

¯

P N (2.20)

(cf. Definitions 2.2, 2.7, 2.11, 2.15, and 2.17).

Definition 2.19 (Sums of ANNs with different lengths). Let u P Z, v P Z X ru,8q, Φu,
Φu`1, . . . ,Φv,Ψ P N satisfy for all k P N X ru, vs that IpΦkq “ IpΦuq, OpΦkq “ IpΨq “
OpΨq, and HpΨq “ 1 (cf. Definition 2.1). Then we denote by ‘v

k“u,ΨΦk (we denote by
Φu‘ΨΦu`1‘Ψ . . .‘ΨΦv) the neural network given by

v
‘

k“u,Ψ
Φk “

v
‘
k“u

EmaxjPtu,u`1,...,vu LpΦjq,ΨpΦkq P N (2.21)

(cf. Definitions 2.2, 2.10, and 2.18).

2.5.2 Linear combinations of certain ANNs with the same length

Definition 2.20 (Scalar multiplications of ANNs). We denote by p¨q f p¨q : RˆNÑ N the
function which satisfies for all λ P R, Φ P N that λ f Φ “ Aλ IOpΦq,0 ‚ Φ (cf. Definitions 2.1,
2.7, 2.8, and 2.12).

Lemma 2.21. Let u P Z, v P ZX ru,8q, n “ v ´ u` 1, hu, hu`1, . . . , hv P R, Φu,Φu`1, . . . ,
Φv,Ψ P N, Bu, Bu`1, . . . , Bv P RIpΦq satisfy DpΦuq “ DpΦu`1q “ . . . “ DpΦvq and

Ψ “
v
‘
k“u

´

hk f
`

Φk ‚AIIpΦkq,Bk

˘

¯

(2.22)

(cf. Definitions 2.1, 2.7, 2.8, 2.12, 2.18, and 2.20). Then

(i) it holds that

DpΨq “
`

IpΦuq,
řv
k“uD1pΦuq,

řv
k“uD2pΦuq, . . . ,

řv
k“uDLpΦuq´1pΦuq,OpΦuq

˘

“
`

IpΦuq, nD1pΦuq, nD2pΦuq, . . . , nDLpΦuq´1pΦuq,OpΦuq
˘

,
(2.23)

(ii) it holds for all a P CpR,Rq that RapΨq P CpRIpΦuq,ROpΦuqq, and

(iii) it holds for all a P CpR,Rq, x P RIpΦuq that

pRapΨqqpxq “
v
ř

k“u

hkpRapΦkqqpx`Bkq (2.24)

(cf. Definition 2.6).
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Proof of Lemma 2.21. First, note that the hypothesis that DpΦuq “ DpΦu`1q “ . . . “ DpΦvq

and item (i) in Lemma 2.13 show that for all k P tu, u` 1, . . . , vu it holds that

D
`

AIIpΦkq,Bk

˘

“ D
`

AIIpΦuq,Bk

˘

“
`

IpΦuq, IpΦuq
˘

P N2. (2.25)

This and, e.g., Grohs et al. [22, item (i) in Proposition 2.6] demonstrate that for all k P
tu, u` 1, . . . , vu it holds that

D
`

Φk ‚AIIpΦkq,Bk

˘

“
`

IpΦuq,D1pΦuq,D2pΦuq, . . . ,DLpΦuqpΦuq
˘

. (2.26)

Observe that this and, e.g., Grohs et al. [23, item (i) in Lemma 3.14] yield that for all
k P tu, u` 1, . . . , vu it holds that

D
´

hk f
`

Φk ‚AIIpΦkq,Bk

˘

¯

“ D
`

Φk ‚AIIpΦkq,Bk

˘

. (2.27)

Combining this, (2.26), and, e.g., Grohs et al. [23, item (ii) in Lemma 3.28] establish that

DpΨq “ D
´

‘
v
k“u

`

hk f pΦk ‚AIIpΦkq,Bk
q
˘

¯

“
`

IpΦuq,
řv
k“uD1pΦuq,

řv
k“uD2pΦuq, . . . ,

řv
k“uDLpΦuq´1pΦuq,OpΦuq

˘

“
`

IpΦuq, nD1pΦuq, nD2pΦuq, . . . , nDLpΦuq´1pΦuq,OpΦuq
˘

.

(2.28)

This establishes item (i). Furthermore, note that item (vi) and item (v) in Lemma 2.14 imply
that for all k P tu, u ` 1, . . . , vu, a P CpR,Rq, x P RIpΦuq it holds that RapΦk ‚AIIpΦkq,Bk

q P

CpRIpΦuq,ROpΦuqq and
´

Ra

`

Φk ‚AIIpΦkq,Bk

˘

¯

pxq “ pRapΦkqqpx`Bkq (2.29)

(cf. Definition 2.6). Combining this and, e.g., Grohs et al. [23, Lemma 3.14] ensures that for
all k P tu, u` 1, . . . , vu, a P CpR,Rq, x P RIpΦuq it holds that

Ra

´

hk f
`

Φk ‚AIIpΦkq,Bk

˘

¯

P CpRIpΦuq,ROpΦuqq (2.30)

and
´

Ra

`

hk f pΦk ‚AIIpΦkq,Bk
q
˘

¯

pxq “ hkpRapΦkqqpx`Bkq. (2.31)

Moreover, observe that, e.g., Grohs et al. [23, Lemma 3.28] and (2.27) assure that for all
a P CpR,Rq, x P RIpΦuq it holds that RapΨq P CpRIpΦuq,ROpΦuqq and

pRapΨqqpxq “
´

Ra

`

‘
v
k“uphk f pΦk ‚AIIpΦkq,Bk

qq
˘

¯

pxq

“
v
ř

k“u

´

Ra

`

hk f pΦk ‚AIIpΦkq,Bk
q
˘

¯

pxq “
v
ř

k“u

hkpRapΦkqqpx`Bkq.
(2.32)

This establishes items (ii) and (iii). The proof of Lemma 2.21 is thus complete.
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2.5.3 Linear combinations of certain ANNs with different lengths

Lemma 2.22. Let L P N, u P Z, v P Z X ru,8q, hu, hu`1, . . . , hv P R, Φu,Φu`1, . . . ,
Φv, J,Ψ P N, Bu, Bu`1, . . . , Bv P RIpΦuq, a P CpR,Rq satisfy for all j P N X ru, vs that
L “ maxkPNXru,vs LpΦkq, IpΦjq “ IpΦuq, OpΦjq “ IpJq “ OpJq, HpJq “ 1, RapJq “ idR,
and

Ψ “
v
‘

k“u,J

´

hk f
`

Φk ‚AIIpΦkq,Bk

˘

¯

(2.33)

(cf. Definitions 2.1, 2.6, 2.7, 2.8, 2.12, 2.19, and 2.20). Then

(i) it holds that

DpΨq (2.34)

“

´

IpΦuq,
v
ř

k“u

D1

`

EL,JpΦkq
˘

,
v
ř

k“u

D2

`

EL,JpΦkq
˘

, . . . ,
v
ř

k“u

DL´1

`

EL,JpΦkq
˘

,OpΦuq

¯

,

(ii) it holds that RapΨq P CpRIpΦuq,ROpΦuqq, and

(iii) it holds for all x P RIpΦuq that

pRapΨqqpxq “
v
ř

k“u

hkpRapΦkqqpx`Bkq (2.35)

(cf. Definition 2.10).

Proof of Lemma 2.22. Note that item (i) in Lemma 2.21 establishes item (i). In addition,
observe that item (vi) and item (v) in Lemma 2.14 prove that for all k P NXru, vs, x P RIpΦuq

it holds that RapΦk ‚AIIpΦkq,Bk
q P CpRIpΦuq,ROpΦuqq and

´

Ra

`

Φk ‚AIIpΦkq,Bk

˘

¯

pxq “ pRapΦkqqpx`Bkq. (2.36)

This, e.g., Grohs et al. [23, Lemma 3.14], and, e.g., Grohs et al. [22, item (ii) in Lemma 2.14]
show that for all k P NX ru, vs, x P RIpΦuq it holds that

Ra

´

EL,J
`

hk f pΦk ‚AIIpΦkq,Bk
q
˘

¯

“ Ra

`

hk f pΦk ‚AIIpΦkq,Bk
q
˘

P CpRIpΦuq,ROpΦuqq (2.37)

and
´

Ra

´

EL,J
`

hk f pΦk ‚AIIpΦkq,Bk
q
˘

¯¯

pxq “
´

Ra

`

hk f pΦk ‚AIIpΦkq,Bk
q
˘

¯

pxq

“ hkpRapΦkqqpx`Bkq

(2.38)

(cf. Definition 2.10). Combining this, e.g., Grohs et al. [23, Lemma 3.28], and (2.27) demon-
strates that for all x P RIpΦuq it holds that RapΨq P CpRIpΦuq,ROpΦuqq and

pRapΨqqpxq “

ˆ

Ra

ˆ

v
‘

k“u,J

´

hk f
`

Φk ‚AIIpΦkq,Bk

˘

¯

˙˙

pxq
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“

ˆ

Ra

ˆ

v
‘
k“u

EL,J
´

hk f
`

Φk ‚AIIpΦkq,Bk

˘

¯

˙˙

pxq (2.39)

“
v
ř

k“u

´

Ra

´

EL,J
´

hk f
`

Φk ‚AIIpΦkq,Bk

˘

¯¯¯

pxq “
v
ř

k“u

hkpRapΦkqqpx`Bkq

(cf. Definition 2.18). This establishes items (ii) and (iii). The proof of Lemma 2.22 is thus
complete.

3 ANN representations for MLP approximations

3.1 Activation functions as neural networks

Definition 3.1 (Activation ANN). Let n P N. Then we denote by in P ppRnˆn ˆ Rnq ˆ

pRnˆn ˆRnqq Ď N the neural network given by in “ ppIn, 0q, pIn, 0qq (cf. Definitions 2.1, 2.2,
and 2.8).

Lemma 3.2. Let n P N. Then

(i) it holds that Dpinq “ pn, n, nq P N3,

(ii) it holds for all a P CpR,Rq that Rapinq P CpRn,Rnq, and

(iii) it holds for all a P CpR,Rq that Rapinq “Ma,n

(cf. Definitions 2.1, 2.5, 2.6, and 3.1).

Proof of Lemma 3.2. Note that the fact that in P ppRnˆn ˆ Rnq ˆ pRnˆn ˆ Rnqq Ď N yields
that Dpinq “ pn, n, nq P N3 (cf. Definitions 2.1 and 3.1). This establishes item (i). Next,
observe that the fact that in “ ppIn, 0q, pIn, 0qq P ppRnˆn ˆ Rnq ˆ pRnˆn ˆ Rnqq and (2.8)
establish that for all a P CpR,Rq, x P Rn it holds that Rapinq P CpRn,Rnq and

pRapinqqpxq “ InpMa,npInx` 0qq ` 0 “Ma,npxq (3.1)

(cf. Definitions 2.5, 2.6, and 2.8). This establishes items (ii) and (iii). The proof of Lemma 3.2
is thus complete.

Lemma 3.3. Let Φ P N (cf. Definition 2.1). Then

(i) it holds that

D
`

iOpΦq ‚ Φ
˘

“
`

IpΦq,D1pΦq,D2pΦq, . . . ,DLpΦq´1pΦq,OpΦq,OpΦq
˘

P NLpΦq`2, (3.2)

(ii) it holds for all a P CpR,Rq that RapiOpΦq ‚ Φq P CpRIpΦq,ROpΦqq,

(iii) it holds for all a P CpR,Rq, x P RIpΦq that pRapiOpΦq ‚ Φqqpxq “Ma,OpΦqppRapΦqqpxqq,

(iv) it holds that

D
`

Φ ‚ iIpΦq
˘

“
`

IpΦq, IpΦq,D1pΦq,D2pΦq, . . . ,DLpΦq´1pΦq,OpΦq
˘

P NLpΦq`2, (3.3)
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(v) it holds for all a P CpR,Rq that RapΦ ‚ iIpΦqq P CpRIpΦq,ROpΦqq, and

(vi) it holds for all a P CpR,Rq, x P RIpΦq that pRapΦ ‚ iIpΦqqqpxq “ pRapΦqqpMa,IpΦqpxqq

(cf. Definitions 2.5, 2.6, 2.7, and 3.1).

Proof of Lemma 3.3. Note that Lemma 3.2 implies that for all n P N, a P CpR,Rq, x P Rn

it holds that Rapinq P CpRn,Rnq and

pRapinqqpxq “Ma,npxq (3.4)

(cf. Definitions 2.5, 2.6, and 3.1). Combining this and, e.g., Grohs et al. [22, Proposition 2.6]
establishes items (i), (ii), (iii), (iv), (v), and (vi). The proof of Lemma 3.3 is thus complete.

3.2 ANN representations for one-dimensional identity

Definition 3.4 (Identity network). Let γ P N0. Then we denote by Iγ P N the neural
network which satisfies

Iγ “

ˆˆˆ

1
´1

˙

,

ˆ

0
0

˙˙

,
´

`

1 p´1qγ
˘

, 0
¯

˙

P
`

pR2ˆ1
ˆ R2

q ˆ pR1ˆ2
ˆ R1

q
˘

(3.5)

(cf. Definitions 2.1 and 2.2).

Lemma 3.5. Let α P r0,8q, a P CpR,Rq, Ψ P N satisfy for all x P R that apxq “ maxtx, αxu
and Ψ “ p1` αq´1 f I1 (cf. Definitions 2.1, 2.20, and 3.4). Then

(i) it holds for all γ P N0 that DpIγq “ p1, 2, 1q P N3,

(ii) it holds for all x P R that pRapI1qqpxq “ p1` αqx,

(iii) it holds that DpΨq “ p1, 2, 1q P N3,

(iv) it holds that RapΨq P CpR,Rq, and

(v) it holds for all x P R that pRapΨqqpxq “ x

(cf. Definition 2.6).

Proof of Lemma 3.5. Observe that (3.5) ensures that for all γ P N0 it holds that DpIγq “
p1, 2, 1q P N3. This establishes item (i). Furthermore, note that (3.5) assures that for all
x P R it holds that

pRapI1qqpxq “ apxq ´ ap´xq “ maxtx, αxu ´maxt´x,´αxu

“ maxtx, αxu `mintx, αxu “ p1` αqx
(3.6)

(cf. Definition 2.6). This establishes item (ii). Moreover, observe that item (i) in Lemma 2.21
(applied with u ð 1, v ð 1, hu ð p1 ` αq´1, Φu ð I1, Bu ð 0, Ψ ð Ψ in the notation of
Lemma 2.21) establishes item (iii). Combining (3.6) and item (iii) in Lemma 2.21 (applied
with u ð 1, v ð 1, hu ð p1 ` αq´1, Φu ð I1, Bu ð 0, Ψ ð Ψ, a ð a in the notation of
Lemma 2.21) therefore proves items (iv) and (v). The proof of Lemma 3.5 is thus complete.
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Lemma 3.6. Let γ P N X r2,8q, b1, b2, . . . , bγ P R, a P CpR,Rq satisfy for all x P R that
apxq “ xγ and b1 ă b2 ă . . . ă bγ. Then

(i) there exist unique c0, c1, . . . , cγ P R which satisfy for all k P t0, 1, . . . , γu that 1tγupkq c0`
řγ
i“1 cipbiq

k “ 1tγ´1upkq γ
´1,

(ii) there exists a unique Ψ P N which satisfies

Ψ “ A1,c0 ‚

ˆ

γ
‘
i“1

´

ci f
`

i1 ‚A1,bi

˘

¯

˙

, (3.7)

(iii) it holds that DpΨq “ p1, γ, 1q P N3,

(iv) it holds that RapΨq P CpR,Rq, and

(v) it holds for all x P R that pRapΨqqpxq “ x

(cf. Definitions 2.1, 2.6, 2.7, 2.12, 2.18, 2.20, and 3.1).

Proof of Lemma 3.6. Throughout this proof let B “ pBi,jqi,jPt1,2,...,γ`1u P Rpγ`1qˆpγ`1q satisfy
for all i, j P t1, 2, . . . , γu that B1,i`1 “ 1, Bi,1 “ 0, Bγ`1,1 “ 1, and Bi`1,j`1 “ pbjq

i´1 and let
D “ pD1,D2, . . . ,Dγ`1q

˚ P R1ˆpγ`1q satisfy for all k P t1, 2, . . . , γ`1u that Dk “ 1tγupkq γ
´1

(cf. Definition 2.16). Note that the assumption that b1 ă b2 ă . . . ă bγ and, e.g., Horn and
Johnson [27, Eq. (0.9.11.2)] show that

detpBq “ p´1qγ`1 det
`

pBqi,jPt1,2,...,γu
˘

“ p´1qγ`1

„

ś

i,jPt1,2,...,γu
iăj

`

bj ´ bi
˘



‰ 0. (3.8)

This demonstrates that there exists a unique C “ pc0, c1, . . . , cγq
˚ P R1ˆpγ`1q such that

BC “ D. This establishes item (i). In addition, observe that Lemma 2.21 and item (i)
establish item (ii). Next, note that item (i) in Lemma 2.21 and item (i) in Lemma 3.3 yield
that

DpΨq “
`

Ipi1q,
řγ
k“1 D1pi1q,Opi1q

˘

“ p1, γ, 1q (3.9)

(cf. Definitions 2.1 and 3.1). This establishes item (iii). Furthermore, observe that item (iii)
in Lemma 3.2 and item (iii) in Lemma 2.21 establish that for all x P R it holds that

pRapΨqqpxq “ c0 `

´

Ra

´

‘
γ
i“1

`

ci f pi1 ‚A1,biq
˘

¯¯

pxq

“ c0 `
γ
ř

i“1

cipRapi1qqpx` biq “ c0 `
γ
ř

i“1

cipx` biq
γ

(3.10)

(cf. Definitions 2.6, 2.7, 2.12, 2.18, and 2.20). This and bionomial theorem imply that for all
x P R it holds that

pRapΨqqpxq “ c0 `
γ
ř

i“1

ci

«

γ
ř

j“0

`

γ
j

˘

xγ´jpbiq
j

ff

“ c0 `
γ
ř

j“0

`

γ
j

˘

„

γ
ř

i“1

cipbiq
j



xγ´j. (3.11)
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Combining (3.11) and item (i) hence ensures that

pRapΨqqpxq “ c0 `
γ
ř

j“0

`

γ
j

˘

„

γ
ř

i“1

cipbiq
j



xγ´j

“ c0 `
γ
ř

j“0

`

γ
j

˘“

1tγ´1upjq γ
´1 ´ 1tγupjq c0

‰

xγ´j “ x.
(3.12)

This establishes items (iv) and (v). The proof of Lemma 3.6 is thus complete.

Lemma 3.7. Let γ P N X r2,8q, b1, b2, . . . , bγ P R, a P CpR,Rq satisfy for all x P R that
apxq “ pmaxtx, 0uqγ and b1 ă b2 ă . . . ă bγ. Then

(i) it holds for all x P R that pRapIγqqpxq “ xγ,

(ii) there exist unique c0, c1, . . . , cγ P R which satisfy for all k P t0, 1, . . . , γu that 1tγupkq c0`
řγ
i“1 cipbiq

k “ 1tγ´1upkq γ
´1,

(iii) there exists a unique Ψ P N which satisfies

Ψ “ A1,c0 ‚

ˆ

γ
‘
i“1

´

ci f
`

Iγ ‚A1,bi

˘

¯

˙

, (3.13)

(iv) it holds that DpΨq “ p1, 2γ, 1q P N3,

(v) it holds that RapΨq P CpR,Rq, and

(vi) it holds for all x P R that pRapΨqqpxq “ x

(cf. Definitions 2.1, 2.6, 2.7, 2.12, 2.18, 2.20, and 3.4).

Proof of Lemma 3.7. First, note that (3.5) assures that for all x P R it holds that

pRapIγqqpxq “ apxq ` p´1qγap´xq “
`

maxtx, 0u
˘γ
` p´1qγ

`

maxt´x, 0u
˘γ

“
`

maxtx, 0u
˘γ
`
`

mintx, 0u
˘γ
“ xγ

(3.14)

(cf. Definitions 2.6 and 3.4). This establishes item (i). Moreover, observe that item (i) in
Lemma 3.6 establishes item (ii). In addition, note that Lemma 2.21 and item (ii) establish
item (iii). Next, observe that item (i) in Lemma 2.21 and item (i) in Lemma 3.5 prove that

DpΨq “
`

IpIγq,
řγ
k“1 D1pIγq,OpIγq

˘

“ p1, 2γ, 1q (3.15)

(cf. Definition 2.1). This establishes item (iv). Furthermore, note that item (i) and item (iii)
in Lemma 2.21 show that for all x P R it holds that

pRapΨqqpxq “ c0 `

´

Ra

´

‘
γ
i“1

`

ci f pIγ ‚A1,biq
˘

¯¯

pxq

“ c0 `
γ
ř

i“1

cipRapIγqqpx` biq “ c0 `
γ
ř

i“1

cipx` biq
γ

(3.16)
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(cf. Definitions 2.7, 2.12, 2.18, and 2.20). This and bionomial theorem demonstrate that for
all x P R it holds that

pRapΨqqpxq “ c0 `
γ
ř

i“1

ci

«

γ
ř

j“0

`

γ
j

˘

xγ´jpbiq
j

ff

“ c0 `
γ
ř

j“0

`

γ
j

˘

„

γ
ř

i“1

cipbiq
j



xγ´j. (3.17)

Combining (3.17) and item (ii) therefore yields that

pRapΨqqpxq “ c0 `
γ
ř

j“0

`

γ
j

˘

„

γ
ř

i“1

cipbiq
j



xγ´j

“ c0 `
γ
ř

j“0

`

γ
j

˘“

1tγ´1upjq γ
´1 ´ 1tγupjq c0

‰

xγ´j “ x.
(3.18)

This establishes items (v) and (vi). The proof of Lemma 3.7 is thus complete.

Lemma 3.8. Let a P CpR,Rq satisfy for all x P R that apxq “ lnp1` exppxqq. Then

(i) it holds that RapI1q P CpR,Rq and

(ii) it holds for all x P R that pRapI1qqpxq “ x

(cf. Definitions 2.6 and 3.4).

Proof of Lemma 3.8. Observe that (3.5) establishes that for all x P R it holds that

pRapI1qqpxq “ apxq ´ ap´xq “ ln
`

1` exppxq
˘

´ ln
`

1` expp´xq
˘

“ ln

ˆ

1` exppxq

1` expp´xq

˙

“ ln
`

exppxq
˘

“ x
(3.19)

(cf. Definitions 2.6 and 3.4). This establishes items (i) and (ii). The proof of Lemma 3.8 is
thus complete.

3.3 ANN representations for MLP approximations

Lemma 3.9. Let Θ “
Ť

nPNZn, d,M, d P N, T P p0,8q, a P CpR,Rq, J,F,G P N satisfy
DpJq “ p1, d, 1q, RapJq “ idR, RapFq P CpR,Rq, and RapGq P CpRd,Rq, for every θ P Θ
let U θ : r0, T s Ñ r0, T s and W θ : r0, T s Ñ Rd be functions, for every θ P Θ, n P N0 let
U θ
n : r0, T s ˆ Rd Ñ R satisfy for all t P r0, T s, x P Rd that

U θ
npt, xq “

1Npnq

Mn

«

Mn
ÿ

k“1

`

RapGq
˘̀

x`W
pθ,0,´kq
T´t

˘

ff

(3.20)

`

n´1
ÿ

i“0

pT ´ tq

Mn´i

«

Mn´i
ÿ

k“1

`

pRapFq ˝ U
pθ,i,kq
i q ´ 1NpiqpRapFq ˝ U

pθ,´i,kq
i´1 q

˘̀

U pθ,i,kqt , x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

ff

,

and let Uθ
n,t P N, t P r0, T s, n P Z, θ P Θ, satisfy for all θ P Θ, n P N, t P r0, T s that

Uθ
0,t “ pp0 0 . . . 0q, 0q P R1ˆd ˆ R1 and

Uθ
n,t “

„

Mn

‘
k“1

´

1
Mn f

`

G ‚A
Id,W

pθ,0,´kq
T´t

˘

¯


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‘ J

«

n´1
‘

i“0,J

«

´

pT´tq
Mn´i

¯

f

ˆ

Mn´i

‘
k“1,J

´

`

F ‚U
pθ,i,kq

i,Upθ,i,kqt

˘

‚A
Id,W

pθ,i,kq

Upθ,i,kqt ´t

¯

˙

ffff

(3.21)

‘ J

«

n´1
‘

i“0,J

«

´

pt´T q1Npiq
Mn´i

¯

f

ˆ

Mn´i

‘
k“1,J

´

`

F ‚U
pθ,´i,kq

maxti´1,0u,Upθ,i,kqt

˘

‚A
Id,W

pθ,i,kq

Upθ,i,kqt ´t

¯

˙

ffff

(cf. Definitions 2.1, 2.6, 2.7, 2.8, 2.12, 2.18, 2.19, and 2.20). Then

(i) it holds for all θ1, θ2 P Θ, n P N0, t1, t2 P r0, T s that DpUθ1
n,t1q “ DpUθ2

n,t2q,

(ii) it holds for all θ P Θ, n P N0, t P r0, T s that LpUθ
n,tq ď maxtd,LpGqu ` nHpFq,

(iii) it holds for all θ P Θ, n P N0, t P r0, T s that
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď max
 

d, |||DpFq|||, |||DpGq|||
(`

1`
?

2
˘n
Mn, (3.22)

(iv) it holds for all θ P Θ, n P N0, t P r0, T s, x P Rd that U θ
npt, xq “ ppRapU

θ
n,tqqpxq, and

(v) it holds for all θ P Θ, n P N0, t P r0, T s that

PpUθ
n,tq ď 2

`

LpGq ` nHpFq
˘

”

`

1`
?

2
˘n
Mn max

 

d, |||DpFq|||, |||DpGq|||
(

ı2

(3.23)

(cf. Definition 2.3).

Proof of Lemma 3.9. Throughout this proof let Φθ
n,t P N, θ P Θ, n P N, t P r0, T s, satisfy for

all θ P Θ, n P N, t P r0, T s that

Φθ
n,t “

Mn

‘
k“1

´

1
Mn f

`

G ‚A
Id,W

pθ,0,´kq
T´t

˘

¯

, (3.24)

let Ψθ,j
n,i,t P N, θ P Θ, j P t0, 1u, n P N, i P t0, 1, . . . , n ´ 1u, t P r0, T s, satisfy for all θ P Θ,

j P t0, 1u, n P N, i P t0, 1, . . . , n´ 1u, t P r0, T s that

Ψθ,j
n,i,t “

Mn´i

‘
k“1,J

´

`

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

˘

‚A
Id,W

pθ,i,kq

Upθ,i,kqt ´t

¯

, (3.25)

let Ξθ,j
n,t P N, θ P Θ, j P t0, 1u, n P N, t P r0, T s, satisfy for all θ P Θ, j P t0, 1u, n P N,

t P r0, T s that

Ξθ,j
n,t “

n´1
‘

i“0,J

”´

p´1qjpT´tq1Npi`jq
Mn´i

¯

fΨθ,j
n,i,t

ı

, (3.26)

let Lθ,jn,i,t P N, θ P Θ, j P t0, 1u, n P N, i P t0, 1, . . . , n ´ 1u, t P r0, T s, satisfy for all θ P Θ,
j P t0, 1u, n P N, i P t0, 1, . . . , n´ 1u, t P r0, T s that

Lθ,jn,i,t “ max
kPt1,2,...,Mn´iu

L
´

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

¯

, (3.27)

and let Ln P N, n P N, satisfy for all n P N that

Ln “ max

"

LpGq, max
pi,jqPt0,1,...,n´1uˆt0,1u

L0,j
n,i,0

*

. (3.28)
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We prove items (i), (ii), (iii), and (iv) by induction on n P N0. For the base case n “ 0 note
that the fact for all θ P Θ, t P r0, T s it holds that Uθ

0,t “ pp0 0 . . . 0q, 0q P R1ˆd ˆR1 implies
that for all θ1, θ2 P Θ, t1, t2 P r0, T s it holds that

DpUθ1
0,t1
q “ p1, d, 1q “ DpUθ2

0,t2
q. (3.29)

Moreover, observe that the fact that (3.20) implies that for all θ P Θ, t P r0, T s, x P Rd it holds
that U θ

0 pt, xq “ 0 and the fact for all θ P Θ, t P r0, T s it holds that Uθ
0,t “ pp0 0 . . . 0q, 0q P

R1ˆd ˆ R1 ensure that for all θ P Θ, t P r0, T s, x P Rd it holds that

LpUθ
0,tq “ 1,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
0,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ “ d, and pRapU
θ
0,tqqpxq “ U θ

0 pt, xq (3.30)

(cf. Definition 2.3). Combining (3.29), (3.30), and the fact that the assumption that RrpGq P
CpRd,Rq implies that maxtd, |||DpFq|||, |||DpGq|||u ě d hence proves items (i), (ii), (iii),
and (iv) in the the base case n “ 0. For the induction step N0 Q pn´ 1q 99K n P N let n P N
and assume that items (i), (ii), (iii), and (iv) hold true for all k P t0, 1, . . . , n ´ 1u. Note
that the hypothesis that for every θ P Θ, t P r0, T s it holds that W θ

t P Rd and Lemma 2.21
(applied for every θ P Θ, t P r0, T s with

u ð 1, v ð Mn, phkqkPtu,u`1,...,vu ð pM´n
qkPt1,2,...,Mnu, Ψ ð Φθ

n,t,

pΦkqkPtu,u`1,...,vu ð pGqkPt1,2,...,Mnu, pBkqkPtu,u`1,...,vu ð pW θ,0,´k
T´t qkPt1,2,...,Mnu

(3.31)

in the notation of Lemma 2.21) assure that for all θ P Θ, t P r0, T s, x P Rd it holds that

D
`

Φθ
n,t

˘

“
`

d,MnD1pGq,M
nD2pGq, . . . ,M

nDLpGq´1pGq, 1
˘

“ D
`

Φ0
n,0

˘

P NLpGq`1 (3.32)

and
`

RapΦ
θ
n,tq

˘

pxq “
1

Mn

„

Mn
ř

k“1

`

RapGq
˘̀

x`W
pθ,0,´kq
T´t

˘



. (3.33)

In addition, observe that the induction hypothesis and, e.g., Grohs et al. [22, item (ii) in
Proposition 2.6] prove that for all θ P Θ, j P t0, 1u, i P t0, 1, . . . , n ´ 1u, t P r0, T s it holds
that

Lθ,jn,i,t “ max
kPt1,2,...,Mn´iu

L
´

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

¯

“ max
kPt1,2,...,Mn´iu

”

LpFq ` L
´

U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

¯

´ 1
ı

“ max
kPt1,2,...,Mn´iu

”

LpFq ` L
´

U0
maxti´j,0u,0

¯

´ 1
ı

“ max
kPt1,2,...,Mn´iu

L
`

F ‚U0
maxti´j,0u,0

˘

“ L0,j
n,i,0.

(3.34)

This, the induction hypothesis, the hypothesis that for all θ P Θ, t P r0, T s it holds that
W θ
t P Rd, the hypothesis that for all θ P Θ, t P r0, T s it holds that U θ

t P r0, T s, Lemma 2.22
(applied for every j P t0, 1u, i P t0, 1, . . . , n´ 1u, θ P Θ, t P r0, T s with

u ð 1, v ð Mn´i, J ð J, pBkqkPtu,u`1,...,vu ð
`

W θ,0,k

Upθ,i,kqt ´t

˘

kPt1,2,...,Mn´iu
,

phkqkPtu,u`1,...,vu ð p1qkPt1,2,...,Mn´iu, L ð L0,j
n,i,0, Ψ ð Ψθ,j

n,i,t, a ð a

pΦkqkPtu,u`1,...,vu ð
`

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

˘

kPt1,2,...,Mn´iu

(3.35)
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in the notation of Lemma 2.22), and, e.g., Grohs et al. [22, Proposition 2.6] show that for
all θ P Θ, j P t0, 1u, i P t0, 1, . . . , n´ 1u, t P r0, T s, x P Rd it holds that

D
`

Ψθ,j
n,i,t

˘

(3.36)

“

ˆ

d,
Mn´i
ř

k“1

D1

´

EL0,j
n,i,0,J

`

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

˘

¯

,
Mn´i
ř

k“1

D2

´

EL0,j
n,i,0,J

`

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

˘

¯

,

. . . ,
Mn´i
ř

k“1

DL0,j
n,i,0´1

´

EL0,j
n,i,0,J

`

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

˘

¯

, 1

˙

(3.37)

“

ˆ

d,Mn´iD1

´

EL0,j
n,i,0,J

`

F ‚U0
maxti´j,0u,0

˘

¯

,Mn´iD2

´

EL0,j
n,i,0,J

`

F ‚U0
maxti´j,0u,0

˘

¯

,

. . . ,Mn´iDL0,j
n,i,0´1

´

EL0,j
n,i,0,J

`

F ‚U0
maxti´j,0u,0

˘

¯

, 1

˙

“ DpΨ0,j
n,i,0q P N

L0,j
n,i,0`1

and

`

RapΨ
θ,j
n,i,tq

˘

pxq “
Mn´i
ř

k“1

´

Ra

`

F ‚U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

˘

¯

`

x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

“
Mn´i
ř

k“1

´

RapFq ˝Ra

`

U
pθ,p´1qji,kq

maxti´j,0u,Upθ,i,kqt

˘

¯

`

x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

(3.38)

“
Mn´i
ř

k“1

´

RapFq ˝ U
pθ,p´1qji,kq
maxti´j,0u

¯

`

U pθ,i,kqt , x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

.

Combining (3.36), (3.38), and Lemma 2.22 (applied for every j P t0, 1u, θ P Θ, t P r0, T s
with

u ð 1, v ð Mn´i, J ð J, pΦkqkPtu,u`1,...,vu ð
`

Ψθ,j
n,i,t

˘

iPt0,1,...,n´1u
, L ð L0,j

n,i,0, (3.39)

phkqkPtu,u`1,...,vu ð

´

p´1qjpT´tq1Npi`jq
Mn´i

¯

iPt0,1,...,n´1u
, pBkqkPtu,u`1,...,vu ð pIdqkPt0,1,...,n´1u

in the notation of Lemma 2.22) demonstrates that for all j P t0, 1u, θ P Θ, t P r0, T s, x P Rd

it holds that

D
`

Ξθ,j
n,t

˘

“

ˆ

d,
n´1
ř

i“0

D1

`

EL0,j
n,i,0,J

`

Ψθ,j
n,i,t

˘˘

,
n´1
ř

i“0

D2

`

EL0,j
n,i,0,J

`

Ψθ,j
n,i,t

˘˘

,

. . . ,
n´1
ř

i“0

DL0,j
n,i,0´1

`

EL0,j
n,i,0,J

`

Ψθ,j
n,i,t

˘˘

, 1

˙

“

ˆ

d,
n´1
ř

i“0

D1

`

EL0,j
n,i,0,J

`

Ψ0,j
n,i,0

˘˘

,
n´1
ř

i“0

D2

`

EL0,j
n,i,0,J

`

Ψ0,j
n,i,0

˘˘

,

. . . ,
n´1
ř

i“0

DL0,j
n,i,0´1

`

EL0,j
n,i,0,J

`

Ψ0,j
n,i,0

˘˘

, 1

˙

“ DpΞ0,j
n,0q P N

L0,j
n,i,0`1

(3.40)

and

`

RapΞ
θ,j
n,tq

˘

pxq “
n´1
ř

i“0

´

p´1qjpT´tq1Npi`jq
Mn´i

¯

`

RapΨ
θ,j
n,i,tq

˘

pxq (3.41)
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“
n´1
ř

i“0

´

p´1qjpT´tq1Npi`jq
Mn´i

¯

«

Mn´i
ř

k“1

`

RapFq ˝ U
pθ,p´1qji,kq
maxti´j,0u

˘̀

U pθ,i,kqt , x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

ff

.

Next, note that (3.32), (3.36), (3.40), item (i) in Lemma 2.22 (applied for every θ P Θ,
t P r0, T s with u ð 1, v ð 3, L ð Ln, Φ1 ð Φθ

n,t, Φ2 ð Ξθ,0
n,t, Φ3 ð Ξθ,1

n,t, J ð J, h1 ð 1,
h2 ð 1, h3 ð 1, B1 ð 0, B2 ð 0, B3 ð 0 in the notation of Lemma 2.22), and, e.g., Grohs
et al. [22, item (i) in Proposition 2.6] yield that for all θ P Θ, t P r0, T s it holds that

DpUθ
n,tq “ D

`

Φθ
n,t ‘ J Ξθ,0

n,t ‘ J Ξθ,1
n,t

˘

“

´

d,D1

`

ELn,J
`

Φθ
n,t

˘˘

` D1

`

ELn,J
`

Ξθ,0
n,t

˘˘

` D1

`

ELn,J
`

Ξθ,1
n,t

˘˘

,

D2

`

ELn,J
`

Φθ
n,t

˘˘

` D2

`

ELn,J
`

Ξθ,0
n,t

˘˘

` D2

`

ELn,J
`

Ξθ,1
n,t

˘˘

,

. . . ,DLn´1

`

ELn,J
`

Φθ
n,t

˘˘

` DLn´1

`

ELn,J
`

Ξθ,0
n,t

˘˘

` DLn´1

`

ELn,J
`

Ξθ,1
n,t

˘˘

, 1
¯

(3.42)

“

´

d,D1

`

ELn,J
`

Φ0
n,0

˘˘

` D1

`

ELn,J
`

Ξ0,0
n,0

˘˘

` D1

`

ELn,J
`

Ξ0,1
n,0

˘˘

,

D2

`

ELn,J
`

Φ0
n,0

˘˘

` D2

`

ELn,J
`

Ξ0,0
n,0

˘˘

` D2

`

ELn,J
`

Ξ0,1
n,0

˘˘

,

. . . ,DLn´1

`

ELn,J
`

Φ0
n,0

˘˘

` DLn´1

`

ELn,J
`

Ξ0,0
n,0

˘˘

` DLn´1

`

ELn,J
`

Ξ0,1
n,0

˘˘

, 1
¯

“ D
`

Φ0
n,0 ‘ J Ξ0,0

n,0 ‘ J Ξ0,1
n,0

˘

“ DpU0
n,0q P NLn`1.

Next, observe that (3.24), (3.25), (3.26), (3.33), (3.38), (3.41), and item (iii) in Lemma 2.22
(applied for every θ P Θ, t P r0, T s with u ð 1, v ð 3, L ð Ln, Φ1 ð Φθ

n,t, Φ2 ð Ξθ,0
n,t,

Φ3 ð Ξθ,1
n,t, J ð J, h1 ð 1, h2 ð 1, h3 ð 1, B1 ð 0, B2 ð 0, B3 ð 0 in the notation of

Lemma 2.22) establish that for all θ P Θ, t P r0, T s, x P Rd it holds that
`

RapU
θ
n,tq

˘

pxq “
`

RapΦ
θ
n,t ‘ J Ξθ,0

n,t ‘ J Ξθ,1
n,tq

˘

pxq

“
`

RapΦ
θ
n,tq

˘

pxq `
`

RapΞ
θ,0
n,tq

˘

pxq `
`

RapΞ
θ,1
n,tq

˘

pxq

“ 1
Mn

„

Mn
ř

k“1

`

RapGq
˘̀

x`W
pθ,0,´kq
T´t

˘



`
n´1
ř

i“0

pT´tq
Mn´i

«

Mn´i
ř

k“1

`

RapFq ˝ U
pθ,i,kq
i

˘̀

U pθ,i,kqt , x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

ff

`
n´1
ř

i“0

pt´T q1Npiq
Mn´i

«

Mn´i
ř

k“1

`

RapFq ˝ U
pθ,´i,kq
maxti´1,0u

˘̀

U pθ,i,kqt , x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

ff

“ 1
Mn

„

Mn
ř

k“1

`

RapGq
˘̀

x`W
pθ,0,´kq
T´t

˘



`
n´1
ř

i“0

pT´tq
Mn´i

«

Mn´i
ř

k“1

`

RapFq ˝ U
pθ,i,kq
i

˘̀

U pθ,i,kqt , x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

ff

`
n´1
ř

i“0

pt´T q1Npiq
Mn´i

«

Mn´i
ř

k“1

`

RapFq ˝ U
pθ,´i,kq
i´1

˘̀

U pθ,i,kqt , x`W
pθ,i,kq

Upθ,i,kqt ´t

˘

ff

“ U θ
npt, xq.

(3.43)
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Furthermore, note that (3.42) and Jensen’s inequality imply that for all θ P Θ, t P r0, T s it
holds that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ “
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpU0
n,0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ max

"

d, max
kPt1,2,...,Ln´1u

´

Dk

`

ELn,JpΦ0
n,0q

˘

` Dk

`

ELn,JpΞ
0,0
n,0q

˘

` Dk

`

ELn,JpΞ
0,1
n,0q

˘

¯

*

ď max
kPt1,2,...,Ln´1u

”

max
 

d,Dk

`

ELn,JpΦ0
n,0q

˘(

`max
 

d,Dk

`

ELn,JpΞ
0,0
n,0q

˘(

(3.44)

`max
 

d,Dk

`

ELn,JpΞ
0,1
n,0q

˘(

ı

ď
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

ELn,J
`

Φ0
n,0

˘˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ`
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

ELn,JpΞ
0,0
n,0q

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ`
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

ELn,JpΞ
0,1
n,0q

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ.

This, (3.32), (3.36), (3.40), (3.42), the induction hypothesis, Jensen’s inequality, and, e.g.,
Grohs et al. [22, item (i) in Proposition 2.6] ensure that for all θ P Θ, t P r0, T s it holds that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ “
ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpU0
n,0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

ELn,JpΦ0
n,0q

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ`
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

ELn,JpΞ
0,0
n,0q

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ`
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

ELn,JpΞ
0,1
n,0q

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď maxtd,Mn
|||DpGq|||u `max

"

d,
n´1
ř

i“0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

Ψ0,0
n,i,0

˘ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

*

`max

"

d,
n´1
ř

i“0

ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

Ψ0,1
n,i,0

˘ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

*

ď maxtd,Mn
|||DpGq|||u `max

"

d,
n´1
ř

i“0

Mn´i
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

F ‚U0
i,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

*

`max

"

d,
n´1
ř

i“1

Mn´i
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

F ‚U0
maxti´1,0u,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

*

ď maxtd,Mn
|||DpGq|||u

`
n´1
ř

i“0

Mn´i
”

max
 

d,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

F ‚U0
i,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

`max
 

d,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

F ‚U0
maxti´1,0u,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ı

(3.45)

ď maxtd,Mn
|||DpGq|||u

`
n´1
ř

i“0

Mn´i
”

max
 

d, |||DpFq|||,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

U0
i,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

`max
 

d, |||DpFq|||,
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

U0
maxti´1,0u,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

(

ı

ď
`

maxtd, |||DpGq|||u ` nmaxtd, |||DpFq|||u
˘

Mn

`
n´1
ř

i“0

Mn´i
”

ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

U0
i,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ`
ˇ

ˇ

ˇ

ˇ

ˇ

ˇD
`

U0
maxti´1,0u,0

˘
ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ı

.

Combining this and, e.g., Hutzenthaler et al. [31, Corollary 4.3] (applied with γ ð 0, β ð M ,
α0 ð maxtd, |||DpGq|||u, α1 ð maxtd, |||DpFq|||u, pxiqiPt0,1,...,ku ð p

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpU0
i,0q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇqiPt0,1,...,nu in the
notation of Hutzenthaler et al. [31, Corollary 4.3]) assures that for all θ P Θ, t P r0, T s it
holds that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ ď 1
2

`

maxtd, |||DpGq|||u `maxtd, |||DpFq|||u
˘`

1`
?

2
˘n
Mn

ď maxtd, |||DpFq|||, |||DpGq|||u
`

1`
?

2
˘n
Mn.

(3.46)

Moreover, observe that the induction hypothesis, (3.28), (3.42), Jensen’s inequality, and,
e.g., Grohs et al. [22, item (ii) in Proposition 2.6] prove that for all θ P Θ, t P r0, T s it holds
that

LpUθ
n,tq “ LpU0

n,0q “ Ln “ max

"

LpGq, max
pi,jqPt0,1,...,n´1uˆt0,1u

L
`

F ‚U0
maxti´j,0u,0

˘

*
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“ max

"

LpGq, max
pi,jqPt0,1,...,n´1uˆt0,1u

´

LpFq ` L
`

U0
maxti´j,0u,0

˘

´ 1
¯

*

“ max

"

LpGq,HpFq ` max
pi,jqPt0,1,...,n´1uˆt0,1u

L
`

U0
maxti´j,0u,0

˘

*

(3.47)

ď max

"

LpGq,HpFq ` max
pi,jqPt0,1,...,n´1uˆt0,1u

´

maxtd,LpGqu `maxti´ j, 0uHpFq
¯

*

“ max
!

LpGq,HpFq `
“

maxtd,LpGqu ` pn´ 1qHpFq
‰

)

ď maxtd,LpGqu ` nHpFq.

Combining (3.42), (3.43), (3.46), and (3.47) completes the induction step. Induction hence
establishes items (i), (ii), (iii), and (iv). In addition, note that item (ii) and item (iii) show
that for all θ P Θ, n P N0, t P r0, T s it holds that

PpUθ
n,tq ď

LpUθ
n,tq

ř

k“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

”

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ` 1
ı

ď 2LpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇDpUθ
n,tq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

2

ď 2
`

LpGq ` nHpFq
˘

´

max
 

d, |||DpFq|||, |||DpGq|||
(

¯2
`

1`
?

2
˘2n
M2n.

(3.48)

This establishes item (v). The proof of Lemma 3.9 is thus complete.

4 ANN approximations for PDEs

4.1 ANN approximation results with general activation functions

Theorem 4.1. Let p, q, r, L, C, α0, α1, β0, β1, T P r0,8q, q P r2,8q, a P CpR,Rq, J P

N, pFd,εqpd,εqPN0ˆp0,1s Ď N, for every d P N0 let fd P CpRmaxtd,1u,Rq, for every d P N
let νd : BpRdq Ñ r0, 1s be a probability measure, and assume for all d P N0, v, w P R,
x P Rmaxtd,1u, ε P p0, 1s that p

ş

Rd‖y‖
pqq νdpdyqq

1{ppqqq ď Cdr, HpJq “ 1, RapJq “ idR,
RapFd,εq P CpRmaxtd,1u,Rq, maxt|f0pvq´f0pwq|, |pRapF0,εqqpvq´pRapF0,εqqpwq|u ď L|v´w|,
εαmintd,1uLpFd,εq ` ε

βmintd,1u |||DpFd,εq||| ď Cpmaxtd, 1uqp, and

ε|pRapFd,εqqpxq|` |fdpxq ´ pRapFd,εqqpxq| ď εCpmaxtd, 1uqpp1` ‖x‖qpq (4.1)

(cf. Definitions 2.1, 2.3, and 2.6). Then

(i) for every d P N, c P p0,8q there exists a unique at most polynomially growing viscosity
solution ud P Cpr0, T s ˆ Rd,Rq of

p B
Bt
udqpt, xq ` cp∆xudqpt, xq ` f

`

udpt, xq
˘

“ 0 (4.2)

with udpT, xq “ gdpxq for pt, xq P p0, T q ˆ Rd and

(ii) there exist pUd,t,εqpd,t,εqPNˆr0,T sˆp0,1s Ď N and η “ pηδqδPp0,8q : R Ñ R such that for all
d P N, t P r0, T s, ε P p0, 1s, δ P p0,8q it holds that RapUd,t,εq P CpRd,Rq, PpUd,t,εq ď

ηδd
pp7`4q`p2`qqδqε´p4`2δ`maxtα0,α1u`2 maxtβ0,β1uq and

ˆ
ż

Rd

∣∣udpt, xq ´ pRapUd,t,εqqpxq
∣∣q νdpdxq˙1{q

ď ε. (4.3)
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Note #4: Update the proof of Theorem 4.1. . .

Proof of Theorem 4.1. Throughout this proof let B P r0,8q, pmkqkPN Ď N satisfy for all
k P N that lim infjÑ8mj “ 8, lim supjÑ8 pmjq

q{2
{j ă 8, and mk`1 ď Bmk, let Θ “

Ť

nPNZn,
let pΩ,F ,Pq be a probability space, let uθ : Ω Ñ r0, 1s, θ P Θ, be i.i.d. random variables, let
U θ : r0, T s ˆ Ω Ñ r0, T s, θ P Θ, satisfy for all t P r0, T s, θ P Θ that U θ

t “ t ` pT ´ tquθ, let
W d,θ : r0, T s ˆ Ω Ñ Rd, d P N, θ P Θ, be independent standard Brownian motions, assume
for every d P N that pU θqθPΘ and pW d,θqθPΘ are independent, let vd,ε P Cpr0, T s ˆ Rd,Rq,
d P N, ε P p0, 1s, satisfy for all d P N, ε P p0, 1s, t P r0, T s, x P Rd that

vd,εpt, xq “ E
”

`

RapGd,εq
˘

px`W d,0
T´tq

ı

`

ż T

t

E
”

`

pRapFεq
˘

pvd,εps, x`W
d,0
s´tqq

ı

ds, (4.4)

let Ud,θ
n,j,ε : r0, T s ˆ Rd ˆ Ω Ñ R, d, j, n P Z, θ P Θ, ε P p0, 1s, satisfy for all ε P p0, 1s, n P N0,

d, j P N, θ P Θ, t P r0, T s, x P Rd that

Ud.θ
n,j,εpt, xq “

1Npnq

pmjq
n

«

pmjq
n

ř

k“1

`

RapGd,εq
˘̀

x`W
d,pθ,0,´kq
T´t

˘

ff

`

n´1
ÿ

i“0

pT ´ tq

pmjq
n´i

«

pmjq
n´i

ř

k“1

”

`

pRapFεq
˘̀

U
d,pθ,i,kq
i,j,ε

`

U pθ,i,kqt , x`W
d,pθ,i,kq

Upθ,i,kqt ´t

˘˘

(4.5)

´ 1Npiq
`

pRapFεq
˘̀

U
d,pθ,´i,kq
i´1,j,ε

`

U pθ,i,kqt , x`W
d,pθ,i,kq

Upθ,i,kqt ´t

˘˘

ı

ff

,

let Ud,θ,ε
n,j,t P N, d, j, n P Z, θ P Θ, t P r0, T s, ε P p0, 1s, satisfy for all ε P p0, 1s, θ P Θ,

d, j, n P N, t P r0, T s that Ud,θ,ε
0,j,t “ pp0 0 . . . 0q, 0q P R1ˆd ˆ R1 and

Ud,θ,ε
n,j,t “

„

pmjq
n

‘
k“1

´

1
pmjqn

f
`

Gd,ε ‚AId,W
d,pθ,0,´kq
T´t

˘

¯



‘ J

«

n´1
‘

i“0,J

«

´

pT´tq
pmjqn´i

¯

f

ˆ

pmjq
n´i

‘
k“1,J

´

`

Fε ‚U
d,pθ,i,kq,ε

i,j,Upθ,i,kqt

˘

‚A
Id,W

d,pθ,i,kq

Ud,pθ,i,kqt ´t

¯

˙

ffff

(4.6)

‘ J

«

n´1
‘

i“0,J

«

´

pt´T q1Npiq
pmjqn´i

¯

f

ˆ

pmjq
n´i

‘
k“1,J

´

`

Fε ‚U
d,pθ,´i,kq,ε

maxti´1,0u,j,Upθ,i,kqt

˘

‚A
Id,W

d,pθ,i,kq

Upθ,i,kqt ´t

¯

˙

ffff

(cf. Lemma 3.9), let cd P r1,8q, d P N, satisfy for all d P N that

cd “ pC ` 1qdp
`

eLT pT ` 1q
˘q`1`

pC ` 1qqdpq ` 1
˘

¨

«

1`

ˆ
ż

Rd
‖x‖pqq νdpdxq

˙1{ppqqq

`

´

E
“

‖W d,0
T ‖pqq

‰

¯1{ppqqq

ffpq

,
(4.7)

let Bd,ε P N, d P N, ε P p0, 1s, satisfy for all d P N, ε P p0, 1s that

Bd,ε “ max
 

d, |||DpFεq|||, |||DpGd,εq|||
(

, (4.8)
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let δd,ε P p0, 1s, d P N, ε P p0, 1s, satisfy for all d P N, ε P p0, 1s that δd,ε “ ε{pcd`1q, and assume
without loss of generality that maxt|fp0q| ` 1, du ď C (cf. Definitions 2.7, 2.8, 2.12, 2.18,
2.19, and 2.20). Observe that the triangle inequality and the assumption that for all d P N,
x P Rd, ε P p0, 1s it holds that ε|pRapGd,εqqpxq|` |gdpxq ´ pRapGd,εqqpxq| ď εCdpp1` ‖x‖qpq
demonstrate that for all d P N, x P Rd, ε P p0, 1s it holds that

|gdpxq| ď |gdpxq´pRapGd,εqqpxq|`|pRapGd,εqqpxq| ď εCdpp1`‖x‖qpq`Cdpp1`‖x‖qpq. (4.9)

This yields that for all d P N, x P Rd it holds that

|gdpxq| ď pC ` 1qdpp1` ‖x‖qpq. (4.10)

Combining this, the assumption that for all w, z P R it holds that |fpwq´fpzq| ď L|w´z|, and
Beck et al. [4, Corollary 3.10] (applied for every d P N with d ð d, m ð d, L ð L, T ð T ,
µ ð pRd Q x ÞÑ p0, 0, . . . , 0q P Rdq, σ ð Id, f ð pr0, T s ˆ Rd ˆ R Q pt, x, wq ÞÑ fpwq P Rq,
g ð gd, W ð W d,0 in the notation of Beck et al. [4, Corollary 3.10]) establishes item (i).
Next, note that the fact that for all d P N the random variable ‖W d

T{
?
T‖2 is a chi-squared

distributed random variable with d-degrees of freedom, Jensen’s inequality, and, e.g., Simon
[43, Eq. (2.35)] establish that for all d P N it holds that

´

E
“

‖W d,0
T ‖pqq

‰

¯2

ď E
“

‖W d,0
T ‖2pqq

‰

“ p2T qpqq

«

Γpd
2
` pqqq

Γpd
2
q

ff

“ p2T qpqq

«

pqq´1
ź

k“0

`

d
2
` k

˘

ff

. (4.11)

This implies that for all d P N it holds that

´

E
“

‖W d,0
T ‖pqq

‰

¯1{ppqqq

ď
?

2T

«

pqq´1
ź

k“0

`

d
2
` k

˘

ff1{p2pqqq

ď

b

2T
`

d
2
` pqq´ 1

˘

. (4.12)

Combining this and the assumption that for all d P N it holds that p
ş

Rd‖x‖
pqq νdpdxqq

1{ppqqq ď

Cdr ensures that there exists C P r0,8q such that for all d P N it holds that

cd ď C
“

1
3
p1` dr `

?
dq
‰pqq

ď Cdprpq`1qq. (4.13)

Furthermore, observe that the triangle inequality assures that for all n P N0, d P N, δ P p0, 1s,
t P r0, T s it holds that

ˆ
ż

Rd
E
”∣∣udpt, xq ´ Ud,0

n,j,δpt, xq
∣∣qı νdpdxq˙1{q

(4.14)

ď

ˆ
ż

Rd

∣∣udpt, xq ´ vd,δpt, xq∣∣q νdpdxq˙1{q

`

ˆ
ż

Rd
E
”∣∣vd,δpt, xq ´ Ud,0

n,j,δpt, xq
∣∣qı νdpdxq˙1{q

.

Moreover, note that the assumption that for all w P R, ε P p0, 1s it holds that |pRapFεqqpwq´
fpwq| ď Cεmaxt1, |w|qu proves that for all ε P p0, 1s it holds that

|pRapFεqqp0q| ď |pRapFεqqp0q ´ fp0q|` |fp0q| ď ε` |fp0q| ď C. (4.15)
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In addition, observe that the assumption that for all d P N, x P Rd, w P R, δ P p0, 1s it holds
that |fpwq´ pRapFδqqpwq| ď Cδmaxt1, |w|qu and |gdpxq´ pRapGd,δqqpxq| ď δCdpp1` ‖x‖qpq
shows that for all d P N, w P R, x P Rd, δ P p0, 1s it holds that

max
 

|fpwq ´ pRapFδqqpwq|, |gdpxq ´ pRapGd,δqqpxq|
(

ď max
 

Cδp1` |w|qq, δCdpp1` ‖x‖qpq
(

ď δpC ` 1qdp
`

p1` ‖x‖qpq ` |w|q
˘

.
(4.16)

Combining this, (4.10), (4.15), the assumption that for all d P N, w, z P R, x P Rd, δ P p0, 1s it
holds that maxt|fpwq´fpzq|, |pRapFδqqpwq´pRapFδqqpzq|u ď L|w´z| and δ|pRapGd,δqqpxq|`
|gdpxq´ pRapGd,δqqpxq| ď δCdpp1` ‖x‖qpq, and Hutzenthaler et al. [30, Lemma 2.3] (applied
for every d P N, δ P p0, 1s with f1 ð f , f2 ð RapFδq, g1 ð gd, g2 ð RapGd,δq, T ð T ,
L ð L, B ð pC`1qdp, δ ð δpC`1qdp, W ð W d,0, u1 ð ud, u2 ð vd,δ, p ð p, q ð q in the
notation of Hutzenthaler et al. [30, Lemma 2.3]) demonstrate that for all d P N, δ P p0, 1s,
t P r0, T s it holds that

ˆ
ż

Rd
|udpt, xq ´ vd,δpt, xq|q νdpdxq

˙1{q

ď δpC ` 1qdp
`

eLT pT ` 1q
˘q`1`

pC ` 1qqdpq ` 1
˘

(4.17)

¨

„
ż

Rd

´

1` ‖x‖`
`

E
“

‖W d,0
T ‖pq

‰˘1{ppqq
¯pqq

νdpdxq

1{q

.

Combining (4.17) and the triangle inequality hence yields that for all d P N, δ P p0, 1s,
t P r0, T s it holds that

ˆ
ż

Rd
|udpt, xq ´ vd,δpt, xq|q νdpdxq

˙1{q

ď cdδ. (4.18)

Next, note that (4.15) and the assumption that for all d P N, x P Rd, δ P p0, 1s it holds that
δ|pRapGd,δqqpxq| ` |gdpxq ´ pRapGd,δqqpxq| ď δCdpp1 ` ‖x‖qpq establish that for all d P N,
x P Rd, δ P p0, 1s it holds that

max
 

|pRapFδqqp0q|, |pRapGd,δqqpxq|
(

ď max
 

C,Cdpp1` ‖x‖qpq
(

“ Cdpp1` ‖x‖qpq. (4.19)

This and the fact that for all n P N, w1, w2, . . . , wn P r0,8q it holds that r
řn
k“1wks

1{2 ď
řn
k“1pwkq

1{2 imply that for all d P N, x “ px1, x2, . . . , xdq P Rd, δ P p0, 1s it holds that

max
 

|pRapFδqqp0q|, |pRapGd,δqqpxq|
(

ď Cdp
`

1` r
řd
k“1|xk|2s

1{2
˘pq

ď Cdp
`

1`
řd
k“1|xk|

˘pq.
(4.20)

Combining this, the assumption that for all d P N, w, z P R, δ P p0, 1s it holds that
maxt|fpwq ´ fpzq|, |pRapFδqqpwq ´ pRapFδqqpzq|u ď L|w ´ z|, and Hutzenthaler et al. [31,
Proposition 4.4] (applied for every δ P p0, 1s with T ð T , B ð B, L ð maxtL,Cu,
p ð p, q ð pq, q ð q, pmjqjPN ð pmjqjPN, f ð RapFδq, pgdqdPN ð pRapGd,δqqdPN,
Θ ð Θ, puθqθPΘ ð puθqθPΘ, pU θqθPΘ ð pU θqθPΘ, pW d,θqpd,θqPNˆΘ ð pW d,θqpd,θqPNˆΘ, pudqdPN ð

pvd,δqdPN, pUd,θ
n,j qpn,j,d,θqPZˆZˆNˆΘ ð pUd,θ

n,j,δqpn,j,d,θqPZˆZˆNˆΘ in the notation of Hutzenthaler et
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al. [31, Proposition 4.4]) ensures that there exists n : N ˆ R Ñ N such that for all d P N,
t P r0, T s, δ P p0, 1s it holds that

ˆ
ż

Rd
E
”∣∣vd,δpt, xq ´ Ud,0

npd,δq,npd,δq,δpt, xq
∣∣qı νdpdxq˙1{q

ď

ˆ
ż

Rd
δq νdpdxq

˙1{q

“ δ. (4.21)

Combining (4.14), (4.18), and (4.21) therefore assures that there exists n : NˆRÑ N such
that for all d P N, t P r0, T s, δ P p0, 1s it holds that

ˆ
ż

Rd
E
”∣∣udpt, xq ´ Ud,0

npd,δq,npd,δq,δpt, xq
∣∣qı νdpdxq˙1{q

ď cdδ ` δ. (4.22)

This and Fubini’s theorem prove that there exists n : N ˆ R Ñ N such that for all d P N,
t P r0, T s, ε P p0, 1s it holds that

E
„
ż

Rd

∣∣∣udpt, xq ´ Ud,0
npd,δd,εq,npd,δd,εq,δd,ε

pt, xq
∣∣∣q νdpdxq

“

ż

Rd
E
„∣∣∣udpt, xq ´ Ud,0

npd,δd,εq,npd,δd,εq,δd,ε
pt, xq

∣∣∣q νdpdxq ď `

cdδd,ε ` δd,ε
˘q
“ εq.

(4.23)

(4.23) hence shows that there exists n : N ˆ R Ñ N such that for all d P N, t P r0, T s,
ε P p0, 1s it holds that there exists ωd,ε P Ω such that

ż

Rd

∣∣udpt, xq ´ Ud,0
npd,εq,npd,εq,δd,ε

pt, x, ωd,εq
∣∣q νdpdxq ď εq. (4.24)

Furthermore, observe that (4.6) and item (iv) in Lemma 3.9 (applied for every d, j P N,
ε P p0, 1s with Θ ð Θ, d ð d,M ð mj, F ð Fε, G ð Gd,ε, pU θqθPΘ ð pU θqθPΘ, pW θqθPΘ ð

pW θqθPΘ, pU θ
nqpn,θqPZˆΘ ð pUd,θ

n,j,εqpn,θqPZˆΘ, pUθ
n,tqpn,t,θqPZˆr0,T sˆΘ ð pUd,θ,ε

n,j,tqpn,t,θqPZˆr0,T sˆΘ in
the notation of Lemma 3.9) demonstrate that for all d, n, j P N, t P r0, T s, x P Rd, ε P p0, 1s
it holds that pRapU

d,0,ε
n,j,t qqpxq “ Ud,0

n,j,εpt, xq. Combining this and (4.24) establishes (4.3).
Moreover, note that item (v) in Lemma 3.9 implies there exists n : NˆRÑ N such that for
all d P N, t P r0, T s, ε P p0, 1s it holds that

P
`

Ud,0,ε
npd,εq,npd,εq,t

˘

ď 2
`

LpGd,εq `npd, εqHpFεq
˘

”

`

1`
?

2
˘npd,εq`

mnpd,εq

˘npd,εq
max

 

d, |||DpFεq|||, |||DpGd,εq|||
(

ı2

ď 2
`

LpGd,εq `HpFεq
˘

´

max
 

2, |||DpFεq|||, |||DpGd,εq|||
(

¯2

(4.25)

¨

”

`

npd, εq
˘1{2
p1`

?
2qnpd,εq

`

mnpd,εq

˘npd,εq
ı2

.

In addition, observe that the assumption that for all d P N, ε P p0, 1s it holds that LpFεq ď

Cε´λ, |||DpFεq||| ď Cε´γ, LpGd,εq ď Cdpε´β, and |||DpGd,εq||| ď Cdpε´α ensures that for all
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d P N, ε P p0, 1s it holds that

`

LpGd,εq `HpFεq
˘

´

max
 

d, |||DpFεq|||, |||DpGd,εq|||
(

¯2

ď
`

Cdpε´β ` Cε´λ
˘

´

max
 

C,Cε´γ, Cdpε´α
(

¯2

ď 2Cdp maxtε´β, ε´λu
´

max
 

C,Cε´γ, Cdpε´α
(

¯2

ď 2C3d3pε´maxtβ,λu
`

maxtε´γ, ε´αu
˘2
ď 2C3d3pε´pmaxtβ,λu`2 maxtγ,αuq.

(4.26)

This, (4.25), and Hutzenthaler et al. [31, Proposition 4.4] (applied with p ð p, q ð pq,
β ð 1{2, d ð d, α ð 1, d ð 0, pmjqjPN ð pmjqjPN, n ð n in the notation of Hutzenthaler
et al. [31, Proposition 4.4]) assure that there exists n : NˆRÑ N and c “ pcδqδPp0,8q : RÑ R
such that for all d P N, ε P p0, 1s, δ P p0,8q it holds that

P
`

Ud,0,ε
npd,εq,npd,εq,t

˘

ď 2C3d3pε´pmaxtβ,λu`2 maxtγ,αuq
”

`

npd, εq
˘1{2
p1`

?
2qnpd,εq

`

mnpd,εq

˘npd,εq
ı2

ď 2C3d3pε´pmaxtβ,λu`2 maxtγ,αuq
“

cδd
pp`pqqp2`δqε´p2`δq

‰2 (4.27)

ď pcδq
22C3dpp7`4q`p2`qqδqε´p4`2δ`maxtβ,λu`2 maxtγ,αuq.

This establishes item (ii). The proof of Theorem 4.1 is thus complete.

4.2 One-dimensional neural network approximation results

4.2.1 The modulus of continuity

Definition 4.2 (Modulus of continuity). Let A Ď R be a set and let f : RÑ R be a function.
Then we denote by wf : r0,8s Ñ r0,8s the function which satisfies for all h P r0,8s that

wf phq “ sup
´

 

|fpxq ´ fpyq| P r0,8q :
`

x, y P A with |x´ y| ď h
˘(

Y t0u
¯

(4.28)

and we call wf the modulus of continuity of f .

Lemma 4.3. Let a P r´8,8s, b P ra,8s and let f : pra, bs X Rq Ñ R be a function. Then

(i) it holds that wf is non-decreasing,

(ii) it holds that f is uniformly continuous if and only if limhŒ0wf phq “ 0,

(iii) it holds that f is globally bounded if and only if wf p8q ă 8,

(iv) it holds for all x, y P ra, bs X R that |fpxq ´ fpyq| ď wf p|x´ y|q, and

(v) it holds for all h, h P r0,8s that wf ph` hq ď wf phq ` wf phq

(cf. Definition 4.2).
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Proof of Lemma 4.3. First, note that (4.28) implies items (i), (ii), (iii), and (iv). Next,
observe that (4.28) and the triangle inequality ensure that for all h, h P r0,8s it holds that

wf ph` hq

“ sup
´

 

|fpxq ´ fpyq| P r0,8q : px, y P ra, bs X R : |x´ y| ď ph` hqq
(

Y t0u
¯

ď sup
´!∣∣fpxq ´ f`x´ h x´y

|x´y|

˘∣∣ P r0,8q : `x, y P ra, bs X R : |x´ y| ď ph` hq
˘

)

Y t0u
¯

` sup
´!∣∣f`x´ h x´y

|x´y|

˘

´ fpyq
∣∣ P r0,8q : `x, y P ra, bs X R : |x´ y| ď ph` hq

˘

)

Y t0u
¯

ď sup
´!∣∣fpxq ´ f`x´ h x´y

|x´y|

˘
∣∣ P r0,8q : `x, y P ra, bs X R : |x´ y| ď h

˘

)

Y t0u
¯

(4.29)

` sup
´!∣∣f`x´ h x´y

|x´y|

˘

´ fpyq
∣∣ P r0,8q : `x, y P ra, bs X R : |x´ y| ď h

˘

)

Y t0u
¯

“ wf phq ` wf phq

(cf. Definition 4.2). This establishes item (v). The proof of Lemma 4.3 is thus complete.

Lemma 4.4. Let A Ď R, L P r0,8q, and let f : A Ñ R satisfy for all x, y P A that
|fpxq´fpyq| ď L|x´y|. Then it holds for all h P r0,8q that wf phq ď Lh (cf. Definition 4.2).

Proof of Lemma 4.4. Note that the assumption that for all x, y P A it holds that |fpxq ´
fpyq| ď L|x´ y| and (4.28) assure that for all h P r0,8q it holds that

wf phq “ sup
´

 

|fpxq ´ fpyq| P r0,8q :
`

x, y P A with |x´ y| ď h
˘(

Y t0u
¯

(4.30)

ď sup
´

 

L|x´ y| P r0,8q :
`

x, y P A with |x´ y| ď h
˘(

Y t0u
¯

ď sup
`

tLh, 0u
˘

“ Lh

(cf. Definition 4.2). The proof of Lemma 4.4 is thus complete.

4.2.2 Linear interpolation of one-dimensional functions

Definition 4.5 (Linear interpolation function). Let K P N, x0, x1, . . . , xK , f0, f1, . . . , fK P R
satisfy x0 ă x1 ă ¨ ¨ ¨ ă xK . Then we denote byℒ f0,f1,...,fK

x0,x1,...,xK
: RÑ R the function which satisfies

for all k P t1, 2, . . . , Ku, x P p´8, x0q, y P rxk´1, xkq, z P rxK ,8q that pℒ f0,f1,...,fK
x0,x1,...,xK

qpxq “ f0,
pℒ f0,f1,...,fK

x0,x1,...,xK
qpzq “ fK , and

pℒ f0,f1,...,fK
x0,x1,...,xK

qpyq “ fk´1 `
` y´xk´1

xk´xk´1

˘

pfk ´ fk´1q. (4.31)

Lemma 4.6. Let K P N, x0, x1, . . . , xK , f0, f1, . . . , fK P R satisfy that x0 ă x1 ă ¨ ¨ ¨ ă xK.
Then

(i) it holds for all k P t0, 1, . . . , Ku that pℒ f0,f1,...,fK
x0,x1,...,xK

qpxkq “ fk,

(ii) it holds for all k P t1, 2, . . . , Ku, x P rxk´1, xks that

pℒ f0,f1,...,fK
x0,x1,...,xK

qpxq “ fk´1 `
` x´xk´1

xk´xk´1

˘

pfk ´ fk´1q, (4.32)

and
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(iii) it holds for all k P t1, 2, . . . , Ku, x P rxk´1, xks that

pℒ f0,f1,...,fK
x0,x1,...,xK

qpxq “
`

xk´x
xk´xk´1

˘

fk´1 `
` x´xk´1

xk´xk´1

˘

fk (4.33)

(cf. Definition 4.5).

Proof of Lemma 4.6. Observe that (4.31) proves items (i) and (ii). Furthermore, note that
item (ii) shows that for all k P t1, 2, . . . , Ku, x P rxk´1, xks it holds that

pℒ f0,f1,...,fK
x0,x1,...,xK

qpxq “
”

1´
` x´xk´1

xk´xk´1

˘

ı

fk´1 `
` x´xk´1

xk´xk´1

˘

fk “
`

xk´x
xk´xk´1

˘

fk´1 `
` x´xk´1

xk´xk´1

˘

fk (4.34)

(cf. Definition 4.5). This proves item (iii). The proof of Lemma 4.6 is thus complete.

Lemma 4.7. Let K P N, x0, x1, . . . , xK P R satisfy x0 ă x1 ă ¨ ¨ ¨ ă xK and let f : rx0, xKs Ñ R
be a function. Then

(i) it holds for all x, y P R with x ‰ y that∣∣pℒ fpx0q,fpx1q,...,fpxKq
x0,x1,...,xK

qpxq ´ pℒ fpx0q,fpx1q,...,fpxKq
x0,x1,...,xK

qpyq
∣∣

ď

„

max
kPt1,2,...,Ku

´

wf p|xk´xk´1|q
|xk´xk´1|

¯



|x´ y|
(4.35)

and

(ii) it holds that supxPrx0,xK s
∣∣pℒ fpx0q,fpx1q,...,fpxKq

x0,x1,...,xK qpxq ´ fpxq
∣∣ ď wf pmaxkPt1,2,...,Ku|xk ´ xk´1|q

(cf. Definitions 4.2 and 4.5).

Proof of Lemma 4.7. Throughout this proof let l : R Ñ R satisfy for all x P R that lpxq “
pℒ fpx0q,fpx1q,...,fpxKq

x0,x1,...,xK qpxq and let L P r0,8s satisfy

L “ max
kPt1,2,...,Ku

´

wf p|xk´xk´1|q
|xk´xk´1|

¯

(4.36)

(cf. Definitions 4.2 and 4.5). Observe that item (iv) in Lemma 4.3, (4.36), and item (ii) in
Lemma 4.6 demonstrate that for all k P t1, 2, . . . , Ku, x, y P rxk´1, xks with x ‰ y it holds
that

|lpxq ´ lpyq| “
∣∣∣` x´xk´1

xk´xk´1

˘`

fpxkq ´ fpxk´1q
˘

´
` y´xk´1

xk´xk´1

˘`

fpxkq ´ fpxk´1q
˘

∣∣∣
“

∣∣∣∣ˆfpxkq ´ fpxk´1q

xk ´ xk´1

˙

px´ yq

∣∣∣∣ ď ˆ

wf p|xk ´ xk´1|q
|xk ´ xk´1|

˙

|x´ y| ď L|x´ y|.
(4.37)

This, item (iv) in Lemma 4.3, Lemma 4.6, (4.36), and the triangle inequality yield that for
all j, k P t1, 2, . . . , Ku, x P rxj´1, xjs, y P rxk´1, xks with j ă k and x ‰ y it holds that

|lpxq ´ lpyq| ď |lpxq ´ lpxjq|` |lpxjq ´ lpxk´1q|` |lpxk´1q ´ lpyq|
“ |lpxq ´ lpxjq|` |fpxjq ´ fpxk´1q|` |lpxk´1q ´ lpyq|
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ď |lpxq ´ lpxjq|`

«

k´1
ř

i“j`1

|fpxiq ´ fpxi´1q|

ff

` |lpxk´1q ´ lpyq| (4.38)

ď |lpxq ´ lpxjq|`

«

k´1
ř

i“j`1

wf
`

|xi ´ xi´1|
˘

ff

` |lpxk´1q ´ lpyq|

ď L

˜

pxj ´ xq `

«

k´1
ř

i“j`1

pxi ´ xi´1q

ff

` py ´ xk´1

¸

“ L|x´ y|.

Combining this and (4.37) establishes that for all x, y P rx0, xKs with x ‰ y it holds that
|lpxq ´ lpyq| ď L|x ´ y|. This, the fact that for all x, y P p´8, x0s with x ‰ y it holds that
|lpxq ´ lpyq| “ 0 ď L|x ´ y|, the fact that for all x, y P rxK ,8q with x ‰ y it holds that
|lpxq ´ lpyq| “ 0 ď L|x ´ y|, and the triangle inequality imply that for all x, y P R with
x ‰ y it holds that |lpxq ´ lpyq| ď L|x ´ y|. This proves item (i). Moreover, note that
(4.28), Lemma 4.3, item (iii) in Lemma 4.6, and the triangle inequality ensure that for all
k P t1, 2, . . . , Ku, x P rxk´1, xks it holds that

|lpxq ´ fpxq| “
∣∣∣∣ˆ xk ´ x

xk ´ xk´1

˙

fpxkq `

ˆ

x´ xk´1

xk ´ xk´1

˙

fpxk´1q ´ fpxq

∣∣∣∣
“

∣∣∣∣ˆ xk ´ x

xk ´ xk´1

˙

pfpxkq ´ fpxqq `

ˆ

x´ xk´1

xk ´ xk´1

˙

pfpxk´1q ´ fpxqq

∣∣∣∣
ď

ˆ

xk ´ x

xk ´ xk´1

˙

|fpxkq ´ fpxq|`
ˆ

x´ xk´1

xk ´ xk´1

˙

|fpxk´1q ´ fpxq| (4.39)

ď wf
`

|xk ´ xk´1|
˘

ˆ

xk ´ x

xk ´ xk´1

´
x´ xk´1

xk ´ xk´1

˙

“ wf
`

|xk ´ xk´1|
˘

ď wf
`

maxjPt1,2,...,Ku|xj ´ xj´1|
˘

.

This establishes item (ii). The proof of Lemma 4.7 is thus complete.

Lemma 4.8. Let K P N, L, x0, x1, . . . , xK P R satisfy x0 ă x1 ă ¨ ¨ ¨ ă xK and let f : rx0, xKs Ñ
R satisfy for all x, y P rx0, xKs that |fpxq ´ fpyq| ď L|x´ y|. Then

(i) it holds for all x, y P R that∣∣pℒ fpx0q,fpx1q,...,fpxKq
x0,x1,...,xK

qpxq ´ pℒ fpx0q,fpx1q,...,fpxKq
x0,x1,...,xK

qpyq
∣∣ ď L|x´ y| (4.40)

and

(ii) it holds that supxPrx0,xK s
∣∣pℒ fpx0q,fpx1q,...,fpxKq

x0,x1,...,xK qpxq ´ fpxq
∣∣ ď LpmaxkPt1,2,...,Ku|xk ´ xk´1|q

(cf. Definition 4.5).

Proof of Lemma 4.8. First, observe that the assumption that for all x, y P rx0, xKs it holds
that |fpxq ´ fpyq| ď L|x ´ y|, Lemma 4.4, and item (i) in Lemma 4.7 assure that for all
x, y P R it holds that ∣∣pℒ fpx0q,fpx1q,...,fpxKq

x0,x1,...,xK
qpxq ´ pℒ fpx0q,fpx1q,...,fpxKq

x0,x1,...,xK
qpyq

∣∣
ď

„

max
kPt1,2,...,Ku

´

L|xk´xk´1|
|xk´xk´1|

¯



|x´ y| “ L|x´ y|
(4.41)
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(cf. Definition 4.5). This proves item (i). In addition, note that the assumption that for all
x, y P rx0, xKs it holds that |fpxq ´ fpyq| ď L|x´ y|, Lemma 4.4, and item (ii) in Lemma 4.7
prove that

sup
xPrx0,xK s

∣∣pℒ fpx0q,fpx1q,...,fpxKq
x0,x1,...,xK

qpxq ´ fpxq
∣∣ ď L

ˆ

max
kPt1,2,...,Ku

|xk ´ xk´1|
˙

. (4.42)

This establishes item (ii). The proof of Lemma 4.8 is thus complete.

4.2.3 Linear interpolation with ANNs

Note #5: Need to update everything below this point. . .

Lemma 4.9. Let α, β, h P R, H P N satisfy H “ h f pi1 ‚Aα,βq (cf. Definitions 2.1, 2.7,
2.12, 2.20, and 3.1). Then

(i) it holds that H “ ppα, βq, ph, 0qq,

(ii) it holds that DpHq “ p1, 1, 1q P N3,

(iii) it holds that RrpHq P CpR,Rq, and

(iv) it holds for all x P R that pRrpHqqpxq “ hmaxtαx` β, 0u

(cf. Definitions 2.4 and 2.6).

Proof of Lemma 4.9. Observe that Lemma 2.13 shows that for all x P R it holds that
Aα,β “ pα, βq, DpAα,βq “ p1, 1q P N2, RrpAα,βq P CpR,Rq, and pRrpAα,βqqpxq “ αx ` β
(cf. Definitions 2.4 and 2.6). Lemma 3.2, Lemma 3.3, (2.8), and (2.9) therefore demonstrate
that for all x P R it holds that i1 ‚Aα,β “ ppα, βq, p1, 0qq, Dpi1 ‚Aα,βq “ p1, 1, 1q P N3,
Rrpi1 ‚Aα,βq P CpR,Rq, and

pRrpi1 ‚Aα,βqqpxq “ rpRrpAα,βqpxqq “ maxtαx` β, 0u. (4.43)

This, e.g., Grohs et al. [23, Lemma 3.14], and Definition 2.20 yield that for all x P R it holds
that hf pi1 ‚Aα,βq “ ppα, βq, ph, 0qq, RrpHq P CpR,Rq, DpHq “ p1, 1, 1q, and

pRrpHqqpxq “ hppRrpi1 ‚Aα,βqqpxqq “ hmaxtαx` β, 0u. (4.44)

This establishes items (i), (ii), (iii), and (iv). The proof of Lemma 4.9 is thus complete.

Lemma 4.10. Let K P N, f0, f1, . . . , fK , x0, x1, . . . , xK P R satisfy x0 ă x1 ă ¨ ¨ ¨ ă xK and let
F P N satisfy

F “ A1,f0 ‚

ˆ

K
‘
k“0

´´

pfmintk`1,Ku´fkq

pxmintk`1,Ku´xmintk,K´1uq
´

pfk´fmaxtk´1,0uq

pxmaxtk,1u´xmaxtk´1,0uq

¯

f pi1 ‚A1,´xkq

¯

˙

(4.45)

(cf. Definitions 2.1, 2.7, 2.12, 2.18, 2.20, and 3.1). Then

(i) it holds that DpFq “ p1, K ` 1, 1q P N3,
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(ii) it holds that RrpFq P CpR,Rq,

(iii) it holds that RrpFq “ ℒ fpx0q,fpx1q,...,fpxKq
x0,x1,...,xK , and

(iv) it holds that PpFq “ 3K ` 4

(cf. Definitions 2.4, 2.6, and 4.5).

Proof of Lemma 4.10. Throughout this proof let c0, c1, . . . , cK P R satisfy for all k P t0, 1,
. . . , Ku that

ck “
pfmintk`1,Ku ´ fkq

pxmintk`1,Ku ´ xmintk,K´1uq
´

pfk ´ fmaxtk´1,0uq

pxmaxtk,1u ´ xmaxtk´1,0uq
(4.46)

and let Φ0,Φ1, . . . ,ΦK P ppR1ˆ1ˆR1qˆpR1ˆ1ˆR1qq Ď N satisfy for all k P t0, 1, . . . , Ku that
Φk “ ckfpi1 ‚A1,´xkq. Observe that Lemma 4.9 assures that for all k P t0, 1, . . . , Ku it holds
that RrpΦkq P CpR,Rq, DpΦkq “ p1, 1, 1q P N3, and @x P R : pRrpΦkqqpxq “ ck maxtx´ xk, 0u
(cf. Definitions 2.4 and 2.6). This, Lemma 2.14, (4.45), and e.g., Grohs et al. [23, Lemma 3.28]
assure that DpFq “ p1, K ` 1, 1q P N3 and RrpFq P CpR,Rq. This establishes items (i)
and (ii). Moreover, note that item (i) and (2.6) imply that

PpFq “ 2pK ` 1q ` pK ` 2q “ 3K ` 4. (4.47)

This proves item (iv). Next observe that (4.46), Lemma 2.14, and e.g., Grohs et al. [23,
Lemma 3.28] ensure that for all x P R it holds that

pRrpFqqpxq “ f0 `
K
ř

k“0

pRrpΦkqqpxq “ f0 `
K
ř

k“0

ck maxtx´ xk, 0u. (4.48)

This and the fact that @ k P t0, 1, . . . , Ku : x0 ď xk assure that for all x P p´8, x0s it holds
that

pRrpFqqpxq “ f0 ` 0 “ f0. (4.49)

Next we claim that for all k P t1, 2, . . . , Ku it holds that
k´1
ř

n“0

cn “
fk´fk´1

xk´xk´1
. (4.50)

We now prove (4.50) by induction on k P t1, 2, . . . , Ku. For the base case k “ 1 observe that
(4.46) assures that

ř0
n“0 cn “ c0 “

f1´f0

x1´x0
. This proves (4.50) in the base case k “ 1. For the

induction step from t1, 2, . . . , K ´ 1u Q pk´ 1q 99K k P t2, 3, . . . , Ku note that (4.46) ensures
that for all k P t2, 3, . . . , Ku with

řk´2
n“0 cn “

fk´1´fk´2

xk´1´xk´2
it holds that

k´1
ř

n“0

cn “ ck´1 `
k´2
ř

n“0

cn “
fk´fk´1

xk´xk´1
´

fk´1´fk´2

xk´1´xk´2
`

fk´1´fk´2

xk´1´xk´2
“

fk´fk´1

xk´xk´1
. (4.51)

Induction thus proves (4.50). In addition, observe that (4.48), (4.50), and the fact that
@ k P t1, 2, . . . , Ku : xk´1 ă xk show that for all k P t1, 2, . . . , Ku, x P rxk´1, xks it holds that

pRrpFqqpxq ´ pRrpFqqpxk´1q “
K
ř

n“0

cnpmaxtx´ xn, 0u ´maxtxk´1 ´ xn, 0uq

“
k´1
ř

n“0

cnrpx´ xnq ´ pxk´1 ´ xnqs “
k´1
ř

n“0

cnpx´ xk´1q “
`fk´fk´1

xk´xk´1

˘

px´ xk´1q.

(4.52)
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Next we claim that for all k P t1, 2, . . . , Ku, x P rxk´1, xks it holds that

pRrpFqqpxq “ fk´1 `
`fk´fk´1

xk´xk´1

˘

px´ xk´1q. (4.53)

We now prove (4.53) by induction on k P t1, 2, . . . , Ku. For the base case k “ 1 observe that
(4.49) and (4.52) demonstrate that for all x P rx0, x1s it holds that

pRrpFqqpxq “ pRrpFqqpx0q ` pRrpFqqpxq ´ pRrpFqqpx0q “ f0 `
`

f1´f0

x1´x0

˘

px´ x0q. (4.54)

This proves (4.53) in the base case k “ 1. For the induction step from t1, 2, . . . , K´1u Q pk´
1q 99K k P t2, 3, . . . , Ku note that (4.52) implies that for all k P t2, 3, . . . , Ku, x P rxk´1, xks

with @ y P rxk´2, xk´1s : pRrpFqqpyq “ fk´2 ` p
fk´1´fk´2

xk´1´xk´2
qpy ´ xk´2q it holds that

pRrpFqqpxq “ pRrpFqqpxk´1q ` pRrpFqqpxq ´ pRrpFqqpxk´1q (4.55)

“ fk´2 `
`fk´1´fk´2

xk´1´xk´2
qpxk´1 ´ xk´2

˘

`
`fk´fk´1

xk´xk´1

˘

px´ xk´1q “ fk´1 `
`fk´fk´1

xk´xk´1

˘

px´ xk´1q.

Induction thus proves (4.53). Furthermore, observe that (4.46) and (4.50) ensure that

K
ř

n“0

cn “ cK `
K´1
ř

n“0

cn “ ´
fK´fK´1

xK´xK´1
`

fK´fK´1

xK´xK´1
“ 0. (4.56)

The fact that @ k P t0, 1, . . . , Ku : xk ď xK and (4.48) hence imply that for all x P rxK ,8q it
holds that

pRrpFqqpxq ´ pRrpFqqpxKq “

„

K
ř

n“0

cnpmaxtx´ xn, 0u ´maxtxK ´ xn, 0uq



“
K
ř

n“0

cnrpx´ xnq ´ pxK ´ xnqs “
K
ř

n“0

cnpx´ xKq “ 0.

(4.57)

This and (4.53) show that for all x P rxK ,8q it holds that

pRrpFqqpxq “ pRrpFqqpxKq “ fK´1 `
`fK´fK´1

xK´xK´1

˘

pxK ´ xK´1q “ fK . (4.58)

Combining this, (4.49), (4.53), and (4.31) establishes item (iii). The proof of Lemma 4.10 is
thus complete.

4.2.4 ANN approximations of one-dimensional functions

Lemma 4.11. Let K P N, L, a, x0, x1, . . . , xK P R, b P pa,8q satisfy for all k P t0, 1, . . . , Ku
that xk “ a` kpb´aq

K
, let f : ra, bs Ñ R satisfy for all x, y P ra, bs that |fpxq´ fpyq| ď L|x´ y|,

and let F P N satisfy

F “ A1,fpx0q ‚

ˆ

K
‘
k“0

´´

Kpfpxmintk`1,Kuq´2fpxkq`fpxmaxtk´1,0uqq

pb´aq

¯

f pi1 ‚A1,´xkq

¯

˙

(4.59)

(cf. Definitions 2.1, 2.7, 2.12, 2.18, 2.20, and 3.1). Then

(i) it holds that DpFq “ p1, K ` 1, 1q,
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(ii) it holds that RrpFq P CpR,Rq,

(iii) it holds for all x, y P R that |pRrpFqqpxq ´ pRrpFqqpyq| ď L|x´ y|,

(iv) it holds that supxPra,bs|pRrpFqqpxq ´ fpxq| ď Lpb´ aqK´1, and

(v) it holds that PpFq “ 3K ` 4

(cf. Definitions 2.4 and 2.6).

Proof of Lemma 4.11. Note that the fact that @ k P t0, 1, . . . , Ku : xmintk`1,Ku´ xmintk,K´1u “

xmaxtk,1u ´ xmaxtk´1,0u “ pb´ aqK
´1 assures that for all k P t0, 1, . . . , Ku it holds that

pfpxmintk`1,Kuq´fpxkqq

pxmintk`1,Ku´xmintk,K´1uq
´

pfpxkq´fpxmaxtk´1,0uqq

pxmaxtk,1u´xmaxtk´1,0uq
“

Kpfpxmintk`1,Kuq´2fpxkq`fpxmaxtk´1,0uqq

pb´aq
. (4.60)

This and items (i), (ii), and (iv) in Lemma 4.10 prove items (i), (ii), and (v). In addition,
observe that (4.60) and item (iii) in Lemma 4.10 demonstrate that

RrpFq “ ℒ fpx0q,fpx1q,...,fpxKq
x0,x1,...,xK

. (4.61)

Combining this with the assumption that @x, y P ra, bs : |fpxq ´ fpyq| ď L|x ´ y| and
item (i) in Lemma 4.8 establishes item (iii). Moreover, note that (4.61), the assumption
that @x, y P ra, bs : |fpxq ´ fpyq| ď L|x ´ y|, item (ii) in Lemma 4.8, and the fact that
@ k P t1, 2, . . . , Ku : xk ´ xk´1 “ pb´ aqK

´1 demonstrate that for all x P ra, bs it holds that

|pRrpFqqpxq ´ fpxq| ď L

ˆ

max
kPt1,2,...,Ku

|xk ´ xk´1|
˙

“ Lpb´ aqK´1. (4.62)

This establishes item (iv). The proof of Lemma 4.11 is thus complete.

Lemma 4.12. Let L, a P R, b P ra,8q, ξ P ra, bs, let f : ra, bs Ñ R satisfy for all x, y P ra, bs
that |fpxq ´ fpyq| ď L|x ´ y|, and let F P N satisfy F “ A1,fpξq ‚ p0f pi1 ‚A1,´ξqq (cf.
Definitions 2.1, 2.7, 2.12, 2.20, and 3.1). Then

(i) it holds that DpFq “ p1, 1, 1q,

(ii) it holds that RrpFq P CpR,Rq,

(iii) it holds for all x P R that pRrpFqqpxq “ fpξq,

(iv) it holds that supxPra,bs|pRrpFqqpxq ´ fpxq| ď Lmaxtξ ´ a, b´ ξu, and

(v) it holds that PpFq “ 4

(cf. Definitions 2.4 and 2.6).

Proof of Lemma 4.12. Note that items (i) and (ii) in Lemma 2.14, and items (ii) and (iii) in
Lemma 4.9 establish items (i) and (ii). In addition, observe that item (iii) in Lemma 2.14
and, e.g., Grohs et al. [23, item (iii) in Lemma 3.14] assure that for all x P R it holds that

pRrpFqqpxq “ pRrp0f pi1 ‚A1,´ξqqqpxq ` fpξq

“ 0
`

pRrpi1 ‚A1,´ξqqpxq
˘

` fpξq “ fpξq
(4.63)
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(cf. Definitions 2.4 and 2.6). This establishes item (iii). Next note that (4.63), the fact that
ξ P ra, bs, and the fact that for all x, y P ra, bs it holds that |fpxq ´ fpyq| ď L|x ´ y| assure
that for all x P ra, bs it holds that

|pRrpFqqpxq ´ fpxq| “ |fpξq ´ fpxq| ď L|x´ ξ| ď Lmaxtξ ´ a, b´ ξu. (4.64)

This establishes item (iv). Moreover, observe that (2.6) and item (i) assure that

PpFq “ 1p1` 1q ` 1p1` 1q “ 4. (4.65)

This establishes item (v). The proof of Lemma 4.12 is thus complete.

Corollary 4.13. Let ε P p0,8q, L, a P R, b P pa,8q, K P N0 X r
Lpb´aq

ε
, Lpb´aq

ε
` 1q,

x0, x1, . . . , xK P R satisfy for all k P t0, 1, . . . , Ku that xk “ a ` kpb´aq
maxtK,1u

, let f : ra, bs Ñ R
satisfy for all x, y P ra, bs that |fpxq ´ fpyq| ď L|x´ y|, and let F P N satisfy

F “ A1,fpx0q ‚

ˆ

K
‘
k“0

´´

Kpfpxmintk`1,Kuq´2fpxkq`fpxmaxtk´1,0uqq

pb´aq

¯

f pi1 ‚A1,´xkq

¯

˙

(4.66)

(cf. Definitions 2.1, 2.7, 2.12, 2.18, 2.20, and 3.1). Then

(i) it holds that DpFq “ p1, K ` 1, 1q,

(ii) it holds that RrpFq P CpR,Rq,

(iii) it holds for all x, y P R that |pRrpFqqpxq ´ pRrpFqqpyq| ď L|x´ y|,

(iv) it holds that supxPra,bs|pRrpFqqpxq ´ fpxq| ď Lpb´aq
maxtK,1u

ď ε, and

(v) it holds that PpFq “ 3K ` 4 ď 3Lpb´ aqε´1 ` 7

(cf. Definitions 2.4 and 2.6).

Proof of Corollary 4.13. Note that the fact that K P N0 X r
Lpb´aq

ε
, Lpb´aq

ε
` 1q implies that

Lpb´aq
maxtK,1u

ď ε. This, items (i), (ii), (iii), and (iv) in Lemma 4.11, and items (i), (ii), (iii),
and (iv) in Lemma 4.12 establish items (i), (ii), (iii), and (iv). Moreover, note that the fact
that K ď 1` Lpb´aq

ε
, item (v) in Lemma 4.11, and item (v) in Lemma 4.12 assure that

PpFq “ 3K ` 4 ď
3Lpb´ aq

ε
` 7. (4.67)

This establishes item (v). The proof of Corollary 4.13 is thus complete.

Corollary 4.14. Let ε P p0, 1s, L P r0,8q, q P p1,8q and let f : R Ñ R satisfy for all
x, y P R that |fpxq ´ fpyq| ď L|x´ y|. Then there exists F P N such that

(i) it holds that RrpFq P CpR,Rq,

(ii) it holds that HpFq “ 1,
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(iii) it holds that D1pFq ď 2pmaxt1, 2Luqq{pq´1qε´q{pq´1q ` 1,

(iv) it holds for all x, y P R that |pRrpFqqpxq ´ pRrpFqqpyq| ď L|x´ y|,

(v) it holds for all x P R that |pRrpFqqpxq ´ fpxq| ď εmaxt1, |x|qu, and

(vi) it holds that PpFq “ 3pD1pFqq ` 1 ď 12pmaxt1, 2Luqq{pq´1qε´q{pq´1q

(cf. Definitions 2.1, 2.4, and 2.6).

Proof of Corollary 4.14. Throughout this proof let a P r1,8q satisfy maxt1, 2Lu “ εaq´1,
let g : r´a, as Ñ R satisfy for all x P r´a, as that gpxq “ fpxq, let K “ N0 X r

2La
ε
, 2La

ε
` 1q,

x0, x1, . . . , xK , c0, c1, . . . , cK P R satisfy for all k P t0, 1, . . . , Ku that xk “ ´a` 2ka
maxtK,1u

and

ck “
Kpgpxmintk`1,Kuq ´ 2gpxkq ` gpxmaxtk´1,0uqq

2a
, (4.68)

and let F P N satisfy that

F “ A1,gpx0q ‚

ˆ

K
‘
k“0
pck f pi1 ‚A1,´xkqq

˙

(4.69)

(cf. Definitions 2.1, 2.7, 2.12, 2.18, 2.20, and 3.1). Observe that Corollary 4.13 implies that

(I) it holds that DpFq “ p1, K ` 1, 1q,

(II) it holds that RrpFq P CpR,Rq,

(III) it holds for all x, y P R that |pRrpFqqpxq ´ pRrpFqqpyq| ď L|x´ y|,

(IV) it holds that supxPr´a,as|pRrpFqqpxq ´ gpxq| ď 2La
maxtK,1u

ď ε, and

(V) it holds that PpFq “ 3K ` 4

(cf. Definitions 2.4 and 2.6). This and the fact that for all x P r´a, as it holds that gpxq “ fpxq
establish items (i), (ii), and (iv). Next note that the triangle inequality, item (iv), the fact
that fp´aq “ gp´aq “ pRrpFqqp´aq, the fact that fpaq “ gpaq “ pRrpFqqpaq, and the fact
that for all x, y P R it holds that |fpxq ´ fpyq| ď L|x ´ y| ensure that for all x P R it holds
that

|pRrpFqqpxq ´ fpxq| ď |pRrpFqqpxq ´ fpaq|` |fpaq ´ fp0q|` |fp0q ´ fpxq|
“ |pRrpFqqpxq ´ gpaq|` |fpaq ´ fp0q|` |fp0q ´ fpxq|
ď |pRrpFqqpxq ´ pRrpFqqpaq|` |fpaq ´ fp0q|` |fp0q ´ fpxq|
ď L|x´ a|` L|a|` L|x| “ Lp|x´ a|` a` |x|q

(4.70)

and

|pRrpFqqpxq ´ fpxq| ď |pRrpFqqpxq ´ fp´aq|` |fp´aq ´ fp0q|` |fp0q ´ fpxq|
“ |pRrpFqqpxq ´ gp´aq|` |fp´aq ´ fp0q|` |fp0q ´ fpxq| (4.71)
ď |pRrpFqqpxq ´ pRrpFqqp´aq|` |fp´aq ´ fp0q|` |fp0q ´ fpxq|
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ď L|x` a|` L|a|` L|x| “ Lp|x` a|` a` |x|q.

(4.70) hence assures that for all x P pa,8q it holds that

|pRrpFqqpxq ´ fpxq|
maxt1, |x|qu

ď
Lp|x´ a|` a` |x|q

maxt1, |x|qu
“
Lpx´ a` a` xq

maxt1, |x|qu

“
2L|x|

maxt1, |x|qu
ď

maxt1, 2Lu

maxt1, |x|qu
ď

maxt1, 2Lu

aq´1
“ ε.

(4.72)

Moreover, (4.71) demonstrates that for all x P p´8,´aq it holds that

|pRrpFqqpxq ´ fpxq|
maxt1, |x|qu

ď
Lp|x` a|` a` |x|q

maxt1, |x|qu
“
Lp´px` aq ` a´ xq

maxt1, |x|qu

“
2L|x|

maxt1, |x|qu
ď

maxt1, 2Lu

maxt1, |x|qu
ď

maxt1, 2Lu

aq´1
“ ε.

(4.73)

Combining this, (4.72), item (IV), and the fact that for all x P r´a, as it holds that fpxq “
gpxq shows that for all x P R it holds |pRrpFqqpxq ´ fpxq| ď εmaxt1, |x|qu. This establishes
item (v). In addition, observe that item (I), the fact that maxt1, 2Lu “ εaq´1, and the fact
that K ď 1` 2La

ε
prove that

K ď 1`
2La

ε
ď 1`

maxt1, 2Lua

ε
“ 1` aq ď 2aq ď 2

ˆ

maxt1, 2Lu

ε

˙q{pq´1q

. (4.74)

This establishes item (iii). Next observe that item (V) implies that

PpFq “ 3K ` 4 “ 3pK ` 1q ` 1 “ 3pD1pFqq ` 1. (4.75)

This and item (iii) guarantee that

3pD1pFqq ` 1 ď 4pD1pFqq ď 4
“

2pmaxt1, 2Luq
q{pq´1qε´

q{pq´1q
` 1

‰

(4.76)

ď 8pmaxt1, 2Luq
q{pq´1qε´

q{pq´1q
` 4 ď 12pmaxt1, 2Luq

q{pq´1qε´
q{pq´1q.

Combining (4.75) and (4.76) therefore establishes item (vi). The proof of Corollary 4.14 is
thus complete.

4.3 ANN approximation results with general polynomial conver-
gence rates

Corollary 4.15. Let T, κ, q P p0,8q, f P CpR,Rq, let ‖¨‖ :
Ť

dPNRd Ñ r0,8q satisfy for all
d P N, x “ px1, x2, . . . , xdq P Rd that ‖x‖ “ r

řd
k“1|xk|2s

1{2, let Gd,ε P N, d P N, ε P p0, 1s,
let ud P C1,2pr0, T s ˆ Rd,Rq, d P N, and assume for all d P N, v, w P R, x P Rd, ε P p0, 1s,
t P r0, T q that |fpvq´ fpwq| ď κ|v´w|, RrpGd,εq P CpRd,Rq, ε|pRrpGd,εqqpxq|` ε|udpt, xq|`
|udpT, xq ´ pRrpGd,εqqpxq| ď εκdκp1` ‖x‖κq, PpGd,εq ď κdκε´κ, and

p B
Bt
udqpt, xq `

1
2
p∆xudqpt, xq ` f

`

udpt, xq
˘

“ 0 (4.77)
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(cf. Definitions 2.1, 2.3, 2.4, and 2.6). Then there exist Ud,t,ε P N, d P N, t P r0, T s,
ε P p0, 1s, and c P p0,8q which satisfy for all d P N, t P r0, T s, ε P p0, 1s that RrpUd,t,εq P

CpRd,Rq, PpUd,εq ď cdcε´c, and

ˆ
ż

r0,1sd

∣∣udpt, xq ´ pRrpUd,t,εqqpxq
∣∣q dx

˙1{q

ď ε. (4.78)

Proof of Corollary 4.15. The proof of Corollary 4.15 is thus complete.
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