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Preface to the First Edition

They throw geometry out the door, and it comes back through the win-
dow.
(H.G.Forder, Auckland 1973, reading new mathematics at the age of 84)

The subject of this book is numerical methods that preserve geometric properties of
the flow of a differential equation: symplectic integrators for Hamiltonian systems,
symmetric integrators for reversible systems, methods preserving first integrals and
numerical methods on manifolds, including Lie group methods and integrators for
constrained mechanical systems, and methods for problems with highly oscillatory
solutions. Structure preservation — with its questions as to where, how, and what for
— is the unifying theme.

In the last few decades, the theory of numerical methods for general (non-stiff
and stiff) ordinary differential equations has reached a certain maturity, and excel-
lent general-purpose codes, mainly based on Runge—Kutta methods or linear mul-
tistep methods, have become available. The motivation for developing structure-
preserving algorithms for special classes of problems came independently from such
different areas of research as astronomy, molecular dynamics, mechanics, theoreti-
cal physics, and numerical analysis as well as from other areas of both applied and
pure mathematics. It turned out that the preservation of geometric properties of the
flow not only produces an improved qualitative behaviour, but also allows for a more
accurate long-time integration than with general-purpose methods.

An important shift of view-point came about by ceasing to concentrate on the
numerical approximation of a single solution trajectory and instead to consider a
numerical method as a discrete dynamical system which approximates the flow of
the differential equation — and so the geometry of phase space comes back again
through the window. This view allows a clear understanding of the preservation of
invariants and of methods on manifolds, of symmetry and reversibility of methods,
and of the symplecticity of methods and various generalizations. These subjects are
presented in Chapters IV through VII of this book. Chapters I through III are of an
introductory nature and present examples and numerical integrators together with
important parts of the classical order theories and their recent extensions. Chapter
VIII deals with questions of numerical implementations and numerical merits of the
various methods.

It remains to explain the relationship between geometric properties of the nu-
merical method and the favourable error propagation in long-time integrations. This
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’ Backward error analysis ‘

Geometric integrators ‘ D ——

is done using the idea of backward error analysis, where the numerical one-step
map is interpreted as (almost) the flow of a modified differential equation, which is
constructed as an asymptotic series (Chapter IX). In this way, geometric properties
of the numerical integrator translate into structure preservation on the level of the
modified equations. Much insight and rigorous error estimates over long time in-
tervals can then be obtained by combining this backward error analysis with KAM
theory and related perturbation theories. This is explained in Chapters X through
XII for Hamiltonian and reversible systems. The final Chapters XIII and XIV treat
the numerical solution of differential equations with high-frequency oscillations and
the long-time dynamics of multistep methods, respectively.

This book grew out of the lecture notes of a course given by Ernst Hairer at
the University of Geneva during the academic year 1998/99. These lectures were
directed at students in the third and fourth year. The reactions of students as well
as of many colleagues, who obtained the notes from the Web, encouraged us to
elaborate our ideas to produce the present monograph.

We want to thank all those who have helped and encouraged us to prepare this
book. In particular, Martin Hairer for his valuable help in installing computers and
his expertise in Latex and Postscript, Jeff Cash and Robert Chan for reading the
whole text and correcting countless scientific obscurities and linguistic errors, Haruo
Yoshida for making many valuable suggestions, Stéphane Cirilli for preparing the
files for all the photographs, and Bernard Dudez, the irreplaceable director of the
mathematics library in Geneva. We are also grateful to many friends and colleagues
for reading parts of the manuscript and for valuable remarks and discussions, in
particular to Assyr Abdulle, Melanie Beck, Sergio Blanes, John Butcher, Mari Paz
Calvo, Begona Cano, Philippe Chartier, David Cohen, Peter Deuflhard, Stig Faltin-
sen, Francesco Fasso, Martin Gander, Marlis Hochbruck, Bulent Karasozen, Wil-
helm Kaup, Ben Leimkuhler, Pierre Leone, Frank Loose, Katina Lorenz, Robert
McLachlan, Ander Murua, Alexander Ostermann, Truong Linh Pham, Sebastian
Reich, Chus Sanz-Serna, Zaijiu Shang, Yifa Tang, Matt West, Will Wright.

We are especially grateful to Thanh-Ha Le Thi and Dr. Martin Peters from
Springer-Verlag Heidelberg for assistance, in particular for their help in getting most
of the original photographs from the Oberwolfach Archive and from Springer New
York, and for clarifying doubts concerning the copyright.

Geneva and Tiibingen, November 2001 The Authors



Preface to the Second Edition

The fast development of the subject — and the fast development of the sales of the
first edition of this book — has given the authors the opportunity to prepare this sec-
ond edition. First of all we have corrected several misprints and minor errors which
we have discovered or which have been kindly communicated to us by several read-
ers and colleagues. We cordially thank all of them for their help and for their interest
in our work. A major point of confusion has been revealed by Robert McLachlan in
his book review in SIAM Reviews.

Besides many details, which have improved the presentation throughout the
book, there are the following major additions and changes which make the book
about 130 pages longer:

— a more prominent place of the Stormer—Verlet method in the exposition and the
examples of the first chapter;

— adiscussion of the Hénon—Heiles model as an example of a chaotic Hamiltonian
system,;

— a new Sect.IV.9 on geometric numerical linear algebra considering differential
equations on Stiefel and Grassmann manifolds and dynamical low-rank approxi-
mations;

— anew improved composition method of order 10 in Sect. V.3;

— a characterization of B-series methods that conserve quadratic first integrals and
a criterion for conjugate symplecticity in Sect. VIL.8;

— the section on volume preservation taken from Chap. VII to Chap. VI,

— an extended and more coherent Chap. VII, renamed Non-Canonical Hamiltonian
Systems, with more emphasis on the relationships between Hamiltonian systems
on manifolds and Poisson systems;

— a completely reorganized and augmented Sect. VIL.5 on the rigid body dynamics
and Lie—Poisson systems;

— anew Sect. VIL.6 on reduced Hamiltonian models of quantum dynamics and Pois-
son integrators for their numerical treatment;

— an improved step-size control for reversible methods in Sects. VIII.3.2 and IX.6;

— extension of Sect. IX.5 on modified equations of methods on manifolds to include
constrained Hamiltonian systems and Lie—Poisson integrators;

— reorganization of Sects. IX.9 and IX.10; study of non-symplectic B-series meth-
ods that have a modified Hamiltonian, and counter-examples for symmetric meth-
ods showing linear growth in the energy error;
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— a more precise discussion of integrable reversible systems with new examples in
Chap. XI;

— extension of Chap. XIII on highly oscillatory problems to systems with several
constant frequencies and to systems with non-constant mass matrix;

— a new Chap. XIV on oscillatory Hamiltonian systems with time- or solution-
dependent high frequencies, emphasizing adiabatic transformations, adiabatic in-
variants, and adiabatic integrators;

— a completely rewritten Chap. XV with more emphasis on linear multistep meth-
ods for second order differential equations; a complete backward error analysis
including parasitic modified differential equations; a study of the long-time sta-
bility and a rigorous explanation of the long-time near-conservation of energy and
angular momentum.

Let us hope that this second revised edition will again meet good acceptance by our
readers.

Geneva and Tiibingen, October 2005 The Authors
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Chapter 1.
Examples and Numerical Experiments

This chapter introduces some interesting examples of differential equations and il-
lustrates different types of qualitative behaviour of numerical methods. We deliber-
ately consider only very simple numerical methods of orders 1 and 2 to emphasize
the qualitative aspects of the experiments. The same effects (on a different scale)
occur with more sophisticated higher-order integration schemes. The experiments
presented here should serve as a motivation for the theoretical and practical inves-
tigations of later chapters. The reader is encouraged to repeat the experiments or to
invent similar ones.

I.1 First Problems and Methods

Numerical applications of the case of two dependent variables are not
easily obtained. (A.J. Lotka 1925, p.79)

Our first problems, the Lotka—Volterra model and the pendulum equation, are dif-
ferential equations in two dimensions and show already many interesting geometric
properties. Our first methods are various variants of the Euler method, the midpoint
rule, and the Stormer—Verlet scheme.

I.1.1 The Lotka—Volterra Model

We start with an equation from mathematical biology which models the growth of
animal species. If a real variable u(¢) is to represent the number of individuals of a
certain species at time ¢, the simplest assumption about its evolution is du/dt = u-a,
where « is the reproduction rate. A constant « leads to exponential growth. In the
case of more species living together, the reproduction rates will also depend on
the population numbers of the other species. For example, for two species with
u(t) denoting the number of predators and v(t) the number of prey, a plausible
assumption is made by the Lotka—Volterra model

i = u(v—2)

v = v(l—u), (.D

where the dots on w and v stand for differentiation with respect to time. (We have
chosen the constants 2 and 1 in (1.1) arbitrarily.) A.J. Lotka (1925, Chap. VIII) used
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~

numerical flow

exact flow

[SENV

Fig. 1.1. Vector field, exact flow, and numerical flow for the Lotka—Volterra model (1.1)

this model to study parasitic invasion of insect species, and, with its help, V. Volterra
(1927) explained curious fishing data from the upper Adriatic Sea following World
War L.

Equations (1.1) constitute an autonomous system of differential equations. In
general, we write such a system in the form

y=f(y)- (1.2)

Every y represents a point in the phase space, in equation (1.1) above y = (u,v)
is in the phase plane R2. The vector-valued function f(y) represents a vector field
which, at any point of the phase space, prescribes the velocity (direction and speed)
of the solution y(¢) that passes through that point (see the first picture of Fig. 1.1).
For the Lotka—Volterra model, we observe that the system cycles through three
stages: (1) the prey population increases; (2) the predator population increases by
feeding on the prey; (3) the predator population diminishes due to lack of food.

Flow of the System. A fundamental concept is the flow over time ¢. This is the
mapping which, to any point ¥ in the phase space, associates the value y(t) of the
solution with initial value y(0) = yo. This map, denoted by ¢, is thus defined by

ei(yo) = y(t) if  y(0) = yo. (1.3)

The second picture of Fig. 1.1 shows the results of three iterations of ¢; (with ¢ =
1.3) for the Lotka—Volterra problem, for a set of initial values yg = (ug, vo) forming
an animal-shaped set A.!

Invariants. If we divide the two equations of (1.1) by each other, we obtain a single
equation between the variables u and v. After separation of variables we get

u v dt

! This cat came to fame through Arnold (1963).
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where
I(u,v) =Inu —u+2lnv — v, (1.4)

so that I(u(t),v(t)) = Const for all t. We call the function I an invariant of the
system (1.1). Every solution of (1.1) thus lies on a level curve of (1.4). Some of
these curves are drawn in the pictures of Fig. 1.1. Since the level curves are closed,
all solutions of (1.1) are periodic.

I.1.2 First Numerical Methods

Explicit Euler Method. The simplest of all numerical methods for the system (1.2)
is the method formulated by Euler (1768),

Yn+1 = Yn + h.f(yn) (15)

It uses a constant step size h to compute, one after the other, approximations y1, y2,
Y3, .. to the values y(h), y(2h), y(3h), ... of the solution starting from a given
initial value y(0) = yo. The method is called the explicit Euler method, because
the approximation y, 11 is computed using an explicit evaluation of f at the already
known value y,,. Such a formula represents a mapping

Ph  Yn — Yn+1,

which we call the discrete or numerical flow. Some iterations of the discrete flow for
the Lotka—Volterra problem (1.1) (with h = 0.5) are represented in the third picture
of Fig. 1.1.

Implicit Euler Method. The implicit Euler method

Ynt1 = Yn + hf(Yns1), (1.6)

is known for its all-damping stability properties. In contrast to (1.5), the approx-
imation y,4; is defined implicitly by (1.6), and the implementation requires the
numerical solution of a nonlinear system of equations.

Implicit Midpoint Rule. Taking the mean of y,, and y,, 1 in the argument of f, we
get the implicit midpoint rule

M)

5 (1.7)

Ynt1 =Yn + hf (
It is a symmetric method, which means that the formula is left unaltered after ex-
changing y,, <> yn+1 and h <> —h (more on symmetric methods in Chap. V).

Symplectic Euler Methods. For partitioned systems

u = a(u,v) (18)
0 = b(u,v), '
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o I ~N

Fig. 1.2. Solutions of the Lotka—Volterra equations (1.1) (step sizes h = 0.12; initial values
(2, 2) for the explicit Euler method, (4, 8) for the implicit Euler method, (4, 2) and (6, 2) for
the symplectic Euler method)

such as the problem (1.1), we consider also partitioned Euler methods

Unt1 = Up + ha(tn, Vni1) o Umtl = Up, + ha(Uni1,Vn)

1.9
Un+1 = Un + hb(una Un+1)7 Un+1 = Un + hb(un-‘rl; Un)7 ( )

which treat one variable by the implicit and the other variable by the explicit Euler
method. In view of an important property of this method, discovered by de Vogelaere
(1956) and to be discussed in Chap. VI, we call them symplectic Euler methods.

Numerical Example for the Lotka—Volterra Problem. Our first numerical exper-
iment shows the behaviour of the various numerical methods applied to the Lotka—
Volterra problem. In particular, we are interested in the preservation of the invariant
I over long times. Fig. 1.2 plots the numerical approximations of the first 125 steps
with the above numerical methods applied to (1.1), all with constant step sizes. We
observe that the explicit and implicit Euler methods show wrong qualitative be-
haviour. The numerical solution either spirals outwards or inwards. The symplectic
Euler method (implicit in w and explicit in v), however, gives a numerical solution
that lies apparently on a closed curve as does the exact solution. Note that the curves
of the numerical and exact solutions do not coincide.

I.1.3 The Pendulum as a Hamiltonian System

A great deal of attention in this book will be addressed to Hamiltonian problems,
and our next examples will be of this type. These problems are of the form

p=—Hy(p,q), q= Hy(p,q), (1.10)

where the Hamiltonian H(p1, ..., pd4,q1, - - - qq) represents the total energy; g; are
the position coordinates and p; the momenta for¢ = 1,. .., d, with d the number of
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degrees of freedom; H,, and H, are the vectors of partial derivatives. One verifies
easily by differentiation (see Sect.IV.1) that, along the solution curves of (1.10),

H(p(t),q(t)) = Const, (1.11)

i.e., the Hamiltonian is an invariant or a first integral. More details about Hamil-
tonian systems and their derivation from Lagrangian mechanics will be given in
Sect. VI.1.

Pendulum. The mathematical pendulum (mass m = 1,
massless rod of length / = 1, gravitational acceleration
g = 1) is a system with one degree of freedom having the
Hamiltonian

1
H(p,q) = 5 p* — cosq, (1.12)

so that the equations of motion (1.10) become

p = —sing, q=0p. (1.13)

Since the vector field (1.13) is 27-periodic in g, it is natural to consider g as a vari-
able on the circle S'. Hence, the phase space of points (p, ¢) becomes the cylinder
R x S'. Fig. 1.3 shows some level curves of H(p,q). By (1.11), the solution curves
of the problem (1.13) lie on such level curves.

exact flow explicit Euler symplectic Euler

Fig. 1.3. Exact and numerical flow for the pendulum problem (1.13); step sizesh =¢ =1

Area Preservation. Figure 1.3 (first picture) illustrates that the exact flow of a
Hamiltonian system (1.10) is area preserving. This can be explained as follows: the
derivative of the flow ¢, with respect to initial values (p, q),

a(p(t),q(t))

©;(p,q) = )
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satisfies the variational equation 2

./ —Hp, —qu> ,
PPy q) = Pe\D4)
t( ) ( pr qu t( )

where the second partial derivatives of H are evaluated at ¢:(p, ¢). In the case of
one degree of freedom (d = 1), a simple computation shows that

L (30(0) 2ult) _ 2v(t) 2u()

dt\ Op Oq dq Op = =0

d
- det ©,(p,q) =

Since (g is the identity, this implies det ¢} (p, ¢) = 1 for all ¢, which means that the
flow ¢+ (p, q) is an area-preserving mapping.

The last two pictures of Fig.1.3 show numerical flows. The explicit Euler
method is clearly seen not to preserve area but the symplectic Euler method is (this
will be proved in Sect. VI.3). One of the aims of ‘geometric integration’ is the study
of numerical integrators that preserve such types of qualitative behaviour of the ex-
act flow.

explicit Euler symplectic Euler Stormer—Verlet

Fig. 1.4. Solutions of the pendulum problem (1.13); explicit Euler with step size h = 0.2,
initial value (po, go) = (0,0.5); symplectic Euler with A = 0.3 and initial values go = 0,
po = 0.7,1.4,2.1; Stormer—Verlet with h = 0.6

Numerical Experiment. We apply the above numerical methods to the pendulum
equations (see Fig. 1.4). Similar to the computations for the Lotka—Volterra equa-
tions, we observe that the numerical solutions of the explicit Euler and of the im-
plicit Euler method (not drawn in Fig. 1.4) spiral either outwards or inwards. The
symplectic Euler method shows the correct qualitative behaviour, but destroys the
left-right symmetry of the problem. The Stormer—Verlet scheme, which we discuss
next, works perfectly even with doubled step size.

2 As is common in the study of mechanical problems, we use dots for denoting time-
derivatives, and we use primes for denoting derivatives with respect to other variables.
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ues Verlet-Banide

GG

Fig. 1.5. Carl Stormer (left picture), born: 3 September 1874 in Skien (Norway), died: 13 Au-
gust 1957.
Loup Verlet (right picture), born: 24 May 1931 in Paris

I.1.4 The Stormer—Verlet Scheme
The above equations (1.13) for the pendulum are of the form

= f(q)
Gg=p

or = flg) (1.14)

which is the important special case of a second order differential equation. The most
natural discretization of (1.14) is

Gni1 = 2Gn + qu1 = W2 f(qn), (1.15)

which is just obtained by replacing the second derivative in (1.14) by the central
second-order difference quotient. This basic method, or its equivalent formulation
given below, is called the Stormer method in astronomy, the Verlet method 3 in mole-
cular dynamics, the leap-frog method in the context of partial differential equations,
and it has further names in other areas (see Hairer, Lubich & Wanner (2003), p. 402).
C. Stormer (1907) used higher-order variants for numerical computations concern-
ing the aurora borealis. L. Verlet (1967) proposed this method for computations in
molecular dynamics, where it has become by far the most widely used integration
scheme.

Geometrically, the Stormer—Verlet method can be seen as produced by parabo-
las, which in the points ¢,, possess the right second derivative f(q,) (see Fig. 1.6

3 Trony of fate: Professor Loup Verlet, who later became interested in the history of science,
discovered precisely “his” method in Newton’s Principia (Book I, figure for Theorem I,
see Sect.1.2.1 below).
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o

C
o

tnf 1 tn+1

Fig. 1.6. Illustration for the Stormer—Verlet method

to the left). But we can also think of polygons, which possess the right slope in the
midpoints (Fig. 1.6 to the right).
Approximations to the derivative p = ¢ are simply obtained by

dn+1 — 4n—1 dn+1 — qn
Po = T and pagyg = S (1.16)

One-Step Formulation. The Stormer—Verlet method admits a one-step formulation
which is useful for actual computations. The value ¢,, together with the slope p,, and
the second derivative f(gy), all at ¢,,, uniquely determine the parabola and hence
also the approximation (P11, @ny1) at ty, 1. Writing (1.15) as p, 4172 —Pp—1/2 =
hf(qn) and using pp,11/2 + pr—1/2 = 2pn , We get by elimination of either p,, /2
Or Py _1/2 the formulae

h
Dn+1/2 = DPn+ 5 f(Qn)
Int1 = Gn + hppy1y2 (1.17)
h
Pnt1 = Pat1/2+ 5 J(qns1)

which is an explicit one-step method @y, : (¢, Pn) — (¢n+1,Pn+1) for the corre-
sponding first order system of (1.14). If one is not interested in the values p,, of the
derivative, the first and third equations in (1.17) can be replaced by

Prt1/2 = Pn—1/2 +h f(qn)-

1.2 The Kepler Problem and the Outer Solar System

I awoke as if from sleep, a new light broke on me. (J. Kepler; quoted
from J.L.E.Dreyer, A history of astronomy, 1906, Dover 1953, p.391)

One of the great achievements in the history of science was the discovery of the
laws of J. Kepler (1609), based on many precise measurements of the positions of
Mars by Tycho Brahe and himself. The planets move in elliptic orbits with the sun
at one of the foci (Kepler’s first law)
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d

r =
1+ecosp

=a—aecos F, 2.1

(where @ = great axis, e = eccentricity, b =
avl—e2,d = bJ/1—e2 = a(l —€?), E = ec-
centric anomaly, (¢ = true anomaly).

Newton (Principia 1687) then explained this
motion by his general law of gravitational attrac-
tion (proportional to 1/72) and the relation between
forces and acceleration (the “Lex II” of the Prin-
cipia). This then opened the way for treating arbi-
trary celestial motions by solving differential equa-
tions.

Two-Body Problem. For computing the motion of two bodies which attract each
other, we choose one of the bodies as the centre of our coordinate system; the motion
will then stay in a plane (Exercise 3) and we can use two-dimensional coordinates
q = (q1,q2) for the position of the second body. Newton’s laws, with a suitable
normalization, then yield the following differential equations

.. q1 .. q2
q1 = — ) q2 = — R (22)
(af +43)%/? (af +a3)%/?
This is equivalent to a Hamiltonian system with the Hamiltonian
1 .
H(p1,p2,q1,q2) = 5 (pi +p3) — m, Di = 4. (2.3)

I.2.1 Angular Momentum and Kepler’s Second Law

The system has not only the total energy H(p,q) as a first integral, but also the
angular momentum

L(p1,p2,q1,q2) = q1p2 — q2p1- (2.4)

This can be checked by differentiation and is nothing other than Kepler’s second
law, which says that the ray F'M sweeps equal areas in equal times (see the little
picture at the beginning of Sect..2).

A beautiful geometric justification of this law is due to I. Newton* (Principia
(1687), Book 1, figure for Theorem I). The idea is to apply the Stormer—Verlet
scheme (1.15) to the equations (2.2) (see Fig.2.1). By hypothesis, the diago-
nal of the parallelogram ¢,,—1¢ngn+1, Which is (¢n+1 — qn) — (@n — @n-1) =
Gnt1 — 2gn + qn—1 = Const - f(g,), points towards the sun S. Therefore, the
altitudes of the triangles g,,—1¢,.S and g, +1¢,.S are equal. Since they have the com-
mon base ¢,,.5, they also have equal areas. Hence

det(gn-1,9n — gn-1) = det(qn, gnt1 — ¢n)
and by passing to the limit 4 — 0 we see that det(q, p) = Const. This is (2.4).

4 We are grateful to a private communication of L. Verlet for this reference
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qn—Qn—l

Loug 23

Fig. 2.1. Proof of Kepler’s Second Law (left); facsimile from Newton’s Principia (right)

We have not only an elegant proof for this invariant, but we also see that the
Stormer—Verlet scheme preserves this invariant for every h > 0.

1.2.2 Exact Integration of the Kepler Problem

Pour voir présentement que cette courbe ABC' .. . est toGijours une Sec-
tion Conique, ainsi que Mr. Newton I’a supposé, pag. 55. Coroll.l. sans le
démontrer; il y faut bien plus d’adresse: (Joh. Bernoulli 1710, p.475)

It is now interesting, inversely to the procedure of Newton, to prove that any solution
of (2.2) follows either an elliptic, parabolic or hyperbolic arc and to describe the
solutions analytically. This was first done by Joh. Bernoulli (1710, full of sarcasm
against Newton), and by Newton (1713, second edition of the Principia, without
mentioning a word about Bernoulli).

By (2.3) and (2.4), every solution of (2.2) satisfies the two relations

1,9, 1 . .
- S — - =1L 2.5
9 (ql + QZ) \/m 0 q192 9291 0 ( )
where the constants Hy and Ly are determined by the initial values. Using polar
coordinates q; = 7 cos ¢, g2 = 7 sin ¢, this system becomes

1 1

5 (P 41%%) =~ =Ho, 1% =Lo. 2.6)
For its solution we consider r as a function of ¢ and write 7 = C% - . The elimina-
tion of ¢ in (2.6) then yields

Lfrdr\2 2\ LE 1
2<(d¢) +”>7A4‘T—H°-

In this equation we use the substitution 7 = 1/u, dr = —du/u?, which gives (with
'=d/de)
1, 9 U Hy
il - =0. 2.7
5 (u* 4+ u®) 1 2.7

This is a “Hamiltonian” for the system



[.2 The Kepler Problem and the Outer Solar System 11

1 1 1 —p*
v +u== ie, u==-+cicosp+cysing = Fecosly = ¢7) (2.8)
d d d
where d = L% and the constant e becomes, from (2.7),
e =1+ 2H,L2 (2.9)

(by Exercise 7, the expression 1+2HqL3 is non-negative). This is precisely formula
(2.1). The angle ¢* is determined by the initial values r¢ and ¢g. Equation (2.1)
represents an elliptic orbit with eccentricity e for [y < 0 (see Fig. 2.2, dotted line),
a parabola for Hy = 0, and a hyperbola for Hy > 0.

Finally, we must determine the variables r and ¢ as functions of ¢. With the
relation (2.8) and r = 1/u, the second equation of (2.6) gives

d2
(1 + ecos(p — ¢*))

which, after an elementary, but not easy, integration, represents an implicit equation
for ¢(t).

s dp = Lodt (2.10)

400 000 steps
h = 0.0005

4000 steps

explicit Euler symplectic Euler h =0.05
t
implicit midpoint 4000 steps 4000 steps

h=0.05 oLk =005

Stormer—Verlet

Fig. 2.2. Numerical solutions of the Kepler problem (eccentricity e = 0.6; in dots: exact
solution)
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1.2.3 Numerical Integration of the Kepler Problem
For the problem (2.2) we choose, with 0 < e < 1, the initial values

1+e

@(0)=1-e, (0)=0, ¢@(0)=0, ¢(0)= 1—e

@2.11)

This implies that Hy = —1/2, Ly = v/1 — e2,d = 1 — €2 and * = 0. The period
of the solution is 27 (Exercise 5). Fig. 2.2 shows some numerical solutions for the
eccentricity e = 0.6 compared to the exact solution. After our previous experience,
it is no longer a surprise that the explicit Euler method spirals outwards and gives a
completely wrong answer. For the other methods we take a step size 100 times larger
in order to “see something”. We see that the nonsymmetric symplectic Euler method
distorts the ellipse, and that all methods exhibit a precession effect, clockwise for
Stormer—Verlet and symplectic Euler, anti-clockwise for the implicit midpoint rule.
The same behaviour occurs for the exact solution of perturbed Kepler problems
(Exercise 12) and has occupied astronomers for centuries.

Our next experiment (Fig.2.3) studies the conservation of invariants and the
global error. The main observation is that the error in the energy grows linearly for
the explicit Euler method, and it remains bounded and small (no secular terms) for
the symplectic Euler method. The global error, measured in the Euclidean norm,
shows a quadratic growth for the explicit Euler compared to a linear growth for
the symplectic Euler. As indicated in Table 2.1 the implicit midpoint rule and the
Stormer—Verlet scheme behave similar to the symplectic Euler, but have a smaller

conservation of energy

.02 explicit Euler, A = 0.0001

.01

symplectic Euler, h = 0.001

) R B S S, B P S S R, B W)
vV v v v v v v Vv 7w "8

50 " 100

4 \/ global error of the solution
explicit Euler, ~ = 0.0001

symplectic Euler, h = 0.001

— T S S ) U W

50 100

Fig. 2.3. Energy conservation and global error for the Kepler problem
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Table 2.1. Qualitative long-time behaviour for the Kepler problem; ¢ is time, h the step size

method H error in H ‘ error in L ‘ global error
explicit Euler O(th) O(th) O(t?h)
symplectic Euler O(h) 0 O(th)
implicit midpoint O(h?) 0 O(th?)
Stormer—Verlet O(h?) 0 O(th?)

error due to their higher order. We remark that the angular momentum L(p, q) is ex-
actly conserved by the symplectic Euler, the Stormer—Verlet, and the implicit mid-
point rule.

1.2.4 The Outer Solar System

The evolution of the entire planetary system has been numerically in-

tegrated for a time span of nearly 100 million years®. This calculation

confirms that the evolution of the solar system as a whole is chaotic, . . .
(G.J. Sussman & J. Wisdom 1992)

We next apply our methods to the system which describes the motion of the five
outer planets relative to the sun. This system has been studied extensively by as-
tronomers. The problem is a Hamiltonian system (1.10) (/V-body problem) with

H(pﬂ)z%Z—plpl GZZ BRLALL (2.12)

2 2 i — 451

Here p and q are the supervectors composed by the vectors p;,¢; € R? (momenta
and positions), respectively. The chosen units are: masses relative to the sun, so that
the sun has mass 1. We have taken

mo = 1.00000597682

to take account of the inner planets. Distances are in astronomical units (1 [A.U.] =
149597 870 [km]), times in earth days, and the gravitational constant is

G = 2.95912208286 - 10™4.

The initial values for the sun are taken as go(0) = (0,0,0) and ¢o(0) = (0,0,0)%
All other data (masses of the planets and the initial positions and initial veloci-
ties) are given in Table 2.2. The initial data is taken from “Ahnerts Kalender fiir
Sternfreunde 19947, Johann Ambrosius Barth Verlag 1993, and they correspond to
September 5, 1994 at 0h00.°

5 100 million years is not much in astronomical time scales; it just goes back to “Jurassic
Park”.
6 We thank Alexander Ostermann, who provided us with this data.
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Table 2.2. Data for the outer solar system

planet H

mass initial position | initial velocity

—3.5023653 0.00565429

Jupiter my = 0.000954786104043 —3.8169847 | —0.00412490
—1.5507963 | —0.00190589

9.0755314 0.00168318

Saturn meo = 0.000285583733151 —3.0458353 0.00483525
—1.6483708 0.00192462

8.3101420 0.00354178

Uranus mg = 0.0000437273164546 | —16.2901086 0.00137102
—7.2521278 0.00055029

11.4707666 0.00288930

Neptune || m4 = 0.0000517759138449 | —25.7294829 0.00114527
—10.8169456 0.00039677

—15.5387357 0.00276725

Pluto ms = 1/(1.3-10%) —25.2225594 | —0.00170702
—3.1902382 | —0.00136504

explicit Euler, h = 10

implicit Euler, h = 10

Fig. 2.4. Solutions of the outer solar system

To this system we apply the explicit and implicit Euler methods with step size
h = 10, the symplectic Euler and the Stormer—Verlet method with much larger
step sizes h = 100 and h = 200, repectively, all over a time period of 200 000
days. The numerical solution (see Fig. 2.4) behaves similarly to that for the Kepler
problem. With the explicit Euler method the planets have increasing energy, they
spiral outwards, Jupiter approaches Saturn which leaves the plane of the two-body
motion. With the implicit Euler method the planets (first Jupiter and then Saturn)
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fall into the sun and are thrown far away. Both the symplectic Euler method and
the Stormer—Verlet scheme show the correct behaviour. An integration over a much
longer time of say several million years does not deteriorate this behaviour. Let us
remark that Sussman & Wisdom (1992) have integrated the outer solar system with
special geometric integrators.

1.3 The Hénon-Heiles Model

... because: (1) it is analytically simple; this makes the computation of
the trajectories easy; (2) at the same time, it is sufficiently complicated to
give trajectories which are far from trivial . (Hénon & Heiles 1964)

The Hénon—Heiles model was created for describing stellar motion, followed for a
very long time, inside the gravitational potential Uy (r, z) of a galaxy with cylindrical
symmetry (Hénon & Heiles 1964). Extensive numerical experimentations should
help to answer the question, if there exists, besides the known invariants H and L,
a third invariant. Despite endless tentatives of analytical calculations during many
decades, such a formula had not been found.

After a reduction of the dimension, a Hamiltonian in two degrees of freedom of
the form

H(p,q) = 5 (5} + ) + U(q) (3.1)

is obtained and the question is, if such an equation has a second invariant. Here,
Hénon and Heiles put aside the astronomical origin of the problem and choose

1 1
Ulg) = 5(ai +a3) + dige — 3 (3.2)

(see citation). The potential U is represented in Fig. 3.1. When U approaches %, the

level curves of U tend to an equilateral triangle, whose vertices are saddle points
of U. The corresponding system

Fig. 3.1. Potential of the Hénon—Heiles Model and a solution
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Fig. 3.2. Poincaré cuts for g1 = 0, p1 > 0 of the Hénon—Heiles Model for H = % (6 orbits,
left) and H = £ (1 orbit, right)

RE

Explicit Euler
h=10""

-_OZE

Implicit Euler
h=1077

0= 3

P7'.6('JO":- R
F " in bold: P1,...,P400 in bold: Pgooo,...,nggg

Fig. 3.3. Poincaré cuts for numerical methods, one orbit each; explicit Euler (left), implicit
Euler (right). Same initial data as in Fig. 3.2

Gr=—q1 —2q192, fo=—q2— ¢+ a3 (3.3)
has solutions with nontrivial properties. For given initial values with H (pg, go) < %
and g inside the triangle U < %, the solution stays there and moves somehow like
a mass point gliding on this surface (see Fig. 3.1, right).

Poincaré Cuts. We fix first the energy Hy and put g;o = 0. Then for any point
Py = (g20, p20), we obtain pyg from (3.1) as p1p = \/QHO — 2Uy — p3,, where we
choose the positive root. We then follow the solution until it hits again the surface
¢1 = 0 in the positive direction p; > 0 and obtain a point P; = (ga1,p21); in the
same way we compute Py = (g2, p22), etc. For the same initial values as in Fig. 3.1
and with Hy = 1—12, the solution for 0 < ¢t < 300000 gives 46 865 Poincaré cuts
which are all displayed in Fig. 3.2 (left). They seem to lie exactly on a curve, as do
the orbits for 5 other choices of initial values. This picture thus shows “convincing
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Fig. 3.4. Global error of numerical methods for nearly quasiperiodic and for chaotic solutions;
same initial data as in Fig. 3.2

evidence” for the existence of a second invariant, for which Gustavson (1966) has
derived a formal expansion, whose first terms represent perfectly these curves.

“But here comes the surprise” (Hénon—Heiles, p. 76): Fig. 3.2 shows to the right
the same picture in the (g2, p2) plane for a somewhat higher Energy H = %. The
motion turns completely to chaos and all hope for a second invariant disappears.
Actually, Gustavson’s series does not converge.

Numerical Experiments. We now apply numerical methods, the explicit Euler
method to the low energy initial values H = 1—12 (Fig. 3.3, left), and the implicit
Euler method to the high energy initial values (Fig. 3.3, right), both methods with a
very small step size h = 107°. As we already expect from our previous experiences,
the explicit Euler method tends to increase the energy and turns order into chaos,
while the implicit Euler method tends to decrease it and turns chaos into order. The
Stormer—Verlet method (not shown) behaves as the exact solution even for step sizes
as large as h = 1071

In our next experiment we study the global error (see Fig. 3.4), once for the case
of the nearly quasiperiodic orbit (H = %) and once for the chaotic one (H = %),
both for the explicit Euler, the symplectic Euler, and the Stormer—Verlet scheme.
It may come as a surprise, that only in the first case we have the same behaviour
(linear or quadratic growth) as in Fig. 2.3 for the Kepler problem. In the second case
(H = %) the global error grows exponentially for all methods, and the explicit Euler
method is worst.

Study of a Mapping. The passage from a point P; to the next one P;y; (as ex-
plained for the left picture of Fig.3.2) can be considered as a mapping @ : P; —
P+, and the sequence of points Py, P;, Ps, ... are just the iterates of this mapping.
This mapping is represented for the two energy levels H = % and H = % in
Fig. 3.5 and its study allows to better understand the behaviour of the orbits. We see
no significant difference between the two cases, simply for larger H the deforma-

tions are more violent and correspond to larger eigenvalues of the Jacobian of . In
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Fig. 3.5. The Poincaré map & : Py — P, for the Hénon—Heiles Model

both cases we have seven fixed points, which correspond to periodic solutions of the
system (3.3). Four of them are stable and lie inside the white islands of Fig. 3.2.

1.4 Molecular Dynamics

‘We do not need exact classical trajectories to do this, but must lay great
emphasis on energy conservation as being of primary importance for this
reason. (M.P. Allen & D.J. Tildesley 1987)

Molecular dynamics requires the solution of Hamiltonian systems (1.10), where the
total energy is given by

1 N 1 N i—1
H(PMI)Z52517?191'%—22%1(”%—%”), 4.1
i=1 "

=2 j=1
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and V;;(r) are given potential functions. Here, g; and p; denote the positions and
momenta of atoms and m; is the atomic mass of the ¢th atom. We remark that the
outer solar system (2.12) is such an N-body system with V;;(r) = —Gm;m;/r. In
molecular dynamics the Lennard—Jones potential

b= (%) (2))

is very popular (¢;; and o;; are suit-
able constants depending on the atoms).
This potential has an absolute minimum
at distance r = 0 /2. The force due to
this potential strongly repels the atoms
when they are closer than this value,
and they attract each other when they
are farther away.

Lennard - Jones

Numerical Experiments with a Frozen Argon Crys- @
tal. As in Biesiadecki & Skeel (1993) we consider the @ @
interaction of seven argon atoms in a plane, where six of

them are arranged symmetrically around a centre atom. @

As a mathematical model we take the Hamiltonian (4.1) @ @
with N =7, m; = m = 66.34 - 10727 [kg], ®

gy =€ =119.8kp [J], oi; = 0 = 0.341 [nm],

where kg = 1.380658 - 10~22 [J /K] is Boltzmann’s constant (see Allen & Tildesley
(1987), page 21). As units for our calculations we take masses in [kg|, distances in
nanometers (1 [nm] = 10~ [m]), and times in nanoseconds (1 [nsec] = 10~ [sec]).
Initial positions (in [nm]) and initial velocities (in [nm/nsec]) are given in Table 4.1.
They are chosen such that neighbouring atoms have a distance that is close to the
one with lowest potential energy, and such that the total momentum is zero and
therefore the centre of gravity does not move. The energy at the initial position is
H(po,qo0) = —1260.2 kg [J].

For computations in molecular dynamics one is usually not interested in the tra-
jectories of the atoms, but one aims at macroscopic quantities such as temperature,
pressure, internal energy, etc. Here we consider the total energy, given by the Hamil-
tonian, and the temperature which can be calculated from the formula (see Allen &

Table 4.1. Initial values for the simulation of a frozen argon crystal

atom H 1 ‘ 2 ‘ 3 ‘ 4 ‘ 5 ‘ 6 ‘ 7
- 0.00 0.02 0.34 0.36 —0.02 —0.35 —0.31
posthion - oo 0.39 0.17 —0.21 —0.40 —~0.16 0.21
velocit —30 50 —70 90 30 —10 —80
Y —20 —90 —60 40 90 100 —60
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60F explicit Euler, h = 0.5 [fsec] 30t Verlet, h = 40 [fsec]
30f °r i
ok . ) | =301
30: symplectic Euler, h = 10 [fsec] 301 Verlet, h = 80 [fsec]
-30f ok
_eof total energy 301 total energy
60 explicit Euler, h = 10 [fsec] 301 Verlet, h = 10 [fsec]
30 " W oo
0 =30p
30¢ Verlet, h = 20 [fsec]

symplectic Euler, h = 10 [fsec]

temperature 3 OE teMpeﬁatuw

Fig. 4.1. Computed total energy and temperature of the argon crystal

=]

Tildesley (1987), page 46)

N
1
T = 7§ illaill?. 4.3
2Nkp i:1m,||q,|| @3

We apply the explicit and symplectic Euler methods and also the Verlet method
to this problem. Observe that for a Hamiltonian such as (4.1) all three methods
are explicit, and all of them need only one force evaluation per integration step. In
Fig.4.1 we present the numerical results of our experiments. The integrations are
done over an interval of length 0.2 [nsec]. The step sizes are indicated in femtosec-
onds (1 [fsec] = 107° [nsec]).

The two upper pictures show the values (H (Pn, qn) — H(po, qo)) / kp as a func-
tion of time ¢,, = nh. For the exact solution, this value is precisely zero for all times.
Similar to earlier experiments we see that the symplectic Euler method is qualita-
tively correct, whereas the numerical solution of the explicit Euler method, although
computed with a much smaller step size, is completely useless (see the citation at
the beginning of this section). The Verlet method is qualitatively correct and gives
much more accurate results than the symplectic Euler method (we shall see later
that the Verlet method is of order 2). The two computations with the Verlet method
show that the energy error decreases by a factor of 4 if the step size is reduced by a
factor of 2 (second order convergence).

The two lower pictures of Fig. 4.1 show the numerical values of the temperature
difference T' — T, with T given by (4.3) and T ~ 22.72 [K] (initial temperature).
In contrast to the total energy, this is not an exact invariant, but for our problem it
fluctuates around a constant value. The explicit Euler method gives wrong results,
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but the symplectic Euler and the Verlet methods show the desired behaviour. This
time a reduction of the step size does not reduce the amplitude of the oscillations,
which indicates that the fluctuation of the exact temperature is of the same size.

I.5 Highly Oscillatory Problems

In this section we discuss a system with almost-harmonic high-frequency oscilla-
tions. We show numerical phenomena of methods applied with step sizes that are
not small compared to the period of the fastest oscillations.

I.5.1 A Fermi-Pasta—Ulam Problem

... dealing with the behavior of certain nonlinear physical systems where
the non-linearity is introduced as a perturbation to a primarily linear prob-
lem. The behavior of the systems is to be studied for times which are long
compared to the characteristic periods of the corresponding linear prob-
lems. (E. Fermi, J. Pasta, S. Ulam 1955)

In the early 1950s MANIAC-I had just been completed and sat poised
for an attack on significant problems. ... Fermi suggested that it would
be highly instructive to integrate the equations of motion numerically for
a judiciously chosen, one-dimensional, harmonic chain of mass points
weakly perturbed by nonlinear forces. (J. Ford 1992)

The problem of Fermi, Pasta & Ulam (1955) is a simple model for simulations in
statistical mechanics which revealed highly unexpected dynamical behaviour. We
consider a modification consisting of a chain of 2m mass points, connected with al-
ternating soft nonlinear and stiff linear springs, and fixed at the end points (see Gal-
gani, Giorgilli, Martinoli & Vanzini (1992) and Fig. 5.1). The variables q1, . .., gam

stiff soft
harmonic nonlinear

Fig. 5.1. Chain with alternating soft nonlinear and stiff linear springs

(90 = q2m+1 = 0) stand for the displacements of the mass points, and p; = ¢; for
their velocities. The motion is described by a Hamiltonian system with total energy

1 m 2 m m
H(p,q) = 3 Z(pgiq +P§i) + wz Z(Qm —q2ic1)* + Z(Q%+1 — q2i)*,
i=1 i=1 i=0

where w is assumed to be large. It is quite natural to introduce the new variables
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0 I P . .

E 100 200 70 72
Fig. 5.2. Exchange of energy in the exact solution of the Fermi—Pasta—Ulam model. The
picture to the right is an enlargement of the narrow rectangle in the left-hand picture

To,i = (QQ1+Q21‘—1)/\@, Tii = (QQi*QQi—l)/\@7
Yo,i = (p2i+p2i—1)/\/§, Yi,i (p2i—p2i—1)/\/§,

where xo; (1 = 1,...,m) represents a scaled displacement of the ith stiff spring,
71, a scaled expansion (or compression) of the «th stiff spring, and ¥ ;,y1,; their
velocities (or momenta). With this change of coordinates, the motion in the new
variables is again described by a Hamiltonian system, with

5.1

m 2 m
1 w 1
H(y,x) = 3 Z(?J(Q)z + y%z) Y Zﬁz + Z((xo"l —z10)*
i=1 i=1
m—1 4
+ ($0,1+1 — Z1,i+1 — 0,4 — $1,i) + (zom + $1,m)4)~
i=1
5.2)

Besides the fact that the equations of motion are Hamiltonian, so that the total energy
is exactly conserved, they have a further interesting feature. Let

1
Ii(21,5,y1,5) = E(y%,j +W2$%,j) (5.3)

denote the energy of the jth stiff spring. It turns out that there is an exchange of
energy between the stiff springs, but the total oscillatory energy I = I1 + ... +
I,,, remains close to a constant value, in fact, I ((z(t),y(t)) = I((z(0),y(0)) +
O(w™1'). For an illustration of this property, we choose m = 3 (as in Fig.5.1),
w = 50,

201(0) =1, 901(0)=1, z11(0)=w™", 31.1(0)=1,

and zero for the remaining initial values. Fig.5.2 displays the energies I, I, I3
of the stiff springs together with the total oscillatory energy [ = I + Is + I3 as a
function of time. The solution has been computed very carefully with high accuracy,
so that the displayed oscillations can be considered as exact.
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L.5.2 Application of Classical Integrators

Which of the methods of the foregoing sections produce qualitatively correct ap-
proximations when the product of the step size h with the high frequency w is rela-
tively large?

Linear Stability Analysis. To get an idea of the maximum admissible step size,
we neglect the quartic term in the Hamiltonian (5.2), so that the differential equation
splits into the two-dimensional problems 9o ; = 0, Zo; = ¥o,; and

U= —wiry g, d1i =y 5.4

Onmitting the subscripts, the solution of (5.4) is

(20) = (s o) (2)

The numerical solution of a one-step method applied to (5.4) yields

Yn+1 _ Un,
(Wﬂﬁn-u ) = M(hw) (wxn ) ’ (5.5

and the eigenvalues \; of M (hw) determine the long-time behaviour of the numeri-
cal solution. Stability (i.e., boundedness of the solution of (5.5)) requires the eigen-
values to be less than or equal to one in modulus. For the explicit Euler method
we have ;o = 1 & ihw, so that the energy I,, = (y2 + w?x2)/2 increases as
(1 4 h2w?)"/2. For the implicit Euler method we have \; o = (1 + ihw)~!, and
the energy decreases as (1 + h2w?)~"/2. For the implicit midpoint rule, the ma-
trix M (hw) is orthogonal and therefore I,, is exactly preserved for all A and for all
times. Finally, for the symplectic Euler method and for the Stormer—Verlet scheme
we have

1 Chw 1_ h22wz —hTw 1_ hzfz
2

2

respectively. For both matrices, the characteristic polynomial is A% —(2—h2w?)A\+1,
so that the eigenvalues are of modulus one if and only if |hw| < 2.

Numerical Experiments. We apply several methods to the Fermi—Pasta—Ulam
(FPU) problem, with w = 50 and initial data as given in Sect.1.5.1. The explicit
and implicit Euler methods give completely wrong solutions even for very small
step sizes. Fig. 5.3 presents the numerical results for H, I, I1, I», I3 obtained with
the implicit midpoint rule, the symplectic Euler, and the Stormer—Verlet scheme.
For the small step size h = 0.001 all methods give satisfactory results, although the
energy exchange is not reproduced accurately over long times. The Hamiltonian H
and the total oscillatory energy I are well conserved over much longer time inter-
vals. The larger step size . = 0.03 has been chosen such that hw = 1.5 is close
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[ implicit mid-point [ symplectic Euler [ Stormer/Verlet
1 ) g o vaal:
; h=0.001 |} h=0.001 YF h = 0.001
0 F el 4 ; =
100 200 100 200 100 200

0

\ \
100 200 100 200 100 200

Fig. 5.3. Numerical solution for the FPU problem (5.2) with data as in Sect..5.1, obtained
with the implicit midpoint rule (left), symplectic Euler (middle), and Stormer—Verlet scheme
(right); the upper pictures use h = 0.001, the lower pictures h = 0.03; the first four pictures
show the Hamiltonian H — 0.8 and the oscillatory energies I1, I2, I3, I; the last two pictures
only show I and [

to the stability limit of the symplectic Euler and the Stormer—Verlet methods. The
values of H and [ are still bounded over very long time intervals, but the oscillations
do not represent the true behaviour. Moreover, the average value of I is no longer
close to 1, as it is for the exact solution. These phenomena call for an explanation,
and for numerical methods with an improved behaviour (see Chap. XIII).

1.6 Exercises

1. Show that the Lotka—Volterra problem (1.1) in logarithmic scale, i.e., by putting
p = log u and ¢ = log v, becomes a Hamiltonian system with the function (1.4)
as Hamiltonian (see Fig. 6.1).

flow in log. scale

[958
T

Fig. 6.1. Area preservation in logarithmic scale of the Lotka—Volterra flow
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2. Apply the symplectic Euler method (or the implicit midpoint rule) to problems

such as
(5)=(Gzam) (0)=(mtzd)

with various initial conditions. Both problems have the same first integral (1.4)
as the Lotka—Volterra problem and therefore their solutions are also periodic.
Do the numerical solutions also show this behaviour?

3. A general two-body problem (sun and planet) is given by the Hamiltonian

1 1 GmM
H(p,ps,q,qs) = 527 PsPs + 5— D' p— ——,
2M 75 2m llg — gsll
where qg,q € R? are the positions of the sun (mass M) and the planet (mass
m), ps,p € R? are their momenta, and G is the gravitational constant.
a) Prove: in heliocentric coordinates () := g — ¢g, the equations of motion are
Q=—-GM+m) —.
1QI?
b) Prove that % (Q(t) x Q(t)) = 0, so that Q(t) stays for all times ¢ in the
plane E = {q; d"q = 0}, where d = Q(0) x Q(0).
Conclusion. The coordinates corresponding to a basis in E satisfy the two-
dimensional equations (2.2).
4. In polar coordinates, the two-body problem (2.2) becomes
z 1
==V ith  V(r)=-2—-
7 (r) wi (r) 52 " 7
which is independent of ¢. The angle ¢(t) can be obtained by simple integration
from ¢(t) = Lo/r%(t).
5. Compute the period of the solution of the Kepler problem (2.2) and deduce
from the result Kepler’s “third law”.
Hint. Comparing Kepler’s second law (2.6) with the area of the ellipse gives
1 LoT = abr. Then apply (2.7). The result is T = 27 (2| Ho|)~3/% = 27a®/2.
6. Deduce Kepler’s first law from (2.2) by the elegant method of Laplace (1799).
Hint. Multiplying (2.2) with (2.5) gives

.. d (g .. d T
- 7d(7>’ - 7d<_7>7
Lo i\ Logz = m ,

and after integration Loy = ¢ + B, Logo = —% + A, where A and B are
integration constants. Then eliminate ¢; and ¢, by multiplying these equations
by ¢» and —gq; respectively and by subtracting them. The result is a quadratic
equation in ¢; and gs.

7. Whatever the initial values for the Kepler problem are, 1 + 2H Lg > 0 holds.
Hence, the value e is well defined by (2.9).
Hint. Ly is the area of the parallelogram spanned by the vectors ¢(0) and ¢(0).
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10.

11.

12.

I. Examples and Numerical Experiments

Implementation of the Stormer—Verlet scheme. Explain why the use of the one-
step formulation (1.17) is numerically more stable than that of the two-term
recursion (1.15).

Runge—Lenz—Pauli vector. Prove that the function

P1 0 1 q1
A(pv Q) = b2 X 0

|
2 2
0 qip2 — @2p1 Vait4 \ o

is a first integral of the Kepler problem, i.e., A(p(t),q(t)) = Const along
solutions of the problem. However, it is not a first integral of the perturbed
Kepler problem of Exercise 12.

Add a column to Table 2.1 which shows the long-time behaviour of the error in
the Runge-Lenz—Pauli vector (see Exercise 9) for the various numerical inte-
grators.

For the Kepler problem, eliminate (p;, p2) from the relations H (p, ¢) = Const,
L(p,q) = Const and A(p,q) = Const. This gives a quadratic relation for
(g1, q2) and proves that the solution lies on an ellipse, a parabola, or on a hy-
perbola.

Study numerically the solution of the perturbed Kepler problem with Hamil-
tonian

1 1%

(p% + p%) - - )

Vi +a 3y +6)’
where (4 is a positive or negative small num-
ber. Among others, this problem describes
the motion of a planet in the Schwarzschild
potential for Einstein’s general relativity the-
ory’. You will observe a precession of the
perihelion, which, applied to the orbit of Mer-
cury, represented the historically first verifi-
cation of Einstein’s theory (see e.g., Birkhoff
1923, p. 261-264).

[N

H(Plypmfh»(h) =

/=

The precession can also be expressed analytically: the equation for u = 1/r as
a function of ¢, corresponding to (2.8), here becomes

1
' tu= g—i—uu?, 6.1)

where d = L2. Now compute the derivative of this solution with respect to s,
at p =0and u = (1 + ecos(¢ — ¢*))/d after one period t = 2. This leads to
n = pu(e/d?)-2m sin ¢ (see the small picture). Then, for small y, the precession
after one period is

2

A
L

(6.2)

7 We are grateful to Prof. Ruth Durrer for helpful hints about this subject.



Chapter II.
Numerical Integrators

After having seen in Chap.I some simple numerical methods and a variety of nu-
merical phenomena that they exhibited, we now present more elaborate classes of
numerical methods. We start with Runge—Kutta and collocation methods, and we
introduce discontinuous collocation methods, which cover essentially all high-order
implicit Runge—Kutta methods of interest. We then treat partitioned Runge—Kutta
methods and Nystrom methods, which can be applied to partitioned problems such
as Hamiltonian systems. Finally we present composition and splitting methods.

I1I.1 Runge—Kutta and Collocation Methods

Fig. 1.1. Carl David Tolmé Runge (left picture), born: 30 August 1856 in Bremen (Germany),
died: 3 January 1927 in Gottingen (Germany).

Wilhelm Martin Kutta (right picture), born: 3 November 1867 in Pitschen, Upper Silesia (now
Byczyna, Poland), died: 25 December 1944 in Fiirstenfeldbruck (Germany)

Runge—Kutta methods form an important class of methods for the integration of
differential equations. A special subclass, the collocation methods, allows for a par-
ticularly elegant access to order, symplecticity and continuous output.
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I1.1.1 Runge-Kutta Methods

In this section, we treat non-autonomous systems of first-order ordinary differential
equations

v = f(t,y), y(to) = Yo (1.1)

The integration of this equation gives y(t1) = yo + f:ol f(t,y(t)) dt, and replacing
the integral by the trapezoidal rule, we obtain

yl:y0+g(f(to,y0)+f(t1,yl))~ (1.2)

This is the implicit trapezoidal rule, which, in addition to its historical impor-
tance for computations in partial differential equations (Crank—Nicolson) and in
A-stability theory (Dahlquist), played a crucial role even earlier in the discovery of
Runge—Kutta methods. It was the starting point of Runge (1895), who “predicted”
the unknown y;-value to the right by an Euler step, and obtained the first of the
following formulas (the second being the analogous formula for the midpoint rule)

k1 = f(to, vo) k1 = f(to, o)
ko = f(to + h,yo + hk1) ke = f(to+ 2,50 + 5k1) (1.3)
y1 =yo + 2 (ki + ko) Y1 = Yo + hka.

These methods have a nice geometric interpretation (which is illustrated in the first
two pictures of Fig. 1.2 for a famous problem, the Riccati equation): they consist
of polygonal lines, which assume the slopes prescribed by the differential equation
evaluated at previous points.

Idea of Heun (1900) and Kutta (1901): compute several polygonal lines, each start-
ing at yo and assuming the various slopes k; on portions of the integration interval,
which are proportional to some given constants a;;; at the final point of each poly-
gon evaluate a new slope k;. The last of these polygons, with constants b;, deter-
mines the numerical solution y; (see the third picture of Fig. 1.2). This idea leads to
the class of explicit Runge—Kutta methods, i.e., formula (1.4) below with a;; = 0
for: < 3.

Yr expl. midp. rule/

Y1

o=
~

5t 1
Fig. 1.2. Runge—Kutta methods for 3§ = > + y2, yo = 0.46, h = 1; dotted: exact solution
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Much more important for our purpose are implicit Runge—Kutta methods, intro-
duced mainly in the work of Butcher (1963).

Definition 1.1. Let b;, a;; (¢,7 = 1,...,s) be real numbers and let ¢; = ijl ajj.
An s-stage Runge—Kutta method is given by

ki = f(fo—FCih,yo—FhZaijkj); t=1,...,s
. i=1 (1.4)
=1

Here we allow a full matrix (a,;) of non-zero coefficients. In this case, the slopes
k; can no longer be computed explicitly, and even do not necessarily exist. For ex-
ample, for the problem set-up of Fig. 1.2 the implicit trapezoidal rule has no solu-
tion. However, the implicit function theorem assures that, for sufficiently small h,
the nonlinear system (1.4) for the values k1, ..., ks has a locally unique solution
close to k; = f(to,yo)-

Since Butcher’s work, the coefficients are usually displayed as follows:

ci1 | a1 ... Qig
(1.5)

Cg Qg1 ... Qgg

| b . by

Definition 1.2. A Runge—Kutta method (or a general one-step method) has order p,
if for all sufficiently regular problems (1.1) the local error y; — y(to + h) satisfies

y1 — y(to +h) = O(RPT) as h — 0.

To check the order of a Runge Kutta method, one has to compute the Taylor
series expansions of y(to + h) and y; around to A = 0. This leads to the following
algebraic conditions for the coefficients for orders 1, 2, and 3:

Yibi=1 for order 1;

in addition Do bici =1/2 for order 2;
in addition S bic2 =1/3

and }, ;bajjc; =1/6  for order 3.

(1.6)

For higher orders, however, this problem represented a great challenge in the first
half of the 20th century. We shall present an elegant theory in Sect.IIl.1 which
allows order conditions to be derived.

Among the methods seen up to now, the explicit and implicit Euler methods

0 11 L7
1 1 )
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are of order 1, the implicit trapezoidal and midpoint rules as well as both methods
of Runge

0 0 0
1]1/2 1/2 1/2 [ 1/2 1] 1 1/2 | 1/2
[1/2 1/2 |1 | 1/2 1/2 0 1

are of order 2. The most successful methods during more than half a century were
the 4th order methods of Kutta:

0 0
1/21/2 1/3| 1/3
121 0 12 2/3|-1/3 1 (1.8)
110 o 1 1] 1 -1 1
| 1/6 2/6 2/6 1/6 | 1/8 3/8 3/8 1/8

I1.1.2 Collocation Methods

The high speed computing machines make it possible to enjoy the advan-
tages of intricate methods.  (P.C. Hammer & J.W. Hollingsworth 1955)

Collocation methods for ordinary differential equa-

tions have their origin, once again, in the implicit

trapezoidal rule (1.2): Hammer & Hollingsworth y
(1955) discovered that this method can be interpreted

as being generated by a quadratic function “which

agrees in direction with that indicated by the differen- Y

tial equation at two points” tg and ¢; (see the picture (— |
to the right). This idea allows one to “see much-used 0 to+h/2 t1
methods in a new light” and allows various general-

izations (Guillou & Soulé (1969), Wright (1970)). An interesting feature of collo-
cation methods is that we not only get a discrete set of approximations, but also a
continuous approximation to the solution.

Y1

Definition 1.3. Let c1, ..., cs be distinct real numbers (usually 0 < ¢; < 1). The
collocation polynomial u(t) is a polynomial of degree s satisfying

u(to) = o
. . 1.9
U(t0+Cih) = f(to—FCq;h,u(tQ—FCih)), 1= 1,...,5,
and the numerical solution of the collocation method is defined by y1 = u(tg + h).
For s = 1, the polynomial has to be of the form u(t) = yo + (¢t — to)k with
k= f(to +cih,yo + hClk‘).

We see that the explicit and implicit Euler methods and the midpoint rule are collo-
cation methods with ¢; = 0, ¢; = 1 and ¢; = 1/2, respectively.
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Fig. 1.3. Collocation solutions for the Lotka—Volterra problem (I.1.1); uo = 0.2, vo = 3.3;
methods of order 2: four steps with A = 0.4; method of order 4: two steps with h = 0.8;
dotted: exact solution

For s = 2 and ¢; = 0,co = 1 we find, of y
course, the implicit trapezoidal rule. The choice of g
1

Hammer & Hollingsworth for the collocation points
isc1o=1/ 24-/3/6, the Gaussian quadrature nodes
(see the picture to the right). We will see that the cor- y\

responding method is of order 4. tONtO +c1h to+cah t‘l

In Fig. 1.3 we illustrate the collocation idea with
these methods for the Lotka—Volterra problem (I.1.1). One can observe that, in spite
of the extremely large step sizes, the methods are quite satisfactory.

Theorem 1.4 (Guillou & Soulé 1969, Wright 1970). The collocation method of
Definition 1.3 is equivalent to the s-stage Runge—Kutta method (1.4) with coeffi-
cients

aij = /O ti(r)dr, b= /O1 ¢;(r) dr, (1.10)
where £;(7) is the Lagrange polynomial {;(7) = [, (T —c1)/(ci — ).
Proof. Let u(t) be the collocation polynomial and define
ki :=4(to + c;h).

By the Lagrange interpolation formula we have 4(tg 4+ 7h) = ijl k;-¢;(T),and
by integration we get

u(t0+clh):y0+h2k]/ Ej(T)dT.
0

Jj=1

Inserted into (1.9) this gives the first formula of the Runge—Kutta equation (1.4).
Integration from 0 to 1 yields the second one. O
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The above proof can also be read in reverse order. This shows that a Runge—
Kutta method with coefficients given by (1.10) can be interpreted as a collocation

method. Since 7F71 = ijl c?iléj(T) for k = 1,...,s, the relations (1.10) are
equivalent to the linear systems
- k—1 o .
C(q) : Zaijcj :fl’ k=1,...,q, allg
j=1

- ) (1.11)
B(p) : Zbicfflzg, k=1,...,p,
i=1

with ¢ = s and p = s. What is the order of a Runge—Kutta method whose coeffi-
cients b;, a;; are determined in this way?

Compared to the enormous difficulties that the first explorers had in constructing
Runge—Kutta methods of orders 5 and 6, and also compared to the difficult algebraic
proofs of the first papers of Butcher, the following general theorem and its proof,
discovered in this form by Guillou & Soulé (1969), are surprisingly simple.

Theorem 1.5 (Superconvergence). If the condition B(p) holds for some p > s,
then the collocation method (Definition 1.3) has order p. This means that the collo-
cation method has the same order as the underlying quadrature formula.

Proof. We consider the collocation polynomial u(t) as the solution of a perturbed
differential equation

w= f(t,u)+ 0(t) (1.12)
with defect §(t) := u(t) — f(¢,u(t)). Subtracting (1.1) from (1.12) we get after
linearization that

i) = i0) = 52 (100 (w0 - y(0) + 60+ ), (L1

where, for tg < t < to + h, the remainder 7(t) is of size O(||lu(t) — y(¢)||?) =
O(h?**2) by Lemma 1.6 below. The variation of constants formula (see e.g., Hairer,
Ngrsett & Wanner (1993), p. 66) then yields
to+h
y1—y(to+h) = u(to+h)—y(to+h) = R(to+h,s) (6(s)+r(s)) ds, (1.14)
to
where R(t,s) is the resolvent of the homogeneous part of the differential equa-
tion (1.13), i.e., the solution of the matrix differential equation OR(¢,s)/0t =
A(t)R(t, s), R(s,s) = I, with A(t) = 0f/0y(t,y(t)). The integral over R(to +
h, s)r(s) gives a O(h?53) contribution. The main idea now is to apply the quadra-
ture formula (b;, ¢;)$_; to the integral over g(s) = R(to + h, s)d(s); because the
defect 0(s) vanishes at the collocation points ¢ty + c;h for i = 1,..., s, this gives
zero as the numerical result. Thus, the integral is equal to the quadrature error, which
is bounded by AP*! times a bound of the pth derivative of the function g(s). This
derivative is bounded independently of h, because by Lemma 1.6 all derivatives
of the collocation polynomial are bounded uniformly as ~ — 0. Since, anyway,
p < 2s,we gety; — y(to + h) = O(hPT) from (1.14). 0
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Lemma 1.6. The collocation polynomial u(t) is an approximation of order s to the
exact solution of (1.1) on the whole interval, i.e.,

lut) —y@)|| < C-hTY  for te[to,to+h) (1.15)

and for sufficiently small h.
Moreover; the derivatives of u(t) satisfy for t € [to,to + h]

[u® (@) —yB @) < C-hHF for k=0,...,s.
Proof. The collocation polynomial satisfies
ito + Th) = Z f(to + esh, u(to + cih)) (),
i=1
while the exact solution of (1.1) satisfies
§(to +7h) = Z £ (to + cihyy(to + eih) ) £3(7) + h* E(7, h),
i=1
where the interpolation error £(7, h) is bounded by maxycis, +h) [yEHD )]/ 8!

and its derivatives satisfy

(s+1) t
|‘E(k71)(7', h)” < max ”y ( )H )
telto,to+h] (s — k4 1)!
This follows from the fact that, by Rolle’s theorem, the differentiated polynomial
Soiy f(to + cihy(to + cih)) ¢*=V (1) can be interpreted as the interpolation

polynomial of h*~1y(*)(t, +7h) at s — k + 1 points lying in [to, to + h]. Integrating
the difference of the above two equations gives

ylto+7h) —ulty+h) = h S Af, /T&(a)da—l—hs“/TE(a,h)da (1.16)
i=1 0 0

with Af; = f(to +cih,y(to + cih)) — f(to +cih, uto + cih)). Using a Lipschitz
condition for f(t,y), this relation yields

t) —u(t)|]| <hCL t) — u(t)|| + Const - h*+1,
e 1110 OIS HOL sy To®) = O+ Cone

implying the statement (1.15) for sufficiently small h > 0.
The proof of the second statement follows from

B (y(k)(tg rh) — u® (2o + Th)) =13 ALV () + het EED (1 h)
=1

by using a Lipschitz condition for f(t,y) and the estimate (1.15). O
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I1.1.3 Gauss and Lobatto Collocation

Gauss Methods. If we take cq,...,cs as the zeros of the sth shifted Legendre
polynomial

ddxs (”“"S(g” N DS)’

the interpolatory quadrature formula has order p = 2s, and by Theorem 1.5, the
Runge—Kutta (or collocation) method based on these nodes has the same order 2s.
For s = 1 we obtain the implicit midpoint rule. The Runge—Kutta coefficients for
s = 2 (the method of Hammer & Hollingsworth 1955) and s = 3 are given in
Table 1.1. The proof of the order properties for general s was a sensational result of
Butcher (1964a). At that time these methods were considered, at least by the editors
of Math. of Comput., to be purely academic without any practical value; 5 years
later their A-stability was discovered, 12 years later their B-stability, and 25 years
later their symplecticity. Thus, of all the papers in issue No. 85 of Math. of Comput.,
the one most important to us is the one for which publication was the most difficult.

Table 1.1. Gauss methods of order 4 and 6

1 V3 1 1 V3
2 6 4 4 6
1 V3|1 V3 1
2t |1t 1
1 1
2 2
1 V15 5 2 V15 5 415
2 10 36 9 15 36 30
L I VAL T S RVAL:
36 ' 24 9 36 24
1 oVis| 5 V52 VB 5
2 10 |3 30 9 15 36
5 4 5
18 9 18

Radau Methods. Radau quadrature formulas have the highest possible order,
2s — 1, among quadrature formulas with either ¢; = 0 or ¢, = 1. The correspond-
ing collocation methods for ¢, = 1 are called Radau IIA methods. They play an
important role in the integration of stiff differential equations (see Hairer & Wanner
(1996), Sect. IV.8). However, they lack both symmetry and symplecticity, properties
that will be the subjects of later chapters in this book.

Lobatto IIIA Methods. Lobatto quadrature formulas have the highest possible or-

der with ¢; = 0 and ¢, = 1. Under these conditions, the nodes must be the zeros
of
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ds—2

— (xs_l(ar—-l)s_l) (1.17)

and the quadrature order is p = 2s — 2. The corresponding collocation methods are
called, for historical reasons, Lobatto IIIA methods. For s = 2 we have the implicit
trapezoidal rule. The coefficients for s = 3 and s = 4 are given in Table 1.2.

Table 1.2. Lobatto IIIA methods of order 4 and 6

0] o0 o0 0
115 1 1
2124 3 24
1 2 1
15 3 &
1 2 1
6 3 6
0 0 0 0 0
5—v5 | 11++5 25 —+/5 25—-13v5 —-1++5
10 120 120 120 120
545 | 11-v5  25+13V5 25++/5 -1-+5
10 120 120 120 120
1 1 5 5 1
12 12 12 12
1 5 5 1
12 12 12 12

I1.1.4 Discontinuous Collocation Methods

Collocation methods allow, as we have seen above, a very elegant proof of their
order properties. By similar ideas, they also admit strikingly simple proofs for their
A- and B-stability as well as for symplecticity, our subject in Chap. VI. However,
not all method classes are of collocation type. It is therefore interesting to define a
modification of the collocation idea, which allows us to extend all the above proofs
to much wider classes of methods. This definition will also lead, later, to important

classes of partitioned methods.

Definition 1.7. Letcs, ..., cs_1 be distinct real
numbers (usually 0 < ¢; < 1), and let by, b
be two arbitrary real numbers. The correspond-
ing discontinuous collocation method is then
defined via a polynomial of degree s — 2 sat-
isfying

u(to) = yo — hbi (ulto) — f(to, u(to)))

u(to + c;h) = f(to + cih, ulto + ¢;h)),

y1 = u(ty) — hbs (a(tr) — f(tr, u(tr))).

}Lbl
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The figure gives a geometric interpretation of the correction term in the first and
third formulas of (1.18). The motivation for this definition will become clear in the
proof of Theorem 1.9 below. Our first result shows that discontinuous collocation
methods are equivalent to implicit Runge—Kutta methods.

Theorem 1.8. The discontinuous collocation method of Definition 1.7 is equivalent
to an s-stage Runge—Kutta method (1.4) with coefficients determined by c; = 0,
cs = 1, and

a;1 = by, ais =0  fori=1,...,s,

C(s—2) and B(s—2),

with the conditions C(q) and B(p) of (1.11).

(1.19)

Proof. As in the proof of Theorem 1.4 we put k; := 4(to + ¢;h) (this time for
1=2,...,s—1),sothatu(to+7h) = Zj;; k;-£;(7) by the Lagrange interpolation
formula. Here, £;(7) corresponds to ¢z, . . ., ¢s—1 and is a polynomial of degree s—3.
By integration and using the definition of u(tg) we get

s—1 ¢
uto +eh) = ult) +h 3k [ (s
j=2 70

s—1 ¢
y0+hb1k1+h2kj(/ fj(T)dT—bléj(O))
=2 0

with k1 = f(yo). Inserted into (1.18) this gives the first formula of the Runge—Kutta
equation (1.4) with a;; = ;" ¢;(7) dr — b1£;(0). As for collocation methods, one
checks that the a;; are uniquely determined by the condition C'(s — 2). The formula
for y; is obtained similarly. d

Table 1.3. Survey of discontinuous collocation methods

type characteristics prominent examples
b1 =0, bs =0 | (s — 2)-stage collocation Gauss, Radau ITA, Lobatto IITA
b1 =0, bs #0 | (s — 1)-stage with a;s =0 methods of Butcher (1964b)
b1 #0, bs =0 | (s—1)-stage with a;1 = b1 Radau TA, Lobatto ITIC
by #0, bs #0 | s-stage with a;1 = b1, a;s =0 | Lobatto ITIB

If by = 0 in Definition 1.7, the entire first column in the Runge—Kutta tableau
vanishes, so that the first stage can be removed, which leads to an equivalent method
with s — 1 stages. Similarly, if by = 0, we can remove the last stage. Therefore, we
have all classes of methods, which are “continuous” either to the left, or to the right,
or on both sides, as special cases in our definition.

In the case where b; = b, = 0, the discontinuous collocation method (1.18) is
equivalent to the (s — 2)-stage collocation method based on c¢s, ..., cs—1 (see Ta-
ble 1.3). The methods with b = 0 but b; # 0, which include the Radau IA and
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Table 1.4. Lobatto IIIB methods of order 4 and 6

0 L S B B VA B
12 24 24
11 5-Vvh | 1 254V6  25-13V6
0ls =5 © 10 12 120 120
111 1 5+4v5 | 1 25413V5 25—+/5 0
2l 3 O 0 |12 120 120
1 5 1 11—-+/5 11++/5
"ls 6 R 24 24 0
1 2 1 1 5 5 1
6 3 6 12 12 12 12

Lobatto IIIC methods, are of interest for the solution of stiff differential equations
(Hairer & Wanner 1996). The methods with b; = 0 but by # 0, introduced by
Butcher (1964a, 1964b), are of historical interest. They were thought to be compu-
tationally attractive, because their last stage is explicit. In the context of geometric
integration, much more important are methods for which both b; # 0 and b, # 0.

Lobatto IIIB Methods (Table 1.4). We consider the quadrature formulas whose
nodes are the zeros of (1.17). We have ¢c; = 0 and ¢; = 1. Based on ca,...,cs_1
and by, b, we consider the discontinuous collocation method. This class of meth-
ods is called Lobatto IIIB (Ehle 1969), and it plays an important role in geometric
integration in conjunction with the Lobatto IIIA methods of Sect.II.1.3 (see Theo-
rem IV.2.3 and Theorem VI.4.5). These methods are of order 2s—2, as the following
result shows.

Theorem 1.9 (Superconvergence). The discontinuous collocation method of Def-
inition 1.7 has the same order as the underlying quadrature formula.

Proof. We follow the lines of the proof of Theorem 1.5. With the polynomial u(t)
of Definition 1.7, and with the defect

8(t) == a(t) — f(t,u(t))
we get (1.13) after linearization. The variation of constants formula then yields

ulto +h) = y(to+h) = Rlto + h,to) (u(to) - yo)
to+h
n mm+mg@gwwggw,
to

which corresponds to (1.14) if u(tg) = yo. As a consequence of Lemma 1.10 below
(with k& = 0), the integral over R(to + h, s)r(s) gives a O(h?*~!) contribution.
Since the defect 6(tg + ¢;h) vanishes only fori = 2, ..., s —1, an application of the
quadrature formula to R(to + h, s)d(s) yields hby R(to + h, t9)d(to) + hbsd (to + h)
in addition to the quadrature error, which is O(h?*1). Collecting terms suitably, we
obtain
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’U,(tl) — hbsé(tl) — y(tl) = R(tl,to)(u(to) —+ hbl§(to) — yo)
+O (kP + O(h%s 1),

which, after using the definitions of u(¢o) and u(t; ), proves y1 —y(t1) = O(hPT1)+
O(h?s~1). o

Lemma 1.10. The polynomial u(t) of the discontinuous collocation method (1.18)
satisfies for t € [to,to + h| and for sufficiently small h

|[u® (@) —y® @) <C-r*F for k=0,...,5—2.

Proof. The proof is essentially the same as that for Lemma 1.6. In the formulas for
u(to + 7h) and y(to + Th), the sum has to be taken from i = 2toi = s — 1.
Moreover, all A® become h°~2. In (1.16) one has an additional term

Yo — u(to) = kb1 (u(to) — f(to,u(to))),

which, however, is just an interpolation error of size O(h*~!) and can be included
in Const - h*~ 1. O

I1.2 Partitioned Runge-Kutta Methods

Some interesting numerical methods introduced in Chap.I (symplectic Euler and
the Stormer—Verlet method) do not belong to the class of Runge—Kutta methods.
They are important examples of so-called partitioned Runge—Kutta methods. In this
section we consider differential equations in the partitioned form

where y and z may be vectors of different dimensions.

I1.2.1 Definition and First Examples

The idea is to take two different Runge—Kutta methods, and to treat the y-variables
with the first method (a;;, b;), and the z-variables with the second method (@;;, b;).

Definition 2.1. Let b;, a;; and 31», a;; be the coefficients of two Runge—Kutta meth-
ods. A partitioned Runge—Kutta method for the solution of (2.1) is given by

ki = f(y0+h2aijkj, zo+h26ij€j),
j=1 j=1

b = g(yo+h2aijkj7 Zo+hzaij€j), 2.2)
j=1 j=1

S

yio= yo+hY bk 2= z2+hY bl
i—1 i=1
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Methods of this type were originally proposed by Hofer in 1976 and by Griepen-
trog in 1978 for problems with stiff and nonstiff parts (see Hairer, Ngrsett & Wanner
(1993), Sect. I1.15). Their importance for Hamiltonian systems (see the examples of
Chap. I) has been discovered only in the last decade.

An interesting example is the symplectic Euler method (I.1.9), where the im-
plicit Euler method b; = 1,a;; = 1 is combined with the explicit Euler method
/b\l = 1,a1; = 0. The Stormer—Verlet method (I.1.17) is of the form (2.2) with
coefficients given in Table 2.1.

Table 2.1. Stormer—Verlet as a partitioned Runge—Kutta method

0] o o 1/2]1/2 0
1]1/2 1/2 12 {1/2 o
/2 12 12 12

The theory of Runge—Kutta methods can be extended in a straightforward man-
ner to partitioned methods. Since (2.2) is a one-step method (y1, 21) = @1 (Yo, 20),
the Definition 1.2 of the order applies directly. Considering problems ¢y = f(y),
2 = g(z) without any coupling terms, we see that the order of (2.2) cannot exceed
min(p, p), where p and p are the orders of the two methods.

Conditions for Order Two. Expanding the exact solution of (2.1) and the numer-
ical solution (2.2) into Taylor series, we see that the method is of order 2 if the
coupling conditions

> i bitig =1/2, > biai; = 1/2 (2.3)

are satisfied in addition to the usual Runge—Kutta order conditions for order 2. The
method of Table 2.1 satisfies these conditions, and it is therefore of order 2. We also
remark that (2.3) is automatically satisfied by partitioned methods that are based on
the same quadrature nodes, i.e.,

c; = C; for all 4 (2.4)

where, as usual, ¢; = >, a;; and ¢ =3, @y .

Conditions for Order Three. The conditions for order three already become quite
complicated, unless (2.4) is satisfied. In this case, we obtain the additional condi-
tions

Zij b{dijcj = 1/6, Zijgiaijcj = 1/6. (25)

The order conditions for higher order will be discussed in Sect. III.2.2. It turns out
that the number of coupling conditions increases very fast with order, and the proofs
for high order are often very cumbersome. There is, however, a very elegant proof of
the order for the partitioned method which is the most important one in connection
with “geometric integration”, as we shall see now.



40 II. Numerical Integrators

I1.2.2 Lobatto IIIA-IIIB Pairs

These methods generalize the Stormer—Verlet method to arbitrary order. Indeed, the
left method of Table 2.1 is the trapezoidal rule, which is the Lobatto IIIA method
with s = 2, and the method to the right is equivalent to the midpoint rule and, apart
from the values of the c¢;, is the Lobatto IIIB method with s = 2. Sun (1993b) and
Jay (1996) discovered that for general s the combination of the Lobatto IIIA and
IIIB methods are suitable for Hamiltonian systems. The coefficients of the methods
for s = 3 are given in Table 2.2. Using the idea of discontinuous collocation, we
give a direct proof of the order for this pair of methods.

Table 2.2. Coefficients of the 3-stage Lobatto IITA-IIIB pair

0ol 0 0 0 0 ]1/6 -1/6 0

1/2 | /24 1/3 —1/24 12116 13 0

1| 1/6 2/3 1/6 1 |1/6 5/6 0
| 16 2/3 1/6 1/6  2/3  1/6

Theorem 2.2. The partitioned Runge—Kutta method composed of the s-stage Lo-
batto IIIA and the s-stage Lobatto IIIB method, is of order 2s — 2.

Proof. Letcy =0,c¢a,...,c5-1,¢s = 1 and by, ..., b, be the nodes and weights of
the Lobatto quadrature. The partitioned Runge—Kutta method based on the Lobatto
ITA-IIIB pair can be interpreted as the discontinuous collocation method

u(to) = Yo

v(to) = 20 — hby (0(t0) — g(u(to), v(to)))

u(to + c;h) = f(u(to + ¢;h), v(to + c;h)), i=1,...,s 26)
(to + ¢;h) = g(u(to + ¢cih),v(to + cih)), 1=2,...,5—1 '
y1 = u(ty)

21 = w(tr) — hbs (5(t1) — g(u(tr),v(t1))),

where u(t) and v(t) are polynomials of degree s and s — 2, respectively. This is seen
as in the proofs of Theorem 1.4 and Theorem 1.8. The superconvergence (order
2s — 2) is obtained with exactly the same proof as for Theorem 1.9, where the
functions u(t) and y(t) have to be replaced with (u(t),v(t))T and (y(t), z(¢))7,
etc. Instead of Lemma 1.10 we use the estimates (for ¢ € [tg,tg + h])

[u® (@) —y® (@) < c-h*™F for k=0,...,s,
[o® () —zB @) < c-h*F for k=0,...,5-2,

VAN

which can be proved by following the lines of the proofs of Lemma 1.6 and
Lemma 1.10. o
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I1.2.3 Nystrom Methods

Da bis jetzt die direkte Anwendung der Rungeschen Methode auf den
wichtigen Fall von Differentialgleichungen zweiter Ordnung nicht behan-
delt war . .. (E.J. Nystrom 1925)

Second-order differential equations

g=9(ty.9) 2.7

form an important class of problems. Most of the differential equations in Chap. I
are of this form (e.g., the Kepler problem, the outer solar system, problems in mole-
cular dynamics). This is mainly due to Newton’s law that forces are proportional
to second derivatives (acceleration). Introducing a new variable z = g for the first
derivative, the problem (2.7) becomes equivalent to the partitioned system

v =z, 2=g(t,y,2). (2.8)
A partitioned Runge—Kutta method (2.2) applied to this system yields

s
ki = Zo+hzal‘jgj,
j=1

l; = g(to + cih, yo + hZaijkj, 2o + hza}jéj), 2.9)
j=1 j=1
Y1 = y0+hzbikia 21 = Z()"‘hzgifio
i=1 i=1

If we insert the formula for k; into the others, we obtain Definition 2.3 with
Tij = aidrg, b= by, 2.10)
k=1 k=1

Definition 2.3. Let ¢;, b;, @; ; and 32 , @;; be real coefficients. A Nystrom method for
the solution of (2.7) is given by

b = 9<t0 + cih, yo + cihgo + b2 Zaijfj, Yo + hzaijfj>7
7=1 s 71 (2.11)
vi = yo+hjo+h>D bili, G = go+hYy bili.
i=1 i=1

For the important special case § = g(¢,y), where the vector field does not de-
pend on the velocity, the coefficients @;; need not be specified. A Nystrom method is
of order pif y; —y(to+h) = O(hRPT1) and ¢y — 5 (to +h) = O(hP*1). Itis not suf-
ficient to consider y; alone. The order conditions will be discussed in Sect. IT11.2.3.

Notice that the Stormer—Verlet scheme (I.1.17) is a Nystrom method for prob-
lems of the form § = g(¢,y). We have s = 2, and the coefficients are ¢c; = 0,c2 = 1,
11 = Q12 = aoo = 0, a9 = 1/2, 51 = 1/2, 52 =0, al’ld/b\l 262 = 1/2 With
Gni1/2 = Gn + 20,410 the step (G172, Vn—1/2) — (@nt1/2, Vnt1/2) of 1L1.17)
becomes a one-stage Nystrom method with ¢; = 1/2, @17 =0, b = 31 = 1.
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I1.3 The Adjoint of a Method

We shall see in Chap.V that symmetric numerical methods have many impor-
tant properties. The key for understanding symmetry is the concept of the adjoint
method.

The flow ¢, of an autonomous differential equation

v = f(y), y(to) = Yo 3.1

satisfies ¢~} = ;. This property is not, in general, shared by the one-step map
@, of a numerical method. An illustration is presented in the upper picture of
Fig. 3.1 (a), where we see that the one-step map @}, for the explicit Euler method
is different from the inverse of @_j, which is the implicit Euler method.

Definition 3.1. The adjoint method @} of a method &y, is the inverse map of the
original method with reversed time step —h, i.e.,

=0T, (3.2)

(see Fig. 3.1 (b)). In other words, y; = &7 (yo) is implicitly defined by &_(y1) =
9o. A method for which &} = &y, is called symmetric.

Fig. 3.1. Definition and properties of the adjoint method

The consideration of adjoint methods evolved independently from the study of
symmetric integrators (Stetter (1973), p. 125, Wanner (1973)) and from the aim of
constructing and analyzing stiff integrators from explicit ones (Cash (1975) calls
them “the backward version” which were the first example of mono-implicit meth-
ods and Scherer (1977) calls them “reflected methods™).

The adjoint method satisfies the usual properties such as (97,)* = @}, and (P, o
)" = ¥y o @; for any two one-step methods @, and W¥y,. The implicit Euler
method is the adjoint of the explicit Euler method. The implicit midpoint rule is
symmetric (see the lower picture of Fig.3.1(a)), and the trapezoidal rule and the
Stormer—Verlet method are also symmetric.

The following theorem shows that the adjoint method has the same order as the
original method, and, with a possible sign change, also the same leading error term.

Theorem 3.2. Let ¢, be the exact flow of (3.1) and let Py, be a one-step method of
order p satisfying
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Pn(yo) = @n(yo) + Clyo) /7 + O(APT?). (3.3)
The adjoint method P}, then has the same order p and we have
@5 (y0) = n(yo) + (=1)7Cyo) A1 + O(hP*?). (3.4)
If the method is symmetric, its (maximal) order is even.

Proof. The idea of the proof is exhibited in drawing (c) of Fig.3.1. From a given
initial value yo we compute ¢y (yo) and y1 = @} (yo), whose difference e* is the
local error of @5 . This error is then “projected back” by &_j, to become e. We see
that —e is the local error of @_,,, i.e., by hypothesis (3.3),

e = (=1)PC(en(yo))h"*" + O(h"*?). (3.5)
Since ¢r(yo) = yo + O(h) and e = (I + O(h))e*, it follows that
" = (=1)PC(yo) "™ + O(hF*?)

which proves (3.4). The statement for symmetric methods is an immediate conse-
quence of this result, because @5, = &}, implies C(yo) = (—1)?C(yo), and therefore
C'(yo) can be different from zero only for even p. O

I1.4 Composition Methods

The idea of composing methods has some tradition in several variants: composition
of different Runge—Kutta methods with the same step size leading to the Butcher
group, which is treated in Sect. III.1.3; cyclic composition of multistep methods for
breaking the “Dahlquist barrier” (see Stetter (1973), p.216); composition of low
order Runge—Kutta methods for increasing stability for stiff problems (Gentzsch &
Schliiter (1978), Iserles (1984)). In the following, we consider the composition of a
given basic one-step method (and, eventually, its adjoint method) with different step
sizes. The aim is to increase the order while preserving some desirable properties
of the basic method. This idea has mainly been developed in the papers of Suzuki
(1990), Yoshida (1990), and McLachlan (1995).

Let &}, be a basic method and 74, . . . , s real numbers. Then we call its compo-
sition with step sizes y1h, ¥2h, ..., vsh, i.e.,

Wh:¢75h0~-~0¢71h7 (4])
the corresponding composition method (see Fig. 4.1 (a)).
Theorem 4.1. Let &, be a one-step method of order p. If

Yi+...+y =1

AP 4Aptl =, (42)

then the composition method (4.1) is at least of order p + 1.
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(a) ©5;n(Yo)

q’),yl h Y1 ¢'Y2 h

Fig. 4.1. Composition of method @}, with three step sizes

Proof. The proof is presented in Fig. 4.1 (b) for s = 3. It is very similar to the proof
of Theorem 3.2. By hypothesis

e1 = Clyo) AT AP+ O(hPT2)
es = C(y1) '”Yéﬂrlhpﬂ + O(h?+?) (4.3)
es = C(ya) - 2T P + O(RPF2).

We have, as before, y; = yo + O(h) and E; = (I + O(h))e; for all ¢ and obtain, for
=1
n(yo) = Wn(yo) = By + B+ B = Clyo) 0 '+ 25 8 ORI+ O(hP+)

which shows that under conditions (4.2) the O(hP*1)-term vanishes. a

Example 4.2 (The Triple Jump). Equations (4.2) have no real solution for odd p.
Therefore, the order increase is only possible for even p. In this case, the smallest
s which allows a solution is s = 3. We then have some freedom for solving the
two equations. If we impose symmetry v; = -y3, then we obtain (Creutz & Gocksch
1989, Forest 1989, Suzuki 1990, Yoshida 1990)

1 91/(p+1)

’71273=m’ 72=—m- 4.4)

This procedure can be repeated: we start with a symmetric method of order 2, apply
(4.4) with p = 2 to obtain order 3; due to the symmetry of the ’s this new method
is in fact of order 4 (see Theorem 3.2). With this new method we repeat (4.4) with
p = 4 and obtain a symmetric 9-stage composition method of order 6, then with
p = 6 a 27-stage symmetric composition method of order 8, and so on. One obtains
in this way any order, however, at the price of a terrible zig-zag of the step points
(see Fig.4.2).

p=38

O,""QT

Fig. 4.2. The Triple Jump of order 4 and its iterates of orders 6 and 8
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Example 4.3 (Suzuki’s Fractals). If one desires methods with smaller values of
~:, one has to increase s even more. For example, for s = 5 the best solution of
(4.2) has the sign structure + + — + + with ;3 = 79 (see Exercise 7). This leads to
(Suzuki 1990)

1 41/ (p+1)

'71:72:74:75:m7 73:—m~ 4.5)

The repetition of this algorithm for p = 2,4, 6, . .. leads to a fractal structure of the
step points (see Fig. 4.3).

p=4

0 1

Fig. 4.3. Suzuki’s “fractal” composition methods

Composition with the Adjoint Method. If we replace the composition (4.1) by the
more general formula

Wh:@asho©zsho...o@Ezho@alh O@Elh, (4.6)

the condition for order p + 1 becomes, by using the result (3.4) and a similar proof
as above,
Bi+or+G+... +0:+a; =1 @7
(—1PBT o (SDPEE L (PRl =0
This allows an order increase for odd p as well. In particular, we see at once the
solution oy = By = 1/2 for p = s = 1, which turns every consistent one-step
method of order 1 into a second-order symmetric method

Wh = dsh/Q o 45;;/2 (48)

Example 4.4. If &;, is the explicit (resp. implicit) Euler method, then ¥, in (4.8)
becomes the implicit midpoint (resp. trapezoidal) rule.

Example 4.5. In a second-order problem ¢ = p, p = ¢g(q), if &, is the sym-
plectic Euler method, which discretizes ¢ by the implicit Euler and p by the ex-
plicit Euler method, then the composed method ¥}, in (4.8) is the Stormer—Verlet
method (I.1.17).
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A Numerical Example. To demonstrate the numerical performance of the above
methods, we choose the Kepler problem (1.2.2) with e = 0.6 and the initial values
from (I.2.11). As integration interval we choose [0, 7.5], a bit more than one revo-
lution. The exact solution is obtained by carefully evaluating the integral (1.2.10),
which gives

© = 8.67002632314281495159108828552, 4.9)

with the help of which we compute 7, ¢, 7 from (1.2.8) and (1.2.6). This gives

q1 = —0.828164402690770818204757585370
g2 = 0.778898095658635447081654480796
p1 = —0.856384715343395351524486215030
p2 = —0.160552150799838435254419104102 .

(4.10)

As the basic method we use the Verlet scheme and compare in Fig. 4.4 the perfor-
mances of the composition sequences of the Triple Jump (4.4) and those of Suzuki
(4.5) for a large number of different equidistant basic step sizes and for orders
p =4,6,8,10,12. Each basic step is then divided into 3, 9, 27, 81, 243 respectively
5,25,125,625,3125 composition steps and the maximal final error is compared
with the total number of function evaluations in double logarithmic scales. For each
method and order, all the points lie asymptotically on a straight line with slope —p.
Therefore, theoretically, a higher order method will become superior when the pre-
cision requirements become sufficiently high. But we see that for orders 10 and 12
these “break even points” are far beyond any precision of practical interest, after
some 40 or 50 digits. We also observe that the wild zig-zag of the Triple Jump (4.4)
is a more serious handicap than the enormous number of small steps of the Suzuki
sequence (4.5).

For later reference we have also included, in black symbols, the results obtained
by the two methods (V.3.11) and (V.3.13) of orders 6 and 8, respectively, which will
be the outcome of a more elaborate order theory of Chap. I11.

10°
1073 1073
106 106

107° 107

1025 Triple Jump %, 2° 1025 Suzuki

function eval. function eval.

‘ 1 \\\HH‘ 1 \\\HH‘ 1 \\\HH‘ 1 \\\HH‘ 1 \\\HH‘

102 103 104 10° 103 104 10°

Fig. 4.4. Numerical results of the Triple Jump and Suzuki step sequences (grey symbols)
compared to optimal methods (black symbols)

10—15 10—15

Erm

—_
o
]
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IL.5 Splitting Methods

The splitting idea yields an approach that is completely different from Runge—Kutta
methods. One decomposes the vector field into integrable pieces and treats them
separately.

12221l o T O
RSN, o om om o o o om0 sa
/‘/‘/C‘/f«fvf; o om om0 om om0 on utgg%“
SOy = T AT e R R
//???545; NI ATII - : i i % % %
77 o> 0> 03 03 03 03 03 0> A4

AR ey NEERERET

Fig. 5.1. A splitting of a vector field

We consider an arbitrary system ¢ = f(y) in R™, and suppose that the vector
field is “split” as (see Fig.5.1)

g =My + ). (5.1)

If then, by chance, the exact flows cpE] and QQ?] of the systems y = f[(y) and

g = f12 (y) can be calculated explicitly, we can, from a given initial value g, first
solve the first system to obtain a value y; 3, and from this value integrate the second
system to obtain ;. In this way we have introduced the numerical methods

(1]
Y Y2 Ph
P2
o = SDELQ] o 99%1] @h/( @[2] i —o Y1
, h A A, (5.2)
By =g}, o)) Yo 11 y g
©h Yz Yo

where one is the adjoint of the other. These formulas are often called the Lie—
Trotter splitting (Trotter 1959). By Taylor expansion we find that ((le] o @f] )yo) =
©n(yo)+O(h?), so that both methods give approximations of order 1 to the solution
of (5.1). Another idea is to use a symmetric version and put
(1]
Ph2
/ Y1

/
2 = el ol ool Al 6
7/
Yo 1
Pr/2
which is known as the Strang splitting' (Strang 1968), and sometimes as the

Marchuk splitting (Marchuk 1968). By breaking up in (5.3) gof] = @f}Q o @E}Q,
! The article Strang (1968) deals with spatial discretizations of partial differential equations

such as uy = Aug + Bu,y. There, the functions fU typically contain differences in only
one spatial direction.
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we see that the Strang splitting @gf] = @00 P} /2 is the composition of the Lie-

Trotter method and its adjoint with halved step sizes. The Strang splitting formula
is therefore symmetric and of order 2 (see (4.8)).

Example 5.1 (The Symplectic Euler and the Stormer—Verlet Schemes). Sup-
pose we have a Hamiltonian system with separable Hamiltonian H (p, q) = T'(p) +
U(q). We consider this as the sum of two Hamiltonians, the first one depending only
on p, the second one only on ¢q. The corresponding Hamiltonian systems

p=20 p = —U, (q)

d 5.4
=T 0 4=0 6

can be solved without problem to yield

p(t) = po and p(t) = po—tUq(qo)
q(t) = qo +tTp(po) q(t) = qo.

Denoting the flows of these two systems by ! and ¢!, we see that the symplectic
Euler method (I.1.9) is just the composition cpf o cp,({. Furthermore, the adjoint of
the symplectic Euler method is ¢Y o (7, and by Example 4.5 the Verlet scheme is
oY /20 oF oY /2» the Strang splitting (5.3). Anticipating the results of Chap. VI, the

(5.5)

flows @{ and go,({ are both symplectic transformations, and, since the composition of
symplectic maps is again symplectic, this gives an elegant proof of the symplecticity
of the “symplectic” Euler method and the Verlet scheme.

General Splitting Procedure. In a similar way to the general idea of composi-
tion methods (4.6), we can form with arbitrary coefficients a1, b1, as, ..., am,bm
(where, eventually, a; or b,,, or both, are zero)

2 1 2 1 2 1
), = <pl[7 ] B © (pL,],Lh o 901[71171h 0...0 ngLjh o <pl[)1]h o %[zl]h (5.6)

m

and try to increase the order of the scheme by suitably determining the free coeffi-
cients. An early contribution to this subject is the article of Ruth (1983), where, for
the special case (5.4), a method (5.6) of order 3 with m = 3 is constructed. Forest
& Ruth (1990) and Candy & Rozmus (1991) extend Ruth’s technique and construct
methods of order 4. One of their methods is just (4.1) with 1, 2, v3 given by (4.4)
(p = 2) and &}, from (5.3). A systematic study of such methods started with the
articles of Suzuki (1990, 1992) and Yoshida (1990).

A close connection between the theories of splitting methods (5.6) and of com-
position methods (4.6) was discovered by McLachlan (1995). Indeed, if we put
(1 = ay and break up go,[i]h = gpfﬂ B © 9951] ;, (group property of the exact flow)

where «; is given in (5.8), further <p([112]h = @Ejh ° ‘P[oﬂh and so on (cf. Fig.5.2), we

see, using (5.2), that ¥}, of (5.6) is identical with ¥}, of (4.6), where
Py = Lpgll] ) gpf] so that o) = @E] o @E]. 5.7

A necessary and sufficient condition for the existence of a,; and (; satisfying (5.8)
is that Y a; = >_ b;, which is the consistency condition anyway for method (5.6).
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a1 =
by =081+ o
(5.8)
as = o1 + B2
by = B2 + ap
az = o + 33
b3 = 33
Yo SOL,ll]h

Fig. 5.2. Equivalence of splitting and composition methods

Combining Exact and Numerical Flows. It may happen that the differential equa-
tion y = f(y) can be split according to (5.1), such that only the flow of, say,
y = fl(y) can be computed exactly. If f[!/(y) constitutes the dominant part of
the vector field, it is natural to search for integrators that exploit this information.
The above interpretation of splitting methods as composition methods allows us to
construct such integrators. We just consider

&, =Moo @r =l ol (5.9)

as the basis of the composition method (4.6). Here <p,[51] is the exact flow of y =

fhl (y), and (25%2] is some first-order integrator applied to §y = f[?! (y). Since P, of
(5.9) is consistent with (5.1), the resulting method (4.6) has the desired high order.
It is given by

W, =), 00l o a0l L 00 o oo gl (5.10)

Notice that replacing <p£2] with a low-order approximation Q?} in (5.6) would not

retain the high order of the composition, because @?] does not satisfy the group
property.

Splitting into More than Two Vector Fields. Consider a differential equation

g = Uy + By +...+ [Ny, (5.11)

where we assume that the flows cp,[fj } of the individual problems ¢ = fUl(y) can

be computed exactly. In this case there are many possibilities for extending (5.6)
and for writing the method as a composition of @Ll,] o gpl[f_}h, go[c?’_]h, ... . This makes
it difficult to find optimal compositions of high order. A sJimpleJand efficient way is
to consider the first-order method
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@hchg]oga[i]o...ocp%v]

together with its adjoint as the basis of the composition (4.6). Without any additional
effort this yields splitting methods for (5.11) of arbitrary high order.

I1.6 Exercises

1.

2.

Compute all collocation methods with s = 2 as a function of ¢; and ¢,. Which
of them are of order 3, which of order 4?

Prove that the collocation solution plotted in the right picture of Fig. 1.3 is com-
posed of arcs of parabolas.

Let by = by = 1/8, ¢ca = 1/3, c3 = 2/3, and consider the corresponding
discontinuous collocation method. Determine its order and find the coefficients
of the equivalent Runge—Kutta method.

Show that each of the symplectic Euler methods in (I.1.9) is the adjoint of the
other.

(Additive Runge—Kutta methods). Let b;, a;; and b;, @;; be the coefficients of
two Runge—Kutta methods. An additive Runge—Kutta method for the solution

of y = fl(y) + fPl(y) is given by
S S
ki = M (yo + hzaijkj) + f1 (yo + hzaijkj)
j=1 j=1
yio= yo+h> bk
i=1

Show that this can be interpreted as a partitioned Runge—Kutta method (2.2)
applied to

g=rMy) + PR,  i=Me)+ PRk

with y(0) = 2z(0) = yo. Notice that y(t) = z(¢t).
Let &;, denote the Stormer—Verlet scheme, and consider the composition

) hOoPyyno...0oP 0P, 1

Y2k+1

withy, = ... = 7% = Yk42 = ... = Yar+1. Compute ~; and ;471 such
that the composition gives a method of order 4. For several differential equa-
tions (pendulum, Kepler problem) study the global error of a constant step size
implementation as a function of k.

. Consider the composition method (4.1) with s = 5, 75 = 71, and 74 = 7.

Among the solutions of
A2 tp=1l 27+ 295 +95 =0

find the one that minimizes [2v9 + 275 + 73|
Remark. This property motivates the choice of the ; in (4.5).



Chapter III.
Order Conditions, Trees and B-Series

In this chapter we present a compact theory of the order conditions of the meth-
ods presented in Chap.Il, in particular Runge—Kutta methods, partitioned Runge—
Kutta methods, and composition methods by using the notion of rooted trees and
B-series. These ideas lead to algebraic structures which have recently found inter-
esting applications in quantum field theory. The chapter terminates with the Baker-
Campbell-Hausdorff formula, which allows another access to the order properties
of composition and splitting methods.

Some parts of this chapter are rather short, but nevertheless self-contained. For
more detailed presentations we refer to the monographs of Butcher (1987), of Hairer,
Ngrsett & Wanner (1993), and of Hairer & Wanner (1996). Readers mainly inter-
ested in geometric properties of numerical integrators may continue with Chap-
ters IV, V or VI before returning to the technically more difficult jungle of trees.

IT1I.1 Runge-Kutta Order Conditions and B-Series

Even the standard notation has been found to be too heavy in dealing with
fourth and higher order processes, . . . (R.H. Merson 1957)

In this section we derive the order conditions of Runge—Kutta methods by com-
paring the Taylor series of the exact solution of (1.1) with that of the numerical
solution. The computation is much simplified, first by considering an autonomous
system of equations (Gill 1951), and second, by the use of rooted trees (connected
graphs without cycles and a distinguished vertex; Merson 1957). The theory has
been developed by Butcher in the years 1963-72 (see Butcher (1987), Sect. 30) and
by Hairer & Wanner in 1973-74 (see Hairer, Norsett & Wanner (1993), Sections I1.2
and I1.12). Here we give new simplified proofs.

ITI.1.1 Derivation of the Order Conditions
We consider an autonomous problem

v =fy), y(to) = Yo, (.1

where f : R"” — R" is sufficiently differentiable. A problem y = f(¢,y) can be
brought into this form by appending the equation # = 1. We develop the subsequent
theory in four steps.
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Er sagte es klar und angenehm,
was erstens, zweitens und drittens kam’. (W. Busch, Jobsiade 1872)

First Step. We compute the higher derivatives of the solution y at the initial point
to. For this, we have from (1.1)

Y@ = (f(y) " (1.2)

and compute the latter derivatives by using the chain rule, the product rule, the
symmetry of partial derivatives, and the notation f’(y) for the derivative as a linear
map (the Jacobian), f”/(y) the second derivative as a bilinear map and similarly for
higher derivatives. This gives

v = fly)
i= Wy (1.3)
vO = W)@ 9) + ()i
y W = )9 9) + 31" W) (@,9) + £ (y) y®
v = FW)0,9,9,9) + 6" W) (G 9, 9) + 4" () (D, )
+3F" () (@i, i) + F' () v,

and so on. The coefficients 3, 6,4, 3, ... appearing in these expressions have a cer-
tain combinatorial meaning (number of partitions of a set of ¢ — 1 elements), but for
the moment we need not know their values.

Second Step. We insert in (1.3) recursively the computed derivatives g, 4, . . . into
the right side of the subsequent formulas. This gives for the first few

y = f
i = f/f (1.4)
v = D+
y W o= D3N+ D+ PP,

where the arguments (y) have been suppressed. The expressions which appear in
these formulas, denoted by F'(7), will be called the elementary differentials. We
represent each of them by a suitable graph 7 (a rooted tree) as follows:

Each f becomes a vertex, a first derivative f’ becomes a
vertex with one branch, and a kth derivative f (*) becomes a f
vertex with k branches pointing upwards. The arguments of the ,
k-linear mapping f(*) (y) correspond to trees that are attached f f
on the upper ends of these branches. The tree to the right cor-
responds to f”(f’f, f). Other trees are plotted in Table 1.1. In 1
the above process, each insertion of an already known derivative
consists of grafting the corresponding trees upon a new root as
in Definition 1.1 below, and inserting the corresponding elementary differentials as
arguments of f("™ (y) as in Definition 1.2.
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Table 1.1. Trees, elementary differentials, and coefficients

I7| T graph | () | F(r)  |~(7) ¢(7) o(7)
1 . . 1 f 1 b 1
2 [+] 1 r'f 2 >, biai; 1

/
3| e V|t | ren | 3| Sycbagan | 2
3 [[]] } 1 s 6 >k Diiajn 1
A4 | [ese,e]| N\ | 1| FUAE) | 4| X biciasan |6
4 | [[=] ] \} 3| 'R | 8 | Xijubiaaia |1
4 [[*,*]] Y 1 F . n 12| 32, biaijagkas 2
5 L opper | o | Soubagasan | 1

Definition 1.1 (Trees). The set of (rooted) trees T is recursively defined as follows:
a) the graph « with only one vertex (called the root) belongs to 7";
b) if 7y,..., 7, € T, then the graph obtained
by grafting the roots of 74,...,7,, to a new
vertex also belongs to 7. It is denoted by

T =T, ", Tml,

and the new vertex is the root of 7.

We further denote by |7]| the order of T (the number of vertices), and by a(7) the
coefficients appearing in the formulas (1.4). We remark that some of the trees among
Ty, ..., Tm may be equal and that 7 does not depend on the ordering of 7y, ..., Ty,.
For example, we do not distinguish between [[¢], «] and [, []].

Definition 1.2 (Elementary Differentials). For a tree 7 € T the elementary differ-
ential is a mapping F'(7) : R™ — R", defined recursively by F(«)(y) = f(v)
and

F(O)(w) = F" @) (F)@)s - Flra)@)  for 7= [r1,.0 7.

Examples of these constructions and the corresponding coefficients are seen in
Table 1.1. With these definitions, we obtain from (1.4):

Theorem 1.3. The qth derivative of the exact solution is given by
YV (to) = Y o(r) F(7)(wo), (15)
ITl=q

where (1) are positive integer coefficients. a
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Third Step. We now turn to the numerical solution of the Runge—Kutta method
(II.1.4), which, by putting hk; = g;, we write as

9i = hf(w) (1.6)

and
Ui :ZUO“"Zaij 95> (3 :y0+zbi9ia 1.7
J i

where u;, g; and y; are functions of h. We develop the derivatives of (1.6), by
(@) h(f(u:)) @ + q - (f(u;))@ V. This gives, for

%

Leibniz’ rule, and obtain g
h=0,
9 = q- (flu;) T, (1.8)

the same expression as in (1.2), with y just replaced by u; and with an extra factor
q. Consequently, exactly as in (1.3),

gi = 1-f(yo)
gi = 2- f'(yo) (1.9)
¥ = 3. (" (yo) (s, i) + ' (yo) i )

g = 4. (" (yo) (i, iy i) + 3" (yo) (i, ;) + f/(yo)ugg))
: (f(4) (o) (i @i, iy 05) + 6 (yo) (i, s, 1) + 4f”(yo)(UE3), ;)
+ 3" (yo) i, i) + f (o) ul®),

and so on. Here, the derivatives of g; and u; are evaluated at h = 0.

A
at
)
|
ot

Fourth Step. We now insert recursively the derivatives ;, i, ... into (1.9). This
will give the next higher derivative of g;, and, using
u? =3 ay - gl?, (1.10)
J

which follows from (1.7), also the next higher derivative of ;. This process begins
as

gi=1-f w =1 (3;a) - f
gi=(1-2) (Zjaij)f/f i, = (1-2) (ijaijajk)f/f (1.11)
and so on. If we compare these formulas with the first lines of (1.4), we see that the
results are precisely the same, apart from the extra factors. We denote the integer
factors 1, 1-2, ... by v(7) and the factors containing the a;;’s by g;(7) and u,(7),

respectively. We obtain by induction that the same happens in general, i.e. that, in
contrast to (1.5),
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9= S (1) gilr) - alr) F(7) (o)

I7|=q

Wy = 3 () wlr) () Fr) o)

IT|=q

(1.12)

where a(7) and F(7) are the same quantities as before. This is seen by continuing
the insertion process of the derivatives ul(-q) into the right-hand side of (1.9). For
example, if u; and i; are inserted into 3 f”/ (ii;, 1; ), we will obtain the corresponding
expression as in (1.4), multiplied by the two extra factors u;( /), brought in by i,
and u;(« ) from ;. For a general tree 7 = [7y, .. ., Ty, ] this will be

gi(r):u,;(ﬁ)m.mui(Tm). (113)

Second, the factors y( /) and ~y(«) will receive the additional factor ¢ = |7| from
(1.9), i.e., we will have in general

(1) = 7|y (1) - (). (1.14)

Then, by (1.10),

u;(7) = Zaij g;(1) = Zaij (1) (). (1.15)

This formula can be re-used repeatedly, as long as some of the trees 7y, ..., 7, are
of order > 1. Finally, we have from the last formula of (1.7), that the coefficients for
the numerical solution, which we denote by ¢(7) and call the elementary weights,
satisfy

¢(r) =Y bigi(7). (1.16)
‘We summarize the result as follows:

Theorem 1.4. The derivatives of the numerical solution of a Runge—Kutta method
(11.1.4), for h = 0, are given by

U,y = S (1) 6(r) - alr) F(7) (o), (1.17)

[T|=q

where a(T) and F(7) are the same as in Theorem 1.3, the coefficients v(T) satisfy
~v(*) = 1 and (1.14). The elementary weights ¢(7) are obtained from the tree T as
follows: attach to every vertex a summation letter (“i” to the root), then ¢(T) is the
sum, over all summation indices, of a product composed of b;, and factors a;y, for
each vertex “j” directly connected with “k” by an upwards directed branch.

Proof. Repeated application of (1.15) followed by (1.16) shows that the elementary
weight ¢(7) is the collection of ), b; from (1.16) and all Zj a;; of (1.15). O
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Theorem 1.5. The Runge—Kutta method has order p if and only if
1
(1) = — Jor |1 <p. (1.18)

Proof. The comparison of Theorem 1.3 with Theorem 1.4 proves the sufficiency
of condition (1.18). The necessity of (1.18) follows from the independence of the
elementary differentials (see e.g., Hairer, Ngrsett & Wanner (1993), Exercise 4 of
Sect. 11.2). O

Example 1.6. For the following tree of order 9 we have

1
E bi0ijQjmAin ik K1 A1qQALrGLp = 9953
i,5,k,l,m,n,p,q,r
or, by using Zj aij = ¢,
9 1
E biciasjcjapcrakic; = 270"

.5,k

The quantities ¢(7) and ~(7) for all trees up to order 4 are given in Table 1.1. This
also verifies the formulas (II.1.6) stated previously.

II1.1.2 B-Series

We now introduce the concept of B-series, which gives further insight into the be-
haviour of numerical methods and allows extensions to more general classes of
methods.

Motivated by formulas (1.12) and (1.17) above, we consider the corresponding
series as the objects of our study. This means, we study power series in 27! contain-
ing elementary differentials F'(7) and arbitrary coefficients which are now written in
the form a(7). Such series will be called B-series. To move from (1.6) to (1.13) we
need to prove a result stating that a B-series inserted into hf(-) is again a B-series.
We start with

Bla,y) =y +a()hf(y) +a(R*(f' ly) +... =y +3, (1.19)
and get by Taylor expansion
hf(B(a,y)) = hf(y+06) = hf(y) + hf (y)s + %f”(y)(& §)4.... (1.20)

Inserting § from (1.19) and multiplying out, we obtain the expression

3
hf(Bla,y)) = hf +h2a(+)f' [+ BPa( )] 1 + %ab)?f”(ﬁ 1 o
+hta()al ) [ (F )+
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This beautiful formula is not yet perfect for two reasons. First, there is a denominator
2! in the fourth term. The origin of this lies in the symmetry of the tree /. We
thus introduce the symmetry coefficients of Definition 1.7 (following Butcher 1987,
Theorem 144A). Second, there is no first term y. We therefore allow the factor a(()
in Definition 1.8.

Definition 1.7 (Symmetry coefficients). The symmetry coefficients o(7) are de-
fined by o(e) =1 and, for7 = [ry,..., 7],

o(t)=o0(r1) ... 0(Tm) - palpa! ... (1.22)
where the integers ji1, ti2, . . . count equal trees among 71, . . ., T,

Definition 1.8 (B-Series). For a mapping a : T U{f} — R a formal series of the
form
Al

a(7)

B(a,y) =a(@)y+ Y —— a(7) F(7)(y) (123)
TeT
is called a B-series.!

The main results of the theory of B-series have their origin in the paper of
Butcher (1972), although series expansions were not used there. B-series were then
introduced by Hairer & Wanner (1974). The normalization used in Definition 1.8
is due to Butcher & Sanz-Serna (1996). The following fundamental lemma gives a
second way of finding the order conditions.

Lemma 1.9. Let a : T U {0} — R be a mapping satisfying a(Q) = 1. Then the
corresponding B-series inserted into hf(+) is again a B-series. That is

hf(B(a,y)) — B(dy), (1.24)
where o' () =0, a’(+) =1, and
d(r)=aln) ... alty)  for T=[m1,...,Tm] (1.25)

Proof. Since a(()) = 1 we have B(a,y) = y 4+ O(h), so that hf (B(a,y)) can be
expanded into a Taylor series around y. As in formulas (1.20) and (1.21), we get

! In this section we are not concerned about the convergence of the series. We shall see
later in Chap.IX that the series converges for sufficiently small h, if a(7) satisfies an
inequality |a(7)| < (7)ed!™ and if f(y) is an analytic function. If f(y) is only k-times
differentiable, then all formulas of this section remain valid for the truncated B-series
> rer,|r|<k -/ With a suitable remainder term of size O(RF*1) added.
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hf(Bla,y)) = h» .f("’) ((cuy)—y)m

m>0

DD IRD I

m>0 'neT rmeT

\71\+ AT |

o) ca(r) ... a(Tm)

- f<m>< J(FEOW), - Flrm) )
7]
S Y3 S () )

m>0 T eT TmGT

with 7 = [11,. .., T

Il
= 3 S YO0 = By

TeT

The last equality follows from the fact that there are (M1 :Z
ing the tree 7 in the form 7 = [ry,...,7,]. For example, the trees [« ¢, [¢]],
[¢,[*], *] and [[¢], ¢, *] appear as different terms in the upper sum, but only as
one term in the lower sum. ad

) possibilities for writ-

Back to the Order Conditions. We present now a new derivation of the order
conditions that is solely based on B-series and on Lemma 1.9. Let a Runge—Kutta
method, say formulas (1.6) and (1.7), be given. All quantities in the defining formu-
las are set up as B-series, g; = B(8gi, o), ui = B(u;,y0), y1 = B(¢,y0). Then,
either the linearity and/or Lemma 1.9, translate the formulas of the method into cor-
responding formulas for the coefficients (1.13), (1.15), and (1.16). This recursively
justifies the ansatz as B-series.

Assuming the exact solution to be a B-series B(e, yo), a term-by-term derivation
of this series and an application of Lemma 1.9 to (1.1) yields

e(r) = |17|e(7'1) cooe(Tm).

Together with definition (1.14) of y(7) we thus obtain
e(r) = ——. (1.26)

A comparison of the coefficients of the B-series y1 = B(¢, yo) with those of the
exact solution gives (1.18) and proves Theorem 1.5 again .

Comparing the B-series B(e, yo) for the exact solution with Theorem 1.3, we
get as a byproduct the formula

al

RRGRTCN

(1.27)

If the available tools are enriched by the more general composition law of Theo-
rem 1.10 below, this procedure can be applied to yet larger classes of methods.
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I11.1.3 Composition of Methods

The order theory for the composition of methods goes back to 1969, when Butcher
used it to circumvent the order barrier for explicit Sth order 5 stage methods. It led to
the seminal publication of Butcher (1972), where the general composition formula
in (1.34) was expressed recursively.

Composition of Runge-Kutta Methods. Suppose that, starting from an initial
value y(, we compute a numerical solution y; using a Runge—Kutta method with
coefficients a;;, b; and step size h. Then, continuing from ¥, we compute a value
Y2 using another method with coefficients a;;, b; and the same step size. This com-
position of two methods is now considered as a single method (with coefficients
aij,@). The problem is to derive the order properties of this new method, in par-
ticular to express the elementary weights $(T) in terms of those of the original two
methods.

If the value y; from the first method is inserted into the starting value for the
second method, one sees that the coefficients of the combined method are given by
(here written for two-stage methods)

air a2 air a2

a1 a22 a1 a22
D ~ ~ —~ " "

as; a3z a3z G34 = b1 by aj; ajy (1.28)
B ~ ~ B X X

(41 G42 Q43 Qug by by a3 ay

= = = = " "

b by by b b by 0T b

and our problem is to compute the elementary weights of this scheme.

Derivation. The idea is to write the sum for $(T), say for the tree \}, in full detail

4 4
$(X>>=ZZZZZZ-6MM6M:... (1.29)

and to split each sum into the two different index sets. This leads to 27! dif-
ferent expressions 377 327 S5y Yoy /- + s X5y sy Yo o/
Zle Z?:s Zizl Zle ./. + .... We symbolize each expression by drawing the
corresponding vertex of 7 as a bullet for the first index set and as a star for the sec-
ond. However, due to the zero pattern in the matrix in (1.28) (the upper right corner
is missing), each term with “star above bullet” can be omitted, since the correspond-
ing @;;’s are zero. So the only combinations to be considered are those of Fig. 1.1.
We finally insert the quantities from the right tableau in (1.28),

(}5(\}) =>b; Q45 Qi) Gkl + >b; b; b ar + >br a;-‘j b agt + > bF bj ajy by
+ 2207 af; ap, by + Y b; by agy, ap, + > b; af; ajy, ay,
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!
Q\J\/’k \ qu Vk QJ}
G *i

Fig. 1.1. Combinations with nonzero product

and we observe that each factor of the type b; interrupts the summation, so that the
terms decompose into factors of elementary weights of the individual methods as
follows:

QAS(\>) :¢(\>)+¢*(°)-¢(°)¢(.f)+¢*(f)-¢(f)+¢*(f)~¢(°)¢(°)
+¢*(V)~¢(°)+¢>*(>)-¢(°)+¢*(\>)-

The trees composed of the “star”” nodes of 7 in Fig. 1.1 constitute all possible “sub-
trees” 6 (from the empty tree to 7 itself) having the same root as 7. This is the key
for understanding the general result.

Ordered Trees. In order to formalize the procedure of Fig. 1.1, we introduce the
set OT of ordered trees recursively as follows: « € OT, and

ifwiy,...,wn, € OT, then also the ordered m-tuple (w1, ...,wy) € OT. (1.30)

As the name suggests, in the graphical representation of an ordered tree the order of
the branches leaving cannot be permuted. Neglecting the ordering, a tree 7 € T' can
be considered as an equivalence class of ordered trees, denoted 7 = w.

For example, the tree of Fig. 1.1 has two orderings, namely \} and <[ We
denote by v(7) the number of possible orderings of the tree 7. It is given by v(«) =

1 and
m)!

vVitT) = ————v(m) ... V(" (1.31)
for 7 = [ry,...,Tm], Where the integers p1, 12, . . . are the numbers of equal trees
among 71, . . ., Tr,. This number is closely related to the symmetry coefficient o(7),

because the product k(7) = o(7)v(7) satisfies the recurrence relation
K(T)=mlk(m) ...  k(Tm). (1.32)
We introduce the set OST(w) of ordered subtrees of an ordered tree w € OT by

OST(+) = {0, +} (133)
OST(w) = {0}U{(01,...,0m); 0; € OST(w;)} for w = (wi,...,wm).

Each ordered subtree # € OST(w) is naturally associated with a tree § € T obtained
by neglecting the ordering and the ()-components of 6. For every tree 7 € T we
choose, once and for all, an ordering. We denote this ordered tree by w(7), and we
put OST(7) = OST(w(1)).
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For the tree of Fig. 1.1, considered as an ordered tree, the ordered subtrees cor-
respond to the trees composed of the “star” nodes.

s The General Rule. The general composition rule now be-
®  comes visible: for § € OST(w) we denote by w \ 8 the “for-
/ v .
est” collecting the trees left over when 6 has been removed
from the ordered tree w. For brevity we set 7\ := w(7)\0.
With the conventions ¢*(8) = ¢*(0) and ¢*(0) = 1 we
then have

o= (s I[e@). 34

0€O0ST(T) deT\0

This composition formula for the trees up to order 3 reads:

O(+) = 8" (0) - 6(+) + " (+)
L) =0 0)-0(8) +(+) - 6(+) +67°(])
o) = 0" (0) - (V) + () - 6(+)* +26°(]) - 0(+) +6*(V)

QAS(}) =¢"(0) - (b(}) + ¢ () o) +0"(]) o) + ¢*(>)
The tree 7 = Y/ has the subtrees displayed in Fig. 1.2. It contains symmetries in that

the third and fourth subtrees are topologically equivalent. This explains the factor 2
in the expression for the elementary weight.

Vk o sk \ipk qjjk vk
\ / / \
\ 7/ / \

G *i ; f f

Fig. 1.2. A tree with symmetry

I11.1.4 Composition of B-Series

We now extend the above composition law to general B-series, i.e., we insert the
B-series themselves into each other, as sketched in Fig. 1.3. This allows us to gen-
eralize Lemma 1.9 (because hf(y) is a special B-series).

B(a7 Z/O) “ B(bv yl)
/_> ° \

Yo @ @ Y2

Fig. 1.3. Composition of B-series

We start with an observation of Murua (see, e.g., Murua & Sanz-Serna (1999),
p- 1083), namely that the proof of Lemma 1.9 remains the same if the function A f (y)
is replaced with any other function hg(y); in this case (1.21) is replaced with
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3
hg(B(a,y)) = hg+h?a(+)g' f +h*a([)g'f' f + %a( ’9"(F D) (135
+hta()a()g"(f f.£)+... .

Such series will reappear in Sect. II1.3.1 below. Extending this idea further to, say,
1" (y)(v1, v2), where vy, vy are two fixed vectors, we obtain

hf"(Bla,y))(vi,v2) = hf"(vi,v2) + ha(«) " (v, v, f) (1.36)
+ Ba(])f" (01,05 ' F) + phPals 2" (01,0, )
+ h4a(’)a([)f/”/(l}l,’l)g,f/f, f) +...

This idea will lead to a direct proof of the following theorem of Hairer & Wanner
(1974).

Theorem 1.10. Let a : TU {0} — R be a mapping satisfying a() = 1 and let
b: TU{D} — R be arbitrary. Then the B-series B(a,y) inserted into B(b,-) is
again a B-series

B(b,B(a, y)) — B(ab,y), (1.37)

where the group operation ab(T) is as in (1.34), i.e.,

ab(r) = Z b(0) - a(T\ 0) with a(t\0) = H a(8).  (1.38)

0€O0ST(T) seT\0

Proof. (a) In part (c) below we prove by induction on |¢|, ¥ € T that

[9] [7]
GEO(Bew) = Y IS \OFOE. (19
g (1,0)€A(9) T

where )
AW@) = {(r,0); T € T,0 € OST(7),0 = V}.
Multiplying (1.39) by b(¢}) and summing over all ¢ € T yields the statement (1.37)-

(1.38), because
D MIRTED DD SIS

OET (1,0)EA(®) €T 9€0ST(r)

(b) Choosing a different ordering of 7 in the definition of OST(7) yields the
same sum in (1.39). Therefore (1.39) is equivalent to

19| lw]
PLEO(Baw) = Y T a@\ 0 F@), (140
o(9) (w,0)€Q() o(Wv(w)

where )
2@0) = {(w,0) ; w € OT,0 € OST(w),0 =V},

and v(7) is the number of orderings of the tree 7, see (1.31). Functions defined on
trees are naturally extended to ordered trees. In (1.40) we use |w| = |7|, o(w) =
o(7), v(w) =v(r),alw\ ) =a(r\ 0),and F(w)(y) = F(7)(y) forw = 7.
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(c)Ford = ¢ and w = (w1, ...,wy,) wehave a(w \ 0) = a(wy) - ... a(wn) if
0 = . Since we have a one-to-one correspondence (w, #) «> w between §2( + ) and
OT, and since the expression in the sum of (1.40) is independent of the ordering of
w, formula (1.40) is precisely Lemma 1.9.

To prove (1.40) for a general tree ¥ = [4,...,1], we apply the idea put for-
ward in (1.36) to hf") (B(a,y))(v1, ..., v;) with fixed vq, . .., v, and obtain as in
the proof of Lemma 1.9

hf(l)(B(a,y))(vl,..., Z Z Z

m>0 ' Tl+1ET Tl+7n€T

a(mi1) - i) - F @) 1o ) @), ,F<n+m><y>).

Rl T 41

7'l+1 U(Tl+m)

Changing the sums over trees to sums over ordered trees we obtain

hf(l)(B(a,y))(vl,..., Z Z Z

m>0 'wl+1€0T Witm EOT

a(@i1) - aigm) - L) (oo P @), - ,F<wl+m><y>).

hlwiril+ . Flwipm|+1

K(wigt) v K(Wigm)

We insert v; = % F(9;)(B(a,y)) into this relation, and we apply our induction
hypothesis
RlY5] Bl
b= oy PO (Bla) = 3 e el \0) Flen)w).

(oroefa(oy i)

We then use the recursive definitions of o (%) and F'(9)(y) on the left-hand side. On
the right-hand side we use the multilinearity of f(+), the recursive definitions of
lwl], k(w), F(w)(y) forw = (w1, ..., wi+m), and the facts that

alw\0)=alwi \01) ... alw \ ) - alwig1) .. alWitm)

and

DY ZZ/%Z'/'

(wl,Gl)eQ(ﬂl) (wl,Gl)GQ(ﬂl) wi41€0T  wi4m€eOT (w,9)691+m(’l9)

where i1, 12, ... count equal trees among vy, ..., %, and 21y, (%) consists of
those pairs (w,d) € £2(¢) for which w is of the form w = (wy,...,w;+m). The
factorials appear, because to every (I + m)-tuple of the left-hand sum correspond
( trm ) elements in §2;4,,(¥), obtained by permuting the order. This yields

M1, [42 .

formula (1 40) and hence (1.39). O
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Example 1.11. The composition laws for the trees of order < 4 are

ab() =b(0) -a(+) +b(+)
ab(}) =b(0)-a([)+b(e)-a(+)+b(])
ab(V) =b(0) - a(\V) +b(+)-a(+)* +2b(]) - a(+) +b(V)
ab()) = b(0) a(>)+b(°) a(])+0(7) -a(°)+b(>)
ab(\/) = b(0) - a(\") +b(<) - a(+)® +3b([) - a(+)* + 3b(V) - a(+)

+o(\)

ab(ﬁ) = b(@)-a(§)+b(°) ~a(}) +b(J)-a(]) +b(})-a(°) +b(§)

Remark 1.12. The composition law (1.38) can alternatively be obtained from the
corresponding formula (1.34) for Runge—Kutta methods by using the fact that B-
series which represent Runge—Kutta methods are “dense” in the space of all B-series
(see Theorem 306A of Butcher 1987).

II1.1.5 The Butcher Group

The composition law (1.38) can be turned into
a group operation, by introducing a unit ele-
ment

e@ =1, e(r)=0 forreT, (1.41)

and by computing the inverse element of a
given a. This is obtained recursively from
the table of Example 1.11, by requiring
aa~1(7) = 0 and by inserting the previously
known values of a~!(1). This gives for the
first orders

John C. Butcher, 1 (
born: 31 March 1933 in Auckland a
(New Zealand)
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We can distinguish several realizations of this group:

GRrk the set of Runge—Kutta schemes with composition (1.28);

Ggw the set of elementary weights of Runge—Kutta schemes with the composition
law (1.34);

Gtm the set of tree mappings a : T U {#} — R satisfying a(#) = 1 with
composition (1.38);

GpRs the set of B-series (1.23) satisfying a()) = 1 with composition (1.37).

A technical difficulty concerns the group GRri, where “reducible” schemes must be
identified (by deleting unnecessary stages or by combining stages that give identical
results) to the same “irreducible’” method (see Butcher (1972), or Butcher & Wanner
(1996), p. 140). The definition of ¢(7) in Theorem 1.4 describes a group isomor-
phism from GRrk to Gy, further, Ggyy is a subgroup of G1) and Theorem 1.10
shows that formula (1.23) constitutes a group homomorphism from Gy to Ggs.-
Because the elementary differentials are independent (see, e.g., Hairer, Ngrsett &
Wanner (1993), Exercise 4 of Sect.I1.2), the last two groups are isomorphic. The
group GRg can also be extended by allowing “continuous” Runge—Kutta schemes
with “infinitely many stages” (see Butcher (1972), or Butcher & Wanner (1996),
p. 141). The term “Butcher group” was introduced by Hairer & Wanner (1974).

This paper tells the story of a mathematical object that was created by
John Butcher in 1972 and was rediscovered by Alain Connes, Henri
Moscovici and Dirk Kreimer in 1998. (Ch. Brouder 2004)

Connection with Hopf Algebras and Quantum Field Theory. A surprising con-
nection between Runge—Kutta theory and renormalization in quantum field theory
has been discovered by Brouder (2000). One denotes by a Hopf algebra a graded
algebra which, besides the usual product, also possesses a coproduct, a tool used by
H. Hopf (1941) ? in his topological classification of certain manifolds. Hopf algebras
generated by families of rooted trees proved to be extremely useful for simplifying
the intricate combinatorics of renormalization (Kreimer 1998). Kreimer’s Hopf al-
gebra H is the space generated by linear combinations of families of rooted trees
and the coproduct is a mapping A : H — H ® H which is, for the first trees, given
b
Y Ald)=+e@1+1®
AN)=]01+e@«+10 ]

AV)=V@1+ee@e+2e [ +10Y

A(}):>®1+[®-+-®1+1®>
It can be clearly seen, that this algebraic structure is precisely the one underlying
the composition law of Example 1.11, so that the Butcher group Gy becomes the
corresponding character group. The so-called antipodes of trees 7 € H, denoted by
S(7), are for the first trees

(1.43)

2 Not to be confused with E. Hopf, the discoverer of the “Hopf bifurcation”.
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S(+)
S =t
S(V) ==V +2/— e (149

S =-d s

and, apparently, describes the inverse element (1.42) in the Butcher group.

II1.2 Order Conditions for Partitioned Runge—Kutta
Methods

We now apply the ideas of the previous section to the creation of the order conditions
for partitioned Runge—Kutta methods (II.2.2) of Sect.II.2. These results can then
also be applied to Nystrom methods.

I11.2.1 Bi-Coloured Trees and P-Series
Let us consider a partitioned system

v = f(y,2), z2=9(y,2) (2.1

(non-autonomous problems can be brought into this form by appending ¢ = 1).
We start by computing the derivatives of its exact solution, which are to be inserted
into the Taylor series expansion. By analogy with (1.4) we obtain in this case the
derivatives of y at ¢y as follows:

y=1r

b= fyf+ fz9 (2.2)
YO = fo (f. )+ 2 fya(f,9) + f22(9.9) + fufyf + fufeg + F290f + f29:9.
Here, fy, f., fy-,. .. denote partial derivatives and all terms are to be evaluated at

(Yo, 20). Similar expressions are obtained for the derivatives of z(t).

The terms occurring in these expressions are again
called the elementary differentials F(7)(y, z). For their f g
graphical representation as a tree 7, we distinguish be-
tween “black” vertices for representing an f and “white”
vertices for a g. Upwards pointing branches represent par-
tial derivatives, with respect to y if the branch leads to a oy
black vertex, and with respect to z if it leads to a white
vertex. With this convention, the graph to the right corre-
sponds to the expression f., (gyz( 5o f ) (see Table 2.1 for more examples).

We denote by TP the set of graphs obtained by the above procedure, and we
call them (rooted) bi-coloured trees. The first graphs are « and o. By analogy with
Definition 1.1, we denote by

Gy> f
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Table 2.1. Bi-coloured trees, elementary differentials, and coefficients

|7l T graph | () F(r) | (1) o(7) o(r)
1 ! 1 S, bi 1
1 fuf 2 >ij biai; 1
1 f=g 2 >4, bidi 1
Tuu(F, 1) 3 Zijk bia;jaix 2
2 | fu(fig) | 3 | Xk biaiaik 1
1 f=2(9,9) 3 >k biligaan 2

3 [[elyly 1 Tuluf 6 Zi]’k biaijajk 1

1 .

v-<3<;-<:'\°'\' .

3 [[o]yly } 1 fuf=9 6 Ei]’k biai;ajk 1
3] (Il }’ 1 f294f 6 | X bidiage |1
3 [[o]:]y }’ 1 f29-9 6 Zwk bitijajk 1
1 ° ° 1 g 1 S, bi 1
2| [l J 1 gvf 2 3, biaij 1
etc etc etc etc
[T15 s Tinly and [T1, -y T zs TlyeeosTm € TP
the bi-coloured trees obtained by connecting the roots of 79, ..., 7,, to a new root,

which is e in the first case, and o in the second. Furthermore, we denote by TP,
and TP, the subsets of TP which are formed by trees with black and white roots,
respectively. Hence, the trees of TP, correspond to derivatives of y(t), whereas
those of TP, correspond to derivatives of z(t).

As in Definition 1.2 we denote the number of vertices of 7 € TP by |7/, the
order of 7. The symmetry coefficient o (7) is again defined by

o(+)=0(0)=1,

and, for 7 = [1q,..., Ty Or T = [T1,..., T ]2, DY
o(r)=o(m) ... 0(Tm) - plp!. .., (2.3)
where the integers 1, 2, . .. count equal trees among 71, ..., 7, € TP. This is

formally the same definition as in Sect. III.1. Observe, however, that o(7) depends
on the colouring of the vertices. For example, we have o(Y/) = 2, but o(\/) = 1.
By analogy with Definition 1.8 we have:
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Definition 2.1 (P-Series). For a mapping a : TP U {(,,0.} — R a series of the
form

7|
aO)y+ Y Lol P, 2)

is called a P-series.

The following results correspond to Lemma 1.9 and formula (1.26). They are
obtained in exactly the same manner as the corresponding results for non-partitioned
Runge—Kutta methods (Sect. III.1). We therefore omit their proofs.

Lemma 2.2. Leta: TP U {0,,0,} — Rsatisfy a(0,) = a(0,) = 1. Then

. (f(P(% (w)))) = P(d(0.2).

9(P(a,(y,2)))
where o/ (0,) = a'(0.) =0, a'(s) =d'(0) =1, and
a(t)=a(m) ... a(tm), 2.4)
ifeither T = [T1,...,Tmly OF T =[T1,...,Tm]2 O

Theorem 2.3 (P-Series of Exact Solution). The exact solution of (2.1) is a P-series
(y(to + h), z(to + h)) = P(e, (yo, 20)), where e(,)) = e(0.) = 1 and

e(r)=——  forall te TP (2.5)

where the y(T) have the same values as for mono-coloured trees. O

II1.2.2 Order Conditions for Partitioned Runge—Kutta Methods

The next result corresponds to Theorem 1.4 and is a consequence of Lemma 2.2.

Theorem 2.4 (P-Series of Numerical Solution). The numerical solution of a par-
titioned Runge—Kutta method (11.2.2) is a P-series (y1,21) = P((;S7 (vo, zo)), where

¢(®y) =¢(0,) =1and
Z?:l bii(T) for 7€ TP,
o) ={ =
D imq bidi(T) for 1€ TP,.
The expression ¢;(T) is defined by ¢;(+) = ¢;(o) = 1 and by
ijZl aijk¢jk (Tk) if i, € TPy

Z;kzlaijkd)jk(Tk) if T, € TP,
2.7

2.6)

for T=1T1,. . Tmly oF T=[T1,...,Tm]s
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Proof. These formulas result from Lemma 2.2 by writing (hk;, h¢;) from the for-
mulas (I1.2.2) as a P-series (hk;, h¢;) = P(qﬁi, (vo, zo)) so that

(hzaijkj,hzaijgj) - P(wzv (y07ZO))
J J

is also a P-series. Observe that equation (2.6) corresponds to (1.16) (where g; has to
be replaced with ¢;) and that formula (2.7) comprises (1.13) and (1.15), where we
now write 1; instead of u;. O

The expressions ¢(7) are shown in Table 2.1 for all trees in TP, up to order
|7| < 3. A similar table must be added for trees in TP,, where all roots are white
and all b; are replaced with E‘. The general rule is the following: attach to every
vertex a summation index. Then, the expression ¢(7) is a sum over all summation

~

indices with the summand being a product of b; or b; (depending on whether the

[T3ell

root “4” is black or white) and of a;;, (if “k” is black) or @ (if “k” is white), for

[Tt}

each vertex “k” directly above “j”.

Theorem 2.5 (Order Conditions). A partitioned Runge—Kutta method (11.2.2) has
orderr, i.e., y1 —y(to +h) = O(R™1), z1 — z(to + h) = O(R"™ 1), if and only if

H(1) = —— forT € TP, U TP, with |T| < r. (2.8)

Proof. This corresponds to Theorem 1.5 and is seen by comparing the expansions
of Theorems 2.4 and 2.3. O

Example 2.6. We see that not only does every individual Runge—Kutta method have
to be of order r, but also the so-called coupling conditions between the coefficients
of both methods must hold. The order conditions mentioned above (see formulas

(I1.2.3) and (I1.2.5)) correspond to the trees [, J ., and /. For the tree sketched
below we obtain

~ o~ -~ -~ 1
E bi iU Qin Qi ARt Al Qi Ay = 9.2.5.3

i.3,k,l,m,n,p,q,r
or, by using >, a;; = ¢; and ), a5 = ¢,

L
270"

~~ o~ ~ 2
E bicia;;cjakcrakicy =

.3,k

II1.2.3 Order Conditions for Nystrom Methods

A “modern” order theory for Nystrom methods (IL.2.11) of Sect.Il.2.3 was first
given in 1976 by Hairer & Wanner (see Sect. .14 of Hairer, Ngrsett & Wanner
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1993). Later it turned out that these conditions are obtained easily by applying the
theory of partitioned Runge—Kutta methods to the system

y=z  i=g(y2), 2.9

which is of the form (2.1). This function has the partial derivative f, = I and all
other derivatives of f are zero. As a consequence, many elementary differentials are
zero and the corresponding order conditions can be omitted. The only trees remain-
ing are those for which

“black vertices have at most one son and this son must be white”. (2.10)

Example 2.7. The tree sketched below apparently satisfies condition (2.10) and the
corresponding order condition becomes, by Theorem 2.4 and formula (2.8),

1

E biaz‘jajkakmaknakpajqaqrarsajéaltatuatv = m .

0,5,k,...v

Due to property (2.10), each a;j inside the tree comes with a
corresponding @y, and by (2.10), both factors contract to an ~ m.n P
a;;; similarly, the black root is only connected to one white
vertex, the corresponding b;a;; simplifies to b;. We thus get

g b0k ChChlqlgsTjtCr = _
- , IRk 792 qs¥ytt 13- 3456
1,R,4,5,

Each of the above order conditions for a tree in TP, has a “twin” in TP, of one
order lower with the root cut off. For the above example this twin becomes

1

DGk Co Ok ATt Co = —

Uik CRCRAjqlqs U tCy 3456
J.k,q,s,t

We need only consider the trees in TP, if

bi = bl(l — Ci)
is satisfied (see Lemma I1.14.13 of Hairer, Ngrsett & Wanner (1993), Sect.11.14).

Remark 2.8. Strictly speaking, the theory of partitioned methods is applicable to
Nystrom methods only if the matrix (@;;) is invertible. However, since we arrive at
expansions with a finite number of algebraic conditions, we can recover the singular
case by a continuous perturbation of the coefficients.

Equations without Friction. Although condition (2.10) already eliminates many
order conditions, Nystrom methods for the general problem § = g(y, ) cannot be
much better than an excellent Runge—Kutta method applied pairwise to system (2.9).
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There is, however, an important special case where much more progress is possible,
namely equations of the type

i=9y), (2.11)

which corresponds to motion without friction. In this case, the function for 2 in (2.9)
is independent of z, and in addition to (2.10) we have a second condition, namely

“white vertices have only black sons”. (2.12)

Both conditions reduce the remaining trees drastically. Along each branch, there
occur alternating black and white vertices. Ramifications only happen at white ver-
tices. This case allows the construction of excellent numerical methods of high or-
ders. For example, the following 13 trees

oxvi\yﬁf%w(y@@zg

assure order 5, whereas ordinary Runge—Kutta theory requires 17 conditions for this
order. See Hairer, Ngrsett & Wanner (1993), pages 291f, for tables, examples and
references.

II1.3 Order Conditions for Composition Methods

We have seen in the preceding chapter that composition methods of arbitrarily high
order can be obtained with the use of Theorem I1.4.1. However, as demonstrated in
Fig.I1.4.4, these methods are not attractive for high orders. This section is devoted
to the derivation of order conditions, which then allow the construction of optimal
high order composition methods.

The order conditions for these methods are often derived via the Baker-Campbell-
Hausdorff formula. This will be the subject of Sect. III.5 below. Only very recently,
Murua & Sanz-Serna (1999) have found an elegant theory based on the idea of B-
series. This paper has largely inspired the subsequent presentation.

I11.3.1 Introduction
The principal tool in this section is the Taylor series expansion
Bu(y) =y + hdi(y) + h*da(y) + hds(y) + . .. 3.1)

of the basic method. The only hypothesis which we require for this method is con-
sistency, i.e., that

di(y) = f(y)- (3.2)
All other functions d;(y) are arbitrary.
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The underlying idea for obtaining the expansions for composition methods is, in
fact, very simple: we just insert the series (3.1), with varying values of A, into itself.
All our experience from Sect. III.1.2 with the insertion of a B-series into a function
will certainly be helpful. We demonstrate this for the case of the composition ¥}, =
Do,h © Do, n. Applied to an initial value yo, this gives with (3.1)

Y1 = Payn(yo) = yo + haidi(yo) + h2adda(yo) + ...

(3.3)
Y2 = Payn(y1) = y1 + haody (y1) + h2a3da(ys) + ... .

We now insert the first series into the second, in the same way as we did in (1.35).
Then, for example, the term h%a3dz(y;) becomes

Y2 = ... + h2a3da(yo) + h3a3a1d)(yo)di(vo) (3.4)
h4
+ hlagaids(yo)ds(yo) + - azaids (yo)(di (yo), da (o)) + - .

We see that we arrive at “generalized” B-series, where the elementary differentials
contain not only one function, but are composed of infinitely many functions and
their derivatives. We symbolize the four terms written in (3.4) by the trees

o b b Y

This leads us to the following definition.

Definition 3.1 (co-Trees, B.-series). We extend Definitions 1.1 and 1.2 to T,
the set of all rooted trees where each vertex bears a positive integer without any
further restriction, and use the notation
@, ®,®,... = the trees with one vertex;
[T1,...,Tm]: = the tree T formed by a new root () connected to 71, . . ., Tyn;
F(®@)(y) = di(y);

F(r)() = di" @) (E ()W), .. F(7)(y)) for T as above;
|| = 1+ |m|+...4 |Tm|, the number of vertices of T;

||[7|] = i+ ||71]| + ...+ ||7m|], the sum of the labels of 7;
o(r)= prlua! - ...co(m) ... - o(Tm),
where (i1, 42, . . . count equal trees among Ty, . .., Ty,

the symmetry coefficient respecting the labels;
i(t) = i, the label of the root of T.

Foramapa: T, U {0} — R we write

Rl
o(r) "

which extends the notion of B-series to the new situation.

Buo(a,y) =al)y+ >

TET

(1) F(7)(y) 3.5
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Example 3.2. For the tree

Q® ®
Q® ®
r=Q O & 71=[r,m)s where 71=0, ™= (3.6)
o D

we have
F(r)(y) = d (y) (di(y), d7" (y) (ds (y), ds (), ds(y)))

T=[0,[®,0,0®]7s, [7[=6, [|7]|=29, o(r) =2, i(r)=4.
The above calculations for (3.4) are governed by the following lemma.

Lemma 3.3. For a series By (a,y) with a()) = 1 we have

, Bl
Wdi(Buolay) = Y o (O W), 3.7)
TE€ET oo ,i(T)=1
where o' (D) =1 and
d(t)=a(n) ... altym)  for 7=, .., Tmli (3.8)

Proof. This is a straightforward extension of Lemma 1.9 with exactly the same
proof. O

The preceding lemma leads directly to the order conditions for composition
methods. However, if we continue with compositions of the type (I.4.1), we arrive
at conditions without real solutions. We therefore turn to compositions including the
adjoint method as well.

I11.3.2 The General Case
As in (IL.4.6), we consider

Up=®a,n0®P5 1 0...0Poyn0Ph,,, 0Payn 0 Ppps (3.9)
and we obtain with the help of the above lemma the corresponding B, -series.
Lemma 3.4 (Recurrence Relations). The following compositions are B -series

(¢Ekho"'o¢a1h0¢21h)(y) = Boo(blmy)

: ’ (3.10)
(éakhoégkho--~O¢a1ho¢ﬁ1h)(y) = Boo(akay)

Their coefficients are recursively given by a,(0)) = 1, bi(0) = 1, ap(r) = 0 for all
7 € Tso, and A
bi(r) = ap-1(1) = (=)D by (1),

) 3.11
a(r) = bulr) + ol B, D
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Proof. The coefficients ao(7) correspond to the identity map By, (ag,y) = y. The
second formula of (3.11) follows from

Boo(akay)zéakh/<BOO(bk7y)) bka ZakhZ ( bka ))7

i>1

and from an application of Lemma 3.3.
The relation By, (by,y) = (Pﬁkh(Boo(ak,l,y)), which involves the adjoint
method, needs a little trick: we write it as Boo(ag—1,y) = d5_5kh(Boo(bk,y))

(remember that &} = (15:,11), apply Lemma 3.3 again, and reverse the formula. This
gives the first equation of (3.11). O

Adding the equations of (3.11), we get
a(7) = ap_1(r) + ()7 — (=B) )b (7). (3.12)

Because of b},((D) = 1, we obtain

1 k k (.13)
(@)=Y ap—> (=)' =Y (o} — (—Be)")
=1 /=1 /=1

The fact that, for by, (@), the sum of (— ;) is from 1 to k, but the sum of &}, is only
from 1 to k — 1, has been indicated by a prime attached to the summation symbol.
Continuing to apply the formulas (3.11) and (3.12) to more and more complicated
trees, we quickly understand the general rule for the coefficients of an arbitrary tree.

Example 3.5. The tree 7 in (3.6) gives

S

k
"QO O a,(r) =S (ad - 8)S (o + A1)
‘@D Xm kk 1 f:l . (3.14)
ol -Za+57za+55(z %)
m=1 n=1 p=1

The Order Conditions. The exact solution of §y = f(y) is a B-series y(to + h) =
B(e,yo) (see (1.26)). Since d; (y) = f(y), every B-series is also a B -series with
e(7) = 0 for trees with at least one label different from 1. Therefore, we also have
y(to + h) = B (e, yo), where the coefficients e(7) satisfy e(®D) = 1, e(7) = 0 if
i(t) > 1, and

e(r) = He(ﬁ) coe(Tm) for 7 =[11,...,Tm]1- (3.15)
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Theorem 3.6. The composition method Wy, (y) = Boo(as, y) of (3.9) has order p if
as(t) =e(t)  for T € T with ||7|| < p. (3.16)

Proof. This follows from a comparison of the B, -series for the numerical and the
exact solution. For the necessity of (3.16), the independence of the elementary dif-
ferentials has to be studied as in Exercise 3. ad

II1.3.3 Reduction of the Order Conditions

The order conditions of the foregoing section are indeed beautiful, but for the mo-
ment they are not of much use, because of the enormous number of trees in 7T, of
a certain order. For example, there are 166 trees in T, with ||7|| < 6. Fortunately,
the equations are not all independent, as we shall see now.

Definition 3.7 (Butcher 1972, Murua & Sanz-Serna 1999). For two trees in T,
u=[u1,...,Un); and v = [v1,...,v;];, we denote

UOV = [Ul,y ..., Um, V), UX V= [Up, ey U, V1, Uiy (31T)

and call them the Butcher product and merging product, respectively (see Fig. 3.1).

uov vou u Xv

Fig. 3.1. The Butcher product and the merging product

The merging product is associative and commutative, the Butcher product is
neither of the two. To simplify the notation, we write products of several factors
without parentheses, when we mean evaluation from left to right:

V1] V2] U3
uowviovgo...ovs = (((uowvy)owvy)o...)ovs. (3.18)

Here the factors vq, . . ., vs can be freely permuted.

All subsequent results concern properties of ay (7) as well as by, (7), valid for all
k. To avoid writing all formulas twice, we replace ay(7) and b (7) everywhere by
a neutral symbol ¢(7).
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Lemma 3.8 (Switching Lemma). All ay, by of Lemma 3.4 satisfy, for all u,v €
T, the relation

c(uov)+clvou)=c(u)-cv) —cluxv). (3.19)
Proof. The recursion formulas (3.11) are of the form
a(t) = b(r) + Y (7). (3.20)
We arrange this formula, for all five trees of Fig. 3.1, as follows:
a(uov) + alvow) + a(u X v) —  a(u)a(v)
= bluov) + blvou) + b(u x v) —  b(u)b(v)
+ o'W (uov) + Wb (vou) + o' WH@Y (y x v)
— &'V (u)b(v) — Y (v)b(u) — WOV (W) (v) .

Because of &' (u o v) = b’ (u)b(v) and ' (u x v) = V' (u)b'(v), the last two rows
cancel, hence

a(7) satisfies (3.19) < b(7) satisfies (3.19). (3.21)
Thus, beginning with ag, then b1, then a1, etc., all a and by, must satisfy (3.19). O

The Switching Lemma 3.8 reduces considerably the number of order conditions.
Since the right-hand expression involves only trees with |7| < |u o v|, and since
relation (3.19) is also satisfied by e(7), an induction argument shows that the order
conditions (3.16) for the trees v o v and v o u are equivalent. The operation u o v —
v o u consists simply in switching the root from one vertex to the next. By repeating
this argument, we see that we can freely move the root inside the graph, and of all
these trees, only one needs to be retained. For order 6, for example, there remain 68
conditions out of the original 166.

Our next results show how relation (3.19) also generates a considerable amount
of reductions of the order conditions. These ideas (for the special situation of sym-
plectic methods) have already been exploited by Calvo & Hairer (1995b).

Lemma 3.9. Assume that all by, of Lemma 3.4 satisfy a relation of the form

N ms
Z A; H c(uij) =0 (3.22)
i=1 j=1

with all m; > 0. Then, for any tree w, all ay, and by, satisfy the relation

N
Z Al C(U) OU;1 U200 ...0 uimi) =0. (323)

i=1
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Proof. The relation (3.20), written for the tree w o ;1 0 U2 0 ... 0 U; 4y, 1S
a(Wouj1 0...0Um,) = blwouso...o0um,)
+ @Y (w)b(ug) - b(Uim,)-

Multiplying with A; and summing over i, this shows that, under the hypothesis
(3.22) for b, the relation (3.23) holds for b if and only if it holds for a. The coef-
ficients ag(7) = 0 for the identity map satisfy (3.22) and (3.23) because m; > 0.
Starting from this, we again conclude (3.23) recursively for all aj, and by. ad

The following lemma * extends formula (3.19) to the case of several factors.
Lemma 3.10. For any three trees u, v, w all ay, by, of Lemma 3.4 satisfy a relation
c(uovow)+clvouow)+c(wouowv)=cu)-cl)- clw)+..., (3.24)

where the dots indicate a linear combination of products [ [ ; c(v;) with [v1 [+ |v2| +
... < |u| + |v| + |w| and, for each term, at least one of the v; possesses a label

larger than one. The general formula, for m trees uy, ..., Un, IS
m m
Zc(ui OUL O...0U;_1 0 Uit] o...oum) = HC(U@) +.... (3.25)
i=1 i=1

Proof. We apply Lemma 3.9 to (3.19) and obtain
c(wo(uov))+c(wo(vou)) =cwouowv)—clwo (uxwv)). (3.26)
Next, we apply the Switching Lemma 3.8 to the trees to the left and get

c(wo (uov))+cluovow)=c(w)- c(uowv)—clw X (uow))

c(wo(wou))+c(vouow)=clw)-c(vou)—clwx (vou)).
Adding these formulas and subtracting (3.26) gives
cluovow)+clvouow)+clwouov)=c(w)(c(uov)+clvou)) +...

which becomes (3.24) after another use of the Switching Lemma. Thereby, every-

thing which goes into “+-...” contains somewhere a merging product, whose roots
introduce necessarily labels larger than one.
Continuing like this, we get recursively (3.25) for all m. a

In order that the further simplifications do not turn into chaos, we fix, once and
for all, a fotal order relation (written <) on T, where we only require that the
order respects the number of vertices, i.e., that

u <v whenever |u| < |vl|. (3.27)

Similar to the strategy introduced by Hall (1950) for simplifying bracket expressions
in Lie algebras, we define the following subset of T,.

3 due to A. Murua, private communication, Feb. 2001
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Definition 3.11 (Hall Set). The Hall set corresponding to an order relation (3.27)
is a subset H C Ty, defined by

OeH fori=1,2,3,...
T€H <& thereexistu,v € H,u > wv,suchthat 7 =wuow.

Example 3.12. The trees in the subsequent table are ordered from left to right with
respect to |7], and from top to bottom within fixed |7|. There remain finally 22
conditions for order 6.

A Hall set H with ||7]| < 6: Not in H are, for example:

% Gg? % because u = v = () :
% @55) 029 @gg) because u % is not in H;

D becauseu:@<v:@§z€>;

@gg o0 o
© s because u = is not in H;
i i
010 @ (2 b @?
® % 4 ) ecause u = v = (.

Theorem 3.13 (Murua & Sanz-Serna 1999). For each ™ € T, there are constants
A;, integers my; and trees u;; € H such that for all ay,, by, of Lemma 3.4 we have

® & © 6 0
@/@)
S
OS5
S
cse
S
Sae

N m;
o(r) = ZAi H c(uiz), uij € H, |u| + oo 4 [wim, | <|7]. (3.28)
=1 j=1

Proof. We proceed by induction on |7|. For 7 = (© the statement is trivial, because

@ € H. We thus consider 7 € T, with |7| > 2, write it as 7 = u o v, and conclude
through the following two steps.

First Step. We apply the induction hypothesis (3.28) to v, i.e.,
C(U) = ZBi HC('Uij)7 Vij € H, Zj |U¢j| < ‘Ul (3.29)
i J

To this, we apply Lemma 3.9 followed by the Switching Lemma 3.8:

e(t) =cluow) = ZBiC(UOUil O Vi2...0UVin,)

i
—ZBiC(Umi O(uovilo...ovi’ni,l)) + ..
i
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The “+...” indicate terms containing trees to which we can apply our induction
hypothesis. Inside the above expressions, we apply the induction hypothesis to the
trees u 0 v © ... 0 v; p, 1, followed once again by Lemma 3.9. We arrive at a huge
double sum which constitutes a linear combination of expressions of the form

c(u1 O'LLQO...Oum) (3.30)
and of terms “+...” covered by the induction hypothesis. The point of the above
dodges was to make sure that all uy,us, . .., Uy, are in H.

Second Step. It remains to reduce an expression (3.30) to the form required by
(3.28). The trees us, ..., u,, can be permuted arbitrarily; we arrange them in in-
creasing order us < ... < Upy,.

Case 1. If u; > wq, then by definition uj o us = w € H and we absorb the
second factor into the first and obtain a product woug o. ..o u,, with fewer factors.

Case 2. If u; < uo < ..., we shuffle the factors with the help of Lemma 3.10

and obtain for (3.30) the expression

m m

_Zc(uioulo...)—FHc(ui)+... .

i=1

With the first terms we return to Case 1, the second term is precisely as in (3.28),
and the terms “+ ...” are covered by the induction hypothesis.

Case 3. Now let u; = up < ... .In this case, the formula (3.25) of Lemma 3.10
contains the term (3.30) twice. We group both together, so that (3.30) becomes

m

m
1
z;c(uiouloulo...)—|—§Hc(ui)+...
1=

i=1

N | =

and we go back to Case 1. If the first three trees are equal, we group three equal
terms together and so on.

The whole reduction process is repeated until all Butcher products have disap-
peared. O

Theorem 3.14 (Murua & Sanz-Serna 1999). The composition method ¥, (y) =
Boo(as,y) of (3.9) has order p if and only if

as(t) = e(7) Sfor T € Hwith ||7|| < p.
The coefficients e(7) are those of Theorem 3.6.

Proof. We have seen in Sect. I1.4 that composition methods of arbitrarily high order
exist. Since the coefficients A; of (3.28) do not depend on the mapping ¢(7), this
together with Theorem 3.6 implies that the relation (3.28) is also satisfied by the
mapping e for the exact solution. This proves the statement. O
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Example 3.15. The order conditions for orders p = 1, ..., 4 become, with the trees
of Example 3.12 and the rule of (3.14), as follows:

S

Order 1: ©) Z(ak +0k)=1

k=1
Order 2: ©) Z(az _ 5}3) —0
k=1
Order 3: ©) Z(O‘i + ﬁg) —0
k=1
S k ,
3 Swmwrms0 e
k=1 =1
Order 4: @ Z(ai _ ﬁé) —0
k=1
S k ,
% S (@48 (w+8)=0
k=1 (=1
s s w k , 9 -
Sz -8 (Y (e +0) =0,
k=1 =1

where, as above, a prime attached to a summation symbol indicates that the sum of
a}; is only from 1 to k — 1, whereas the sum of (— ﬂg)i is from 1 to k. Similarly, the
remaining trees of Example 3.12 with ||7|| = 5 and ||7|| = 6 give the additional
conditions for order 5 and 6.

We shall see in Sect. V.3 how further reductions and numerical values are ob-
tained under various assumptions of symmetry.

I11.3.4 Order Conditions for Splitting Methods

Splitting methods, introduced in Sect. IL.5, are based on differential equations of the
form

v = f1(y) + fa(v), (3.32)
(1] (2]

where the flows ¢; and ;" of the systems ¢ = f1(y) and § = f2(y) are assumed
to be known exactly. In this situation, the method

B = flo ol

is of first order and, together with its adjoint ¢; = QDELZ] o @E}], can be used as the
basic method in the composition (3.9). This yields

Y = @Lljﬂh ° <Pz[i]h ° @Ejh ©...0 <Pz[>22]h ° @Ejh ° ‘Pﬁ]h ° Sﬁ[all]h (3.33)

where
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b = a; + f3;, a; = a;—1 + G (3.34)

with the conventions oy = 0 and G,41 = 0. Consequently, the splitting method
(3.33) is a special case of (3.9) and we have the following obvious result.

Theorem 3.16. Suppose that the composition method (3.9) is of order p for all
basic methods @y, then the splitting method (3.33) with a;, b; given by (3.34) is of
the same order p. O

We now want to establish the reciprocal result. To every consistent splitting
method (3.33), i.e., with coefficients satisfying >, a; = >, b; = 1, there exist
unique «;, 3; such that (3.34) holds. Does the corresponding composition method
have the same order?

Theorem 3.17. If a consistent splitting method (3.33) is of order p at least for
problems of the form (3.32) with the integrable splitting

n = ("8) . mw = (0, ) wee u= (). 6

then the corresponding composition method has the same order p for an arbitrary
basic method &y,.

Proof. McLachlan (1995) proves this result in the setting of Lie algebras. We give
here a proof using the tools of this section.
a) The flows corresponding to the two vector fields f; and fy of (3.35) are

<,0£1] (y) =y+tfi(y) and <p£2] (y) = y + tf2(y), respectively. Consequently, the
method &}, = ng] o <ph2 can be written in the form (3.1) with

Gy) = LW+ L) deal) = 5 K0 (L) L) 636

The idea is to construct, for every tree 7 € H, functions g; (y2) and g2(y1) such that
the first component of F'(7)(0) is non-zero whereas the first component of F'(¢)(0)
vanishes for all 0 € T different from 7. This construction will be explained in
part (b) below. Since the local error of the composition method is a B,-series with
coefficients as(7) — e(7), this implies that the order conditions for 7 € H with
|I7]| < p are necessary already for this very special class of problems. Theorem 3.14
thus proves the statement.

b) For the construction of the functions g1 (y2) and g2 (y1) we have to understand
the structure of F'(7)(y) with di(y) given by (3.36). Consider for example the tree
7 € Tw of Fig.3.2, for which we have F(7)(y) = d4(y)(d1(y),ds(y)). Inserting
di(y) from (3.36), we get by Leibniz’ rule a linear combination of eight expressions

(G e{1,2})

U (f2, fis 1 (f2, f2)), U (fafin [ (fas f2))
{/(fiafé {I(f27f2))7 f{ é/(fia {/(anfQ))v



82 III. Order Conditions, Trees and B-Series

VR VIV ]

Fig. 3.2. Trees for illustrating the equivalence of the order conditions between composition
and splitting methods

each of which can be identified with a bi-coloured tree (see Sect.II.2.1, a vertex
 corresponds to f; and o to f5). The trees corresponding to these expressions
with ¢ = 1 are shown in Fig. 3.2. Due to the special form of d(y) in (3.36) and
due to the fact that in trees of the Hall set H the vertex (D can appear only at the
end of a branch, there is always at least one bi-coloured tree where the vertices e
are separated by those of o and vice versa. We now select such a tree, denoted by
7, and we label the black and white vertices with {1,2,...}. We then let y; =
(yi, ...,y T and yo = (32, ..., y2,)", where n and m are the numbers of vertices
» and o in T3, respectively. Inspired by “Exercise 4” of Hairer, Ngrsett & Wanner
(1993), page 155, we define the ith component of g;(y2) as the product of all y7
where j runs through the labels of the vertices directly above the vertex « with
label i. The function g2 (y1 ) is defined similarly. For the example of Fig. 3.2, the tree
Ty yields

yt Y3y3
ga)=v3B |, ey)=| 1
1 1

One can check that with this construction the bi-coloured tree 7 is the only one
for which the first component of the elementary differential evaluated at y = 0 is
different from zero. This in turn implies that among all trees of T, only the tree 7
has a non-vanishing first component in its elementary differential. ]

Necessity of Negative Steps for Higher Order. One notices that all the compo-
sition methods (I1.4.6) of oder higher than two with @;, given by (I1.5.7) lead to a
splitting (I.5.6) where at least one of the coefficients a; and b; is negative. This
may be undesirable, especially when the flow @Ll] originates from a partial differen-
tial equation that is ill-posed for negative time progression. The following result has
been proved independently by Sheng (1989) and Suzuki (1991) (see also Goldman

& Kaper (1996)). We present the elegant proof found by Blanes & Casas (2005).

Theorem 3.18. If the splitting method (I1.5.6) is of order p > 3 for general f'') and
f2 then at least one of the a; and at least one of the b; are strictly negative.

Proof. The condition in equation (3.31) for the tree ® reads

s s+1
Z(ai 4 ﬁ}?) =0 or also Z(Oéz_1 + ﬁg) =0
Pt k=1

(remember that oy = 0 and 3,1 = 0). Now apply the fact that 23 + 3> < 0 implies
x + y < 0 and conclude with formulas (3.34). O
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II1.4 The Baker-Campbell-Hausdorff Formula

This section treats the Baker-Campbell-Hausdorff (short BCH or CBH) formula on
the composition of exponentials. It was proposed in 1898 by J.E. Campbell and
proved independently by Baker (1905) and Hausdorff (1906). This formula will
provide an alternative approach to the order conditions of composition (Sect. I1.4)
and splitting methods (Sect. I1.5). For its derivation we shall use the inverse of the
derivative of the exponential function.

II1.4.1 Derivative of the Exponential and Its Inverse

Elegant formulas for the derivative of exp and for its inverse can be obtained by
the use of matrix commutators [{2, A] = 2A — Af2. If we suppose (2 fixed, this
expression defines a linear operator A — [{2, A]

which is called the adjoint operator (see Varadarajan (1974), Sect.2.13). Let us start
by computing the derivatives of £2*. The product rule for differentiation becomes

(% Qk)H —HO 4 QHOR? 4+ 0FH, 4.2)

and this equals kH k=1 if  and H commute. Therefore, it is natural to write
(4.2) as kH 2%~ to which are added correction terms involving commutators and
iterated commutators. In the cases £ = 2 and k£ = 3 we have

HQ+QH = 2HQ+ado(H)
HO?+ QHQ + *H = 3HQ? +3(ad o(H)) 2 +ad 5 (H),

where ad %, denotes the iterated application of the linear operator ad . With the
convention ad {,(H) = H we obtain by induction on k that

CTOTE > N [ CHTI

i=0
This is seen by applying Leibniz’ rule to %1 = (2. 2% and by using the identity
Q(ad i (H)) = (ad(H)) 2 + ad (' (H).
Lemma 4.1. The derivative of exp {2 = ZkZO % 2% is given by
d
(diﬂ exp .Q)H = (d epr(H)) exp {2,
where
1 k

dexpg(H) = ] ad %, (H). (4.4)
E>0 ’

The series (4.4) converges for all matrices (2.
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Proof. Multiplying (4.3) by (k!)~! and summing, then exchanging the sums and
putting 7 = k — ¢ — 1 yields

(Goer ) = T2 (.4 ) (wnon)o
) ; ;o (z‘+11>!j! (sa i) 2’

The convergence of the series follows from the boundedness of the linear operator
ad ¢ (we have ||ad || < 2]|2|). O

Lemma 4.2 (Baker 1905). If the eigenvalues of the linear operator ad , are differ-
ent from 20mi with ¢ € {£1,42,...}, then dexpg, is invertible. Furthermore, we
have for || 2| < 7 that
_ B
dexpp! (H) = Y <7 ad(H), 4.5)
k>0

where By, are the Bernoulli numbers, defined by ZkZO(Bk/k!)xk =z/(e* —1).

Proof. The eigenvalues of dexpg, are 1 = >, A*/(k + 1)l = (e} — 1)/A,
where ) is an eigenvalue of ad . By our assumption, the values p are non-zero, so
that d exp, is invertible. By definition of the Bernoulli numbers, the composition of
(4.5) with (4.4) gives the identity. Convergence for ||2|| < 7 follows from ||ad | <
2||£2]| and from the fact that the radius of convergence of the series for z/(e® — 1)
is 2. O

II1.4.2 The BCH Formula

Let A and B be two arbitrary (in general non-commuting) matrices. The problem is
to find a matrix C(t), such that

exp(tA) exp(tB) = exp C(t). (4.6)

In order to get a first idea of the form of C'(¢), we develop the expression to the left in
aseries: exp(tA) exp(tB) = [+t(A+B)+ % (A24+2AB+B*)+0(t3) = I+ X.
For sufficiently small ¢ (hence || X|| is small), the series expansion of the logarithm
log(I +X) =X —X?%/2+...yields amatrix C(t) = log({ + X) = t(A+ B) +
% (A% 4+ 24AB + B? — (A + B)?) + O(t%), which satisfies (4.6). This series has
a positive radius of convergence, because it is obtained by elementary operations of
convergent series.

The main problem of the derivation of the BCH formula is to get explicit for-
mulas for the coefficients of the series for C'(¢), and to express the coefficients of
2,43, .. .in terms of commutators. With the help of the following lemma, recurrence
relations for these coefficients will be obtained, which allow for an easy computa-
tion of the first terms.
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John Edward Campbell * Henry Frederick Baker’® Felix Hausdorff ®

Lemma 4.3. Let A and B be (non-commuting) matrices. Then, (4.6) holds, where
C'(t) is the solution of the differential equation

: 1 By ..
=A+B+-[A-B —adi(A+ B 4.7
C=A+B+5] ’C]+;;2k!30( +B) (4.7)

with initial value C(0) = 0. Recall that ad c A = [C, A] = CA— AC, and that By,
denote the Bernoulli numbers as in Lemma 4.2.

Proof. We follow Varadarajan (1974), Sect. 2.15, and we consider for small s and ¢
a smooth matrix function Z (s, t) such that

exp(sA)exp(tB) = exp Z(s,t). (4.8)

Using Lemma 4.1, the derivative of (4.8) with respect to s is

0z
A exp(sA)exp(tB) = dexpy(s ) (E(s, t)) exp Z(s,t),

so that 57 ) B
—_— = -1 = _ = 7]6 k
5, = dexp!(4) = A— 5 [Z.4] +kz>2 oy ad5(4). (4.9)

We next take the inverse of (4.8)

4 John Edward Campbell, born: 27 May 1862 in Lisburn, Co Antrim (Ireland), died: 1 Oc-
tober 1924 in Oxford (England).

5 Henry Frederick Baker, born: 3 July 1866 in Cambridge (England), died: 17 March 1956
in Cambridge.

6 Felix Hausdorff, born: 8 November 1869 in Breslau, Silesia (now Wroclaw, Poland), died:
26 January 1942 in Bonn (Germany).
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exp(—tB) exp(—sA) = exp(—Z(s, 1)),
and differentiate this relation with respect to t. As above we get

YA .
-, =dexp_(B) = 512.B]+ ];2 —adk (4.10)

because ad® ,(B) = (—1)*ad’% (B) and the Bernoulli numbers satisfy By = 0
for odd k > 2. A comparison of (4.6) with (4.8) gives C(t) = Z(t,t). The stated
differential equation for C/(t) therefore follows from C(t) = %—f(t, t) + %—f(t, t),
and from adding the relations (4.9) and (4.10). O

Using Lemma 4.3 we can compute the first Taylor coefficients of C(t),
exp(tA) exp(tB) = exp (tC’l +t2Cy +t3C5 +t*Cy +1°C5 + .. ) (4.11)

Inserting this expansion of C'(¢) into (4.7) and comparing like powers of ¢ gives

Ci = A+B
Oy = 1[A-B,A+B]:%[A,B]
Oy = [A B, [A, B)| = - 4,14, 8] + b (B, (B, 4]
Cy - 2—14[/1, B, [B,A]]] (4.12)
Cs = o= == [A A [A A, B])] - =55 [ B [B. [B.[B. A]]]
+% [A, B, [B, [B,A]]H n % [B, [A,[A, 4, B}]H
+os 4[4 [B. (B, AN | + 55 [B. [B.[4,14,B])].

Here, the dots ... in the formulas for Cy and C5 indicate simplifications with the
help of the Jacobi identity

[A,[B,C]] + [C.[A, B]] + [B,[C, 4] =0, 4.13)

which is verified by straightforward calculation. For higher order the expressions
soon become very complicated.

The Symmetric BCH Formula. For the construction of symmetric splitting meth-
ods it is convenient to use a formula for the composition

exp(%A) exp(tB) exp(%A) = exp (tSl + 1385 +°85 + .. > (4.14)

Since the inverse of the left-hand side is obtained by changing the sign of ¢, the
same must be true for the right-hand side. This explains why only odd powers of
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¢ are present in (4.14). Applying the BCH formula (4.11) to exp(5A) exp(£B) =
exp C(t) and a second time to exp(C(t)) exp(—C(—t)) yields for the coefficients
of (4.14) (Yoshida 1990)

S, = A+B

Ss = —5: 4148+ [B,(B,4)]

S5 = s A A A A B])] - s [B (B (B BAN] @)
+ﬁ{f1’ (B, BB, 4]]]| + 5 [B A4 4, B]]]]
_ﬁ [A, (A, [B, [B,A]]]] + % [B, [B,[A,[A, Bm]

II1.5 Order Conditions via the BCH Formula

Using the BCH formula we present an alternative approach to the order conditions
of splitting and composition methods. The main idea is to write the flow of a differ-
ential equation formally as the exponential of the Lie derivative.

II1.5.1 Calculus of Lie Derivatives

For a differential equation

g = Uy + fPy),

it is convenient to study the composition of the

flows <p£1] and gp,[fz] of the systems

g=rMy), g=rFw, 6D

respectively. We introduce the differential op-
erators (Lie derivative)

_ i,y 0
D; = ij (y)@
J

which means that for differentiable functions
F : R™ — R™ we have Wolfgang Grobner’

D;iF(y) = F'(y) " (y)- (5.2)
It follows from the chain rule that, for the solutions <p7[f] (yo) of (5.1),

7 Wolfgang Grobner, born: 11 February 1899 in Gossensass, South Tyrol (now Italy), died:
10 August 1980 in Innsbruck.
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d

= F (o)) = (DiF) (£ (w0)), (5.3)

and applying this operator iteratively we get

d—kF(go[i](y ) = (DEF) (o 5.4
aik ¢ (Yo FE) (2 (h0))- (5.4)

Consequently, the Taylor series of F' (@Lﬂ (yo)) , developed at t = 0, becomes

. k
Flefl ) = 3 5 (DEF) ) = exp(tD)F (o). 55)
E>0

Now, putting F'(y) = Id(y) = v, the identity map, this is the Taylor series of the
solution itself

i t*
lyo) = - 75 (DFId)(30) = exp(tDi)ld(yo)- (5.6)
k>0

If the functions f)(y) are not analytic, but only N-times continuously differen-
tiable, the series (5.6) has to be truncated and a O(h") remainder term has to be
included.

Lemma 5.1 (Grobner 1960). Let goL” and <p2[52] be the flows of the differential equa-
tions §y = fM(y) and i = fPl(y), respectively. For their composition we then have

(o 0 o1) (yo) = exp(sD1) exp(tDy) 1d(yo)-

Proof. This is precisely formula (5.5) with ¢ =1, ¢ replaced with s, and with F'(y) =
P (y) = exp(tDs)Td(yo). D

Remark 5.2. Notice that the indices 1 and 2 as well as s and ¢ to the left and right
in the identity of Lemma 5.1 are permuted. Grobner calls this phenomenon, which
sometimes leads to some confusion in the literature, the “Vertauschungssatz”.

Remark 5.3. The statement of Lemma 5.1 can be extended to more than two flows.
If @Lj Vis the flow of a differential equation iy = fUl(y), then we have

(¢l o ol o oll) (yo) = exp(sD1) exp(tDz) - .. - exp(uDy)Id(yo).
This follows by induction on m.

In general, the two operators D; and D, do not commute, so that the composi-
tion exp(tD1) exp(tD2)Id(yo) is different from exp(¢(Dy + D2))Id(yo) , which
represents the solution ¢, (o) of ¥ = f(y) = fM(y) + f2(y). The relation of
Lemma 5.1 suggests the use of the BCH formula. However, D; and D» are un-
bounded differential operators so that the series expansions that appear cannot be
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expected to converge. A formal application of the BCH formula with tA and ¢B
replaced with sD; and ¢ Ds, respectively, yields

exp(sD1) exp(tDs) = exp(D(s, t)), (5.7)
where the differential operator D(s, t) is obtained from (4.11) as

t %t
D(s,t) = sDi+tDy+ 5 [Dy, Da] + 5 [Dl, D1, DQ}}

st
12

242 (5.8)

+ o0

[D2, [DQaDl]} + {Dh [Ds, [D2,D1]H +....
The Lie bracket for differential operators is calculated exactly as for matrices,
namely, [D1, D2] = D1 Dy — D2 D;. But how can we interpret (5.7) rigorously?

Expanding both sides in Taylor series we see that
exp(sD1) exp(tDs) = I+sD1+tDo+ % (32D% +2stD1 Do +t2D§) +... (59
and

exp(D(s,t)) = I+ D(s,t)+ %D(s,t)2 +...

1
= I+ SDl +tD2 —+ 5((5D1 +tD2)2 —+ St[Dl,D2]> 4+ ...

By derivation of the BCH formula we have a formal identity, i.e., both series have
exactly the same coefficients. Moreover, every finite truncation of the series can be
applied without any difficulties to sufficiently differentiable functions F'(y). Con-
sequently, for N-times differentiable functions the relation (5.7) holds true, if both
sides are replaced by their truncated Taylor series and if a O(h™") remainder is added
(h = max(]s|, |t])).

I11.5.2 Lie Brackets and Commutativity

If we apply D> to a function F, followed by an application of D;, we will obtain
partial derivatives of F' of first and second orders. However, if we subtract from this
the same expression with D; and D, reversed, the second derivatives will cancel
(this was already remarked upon by Jacobi (1862), p.39: “differentialia partialia
secunda functionis f non continere”) and we see that the Lie bracket

af? af )
Dy, Dy] = DyDy — Dy, =Z(Z( 8"; - g;ff]))ay (5.10)
y j j i

3

is again a linear differential operator. So, from two vector fields f[I and f1?! we
obtain a third vector field f13).
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The geometric meaning of the new vector
field can be deduced from Lemma 5.1. We see
by subtracting (5.9) from itself, once as it stands
and once with sD; and tD, permuted, that Yo

. (1]
if[B] Ps
ool (yo) W oo (yo) = st [Dy, Do) Id(yo) +. .. = st /B (yo)+... (5.11)

(see the picture), where “+ . ..” are terms of order > 3. This leads us to the following
result.

Lemma 5.4. Let fl1(y) and fP(y) be defined on an open set. The corresponding

flows QDLH and <p£2] commute everywhere for all sufficiently small s and t, if and only

if
[Dy, Ds] = 0. (5.12)

Proof. The “only if” part is clear from (5.11). For proving the “if” part, we take s
and ¢ fixed, and subdivide, for a given n, the integration intervals into n equidistant

parts As = s/n and At = t/n. This allows us to transform the solution cp?] o

ale] (yo) by a discrete homotopy in n? steps into the solution gp[sl] o (p?] (yo), each
time appending a small rectangle of size O(n~2). If we denote such an intermediate

stage by

2 1 2 1
I, =...0 (pgz]ﬂt o SDEQ]AS © @E‘l]m o @El]As(yO)

then we have [y = cp?] o @Ll] (yo) and [,z = 90[31] o g0£2] (yo) (see Fig. 5.1). Now, for
n — 00, we have the estimate

|1 — Tk < O(n7?),

because the error terms in (5.11) are of order 3 at least, and because of the dif-
ferentiability of the solutions with respect to initial values. Thus, by the triangle
inequality |I},> — I'o| < O(n~1!) and the result is proved. O

I = cp[sl]

o ga[sl]

Fig. 5.1. Estimation of commuting solutions
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IT1.5.3 Splitting Methods

We follow the approach of Yoshida (1990) for obtaining the order conditions of
splitting methods (I.5.6). The idea is the following: with the use of Lemma 5.1 we
write the method as a product of exponentials, then we apply formally the Baker-
Campbell-Hausdorff formula to get one exponential of a series in powers of h. Fi-
nally, we compare this series with h(D; + Dz), which corresponds to the exact
solution of (5.1).

The splitting method (I1.5.6), viz.,

v, = wl[ilh o 50¢[11,Lh o 901[)21171h 0...0 %[zlz]h o 901[721]h o @Lll]h, (5.13)

is a composition of expressions gal[?j]h o gogj] ;, which, by Lemma 5.1 and by (5.7), can
be written as an exponential

i 0w = exp (B + bREY + a;b;h B .
+a2b RSB + a0 B + 20 B+ )1, e
where we use the abbreviations
El =Dy, E;=D,, E}= %[DthL E} = T12[D1;[D13D2]]7
E§ = =5 [D2,[D2, D1}, B = o [Da[Ds, [Da, Dull],

and the dots indicate O(h®) expressions.
We next define (%) recursively by

v =1, 00 = ol 0wl Y, (5.15)

so that ¥(™) is equal to our method (5.13). Aiming to write (/) also as an exponen-
tial of differential operators, we are confronted with computing commutators of the
expressions E7. We see that [E], Fi] = 2E%, [E{, E}] = 6E}, [E), E}] = —6E3,
(B}, E3] = 2E1, and [E}, o] = —2E} as a consequence of the Jacobi identity
(4.13). But the other commutators cannot be expressed in terms of E/. We therefore
introduce

1 1
E; = o7 [D1,[D1,[D1,Ds]]], Ej= o [Ds, Dy, [D2, D1]]].
This allows us to formulate the following result.
Lemma 5.5. The method W\9), defined by (5.15), can be formally written as
w0 = exp(cl hEL + ch hEL + & h2E} + ¢ W E

e hOES + o W ES + o 0B + of b + . )14,
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where all coefficients are zero for j = 0, and where for j > 1

1 _ 1 ) 1 _ 1 )

C1,j = C1,j-1 T aj, Cyj=Cyj_1+ bj,
2 _ 2 ol S | )
€t =¢1 1 Tajbj+cy ;10 —c3 ;i qa5,

3 _ 3 27 . 1 3. a2 i
;=0 1+ ajb] + 2617j71ajbj 3¢t -1,

1 2, 1 1 ) 1 2

+(e1,;-1)°bj — €1 163 105 + ¢354,
3 _ .3 32 g1 b 2 )
Cy; =Cyj_1t ajbj 402,]'—1%1)3 + 301,j—1bj

1 2 1 1 L 2
+(egj-1)%a; — 1 j_q¢5_1bj + 1 107,

and similar but more complicated formulas for C;L,j'
Proof. Due to the reversed order in Lemma 5.1 we have to compute exp(A) exp(B),
where A is the argument of the exponential for w0~ and B is that of (5.14). The
rest is a tedious but straightforward application of the BCH formula. One has to use
repeatedly the formulas for [E7, E}], stated before Lemma 5.5. O

Theorem 5.6. The splitting method (5.13) is of order p if
c},m = c%ym =1, c’Z’m =0 for k=2,...,p andall L. (5.16)
The coefficients c’zm are those defined in Lemma 5.5.

Proof. This is an immediate consequence of Lemma 5.5, because the conditions of
order p imply that the Taylor series expansion of ¥("™) (yo) coincides with that of
the solution ¢y, (yo) = exp(h(D1 + D2))yo up to terms of size O(hP). O

A simplification in the order conditions arises for symmetric methods (5.13),
that is, for coefficients satisfying a,,+1—; = a; and b,,_; = b; for all i (and b,,, = 0).
By Theorem I1.3.2, it is sufficient to consider the order conditions (5.16) for odd &
only.

I11.5.4 Composition Methods
We now consider composition methods (I1.4.6), viz.,

Up=®4,n0P5p0...0905, 0P 1 0Pp p, (5.17)

where @y, is a first-order method for ¢ = f(y) and &7}, is its adjoint. We assume
o), — exp(hCl FR2Cy + h3Cs + .. .)Id (5.18)

with differential operators C};, and such that C is the Lie derivative operator cor-
responding to y = f(y). For the splitting method &;, = @E] o @E] this follows
from (5.14), and for general one-step methods this is a consequence of Sect. IX.1 on

backward error analysis. The adjoint method then satisfies
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o = exp(hCl 2O, B3 — .. .)Id. (5.19)

From now on the procedure is similar to that of Sect. II1.5.3. We define ¥9) recur-
sively by _ _
v =14, 79 =, 40 & 40 pl-1, (5.20)

so that ¥("™) becomes (5.17). We apply the BCH formula to obtain
Poyn 0By, = exp(ﬁthl — B2h2Ch + .. ) exp(ozth'1 +a2h2Cy + .. .)Id
= exp((a + B))hEL + (o — B)R°ES
+(ad + BRUE + Losfioy + B)H0ES + ... )1d

where

EY =Cy, FE3=[C,Cy).
We then have the following result.
Lemma 5.7. The method W'9) of (5.20) can be formally written as
W) = exp(v1 hBL + 92 h2ES + 57 W ES + 43 BB + . )1d,
where all coefficients are zero for j = 0, and where for j =1,....m
M, = ’711,3'—1 + o5+ 05

7%,;’ = 7%,;'71 + a? - ﬁ?

Vij = ’Yij—l JFQ? Jrﬂ?

By = B+ 305005+ B) + 5o o2 — B2) — 293,105+ By).
Proof. Similar to Lemma 5.5, the result follows using the BCH formula. O
Theorem 5.8. The composition method (5.17) is of order p if

Nm=1, Vem =0 for k=2,....p andall L. (5.21)
The coefficients 'yzm are those defined in Lemma 5.7. O

It is interesting to see how these order conditions are related to those obtained
with the use of trees. The conditions 71 m = land o "= = .m = 0 are identical
to the ﬁrst three order conditions of Example 3.15. The remaining condition for
order 3, wg’m = (0, reads

m m k—1 m k—1
> anBrlan + Br) + Y (o = B D (i +8i) = Y (an+Br) Y _(af — B7)
k=1 k=1 i=1 =1 i=1

m k , m k
=D (@i =B (e +5i) = > (ar + Br) Z (af = 87) =
k=1 i=1

k=1 i=1
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This condition is just the difference of the order conditions for the trees @ o O and
@ o @, whose sum is zero by the Switching Lemma 3.8. Therefore the condition
vg’m = 0 is equivalent to (though more complicated than) the fourth condition of
Example 3.15.

Symmetric Composition of Symmetric Methods. Consider now a composition
Up =Py, p0...00, 0D, 0P ,50...0D, 4, (5.22)

where @), is a symmetric method that can be written as
@1 = exp(hS1 + h*Ss + 1785 + ... )1d

with S; the Lie derivative operator corresponding to ¢y = f(y). For the Strang

splitting &5, = @5}2 o <p£12] o @5}2 such an expansion follows from the symmetric

BCH formula (4.14), and for general symmetric one-step methods from Sect. IX.2.
The derivation of the order conditions is similar to the above with ¥() defined by

g — Dn, gl — P..po gl—-1 4 P,
so that ¥ (™) becomes (5.22).

Lemma 5.9. The method W'9) can be formally written as
w) = exp(aijhE% + 0% hBED + 0% WOED 4 0} hOES + .. .)Id,

where EY = Sy, ES = [S1[S1, Ss]], and where of | = ~F, 05, =0, and

k
01,5

k k
1j—1 J
5 _ 5 1/ 3/ 1 2 1 3 2 3 4 1
03,5 = 0'2,3’71"’_6('7]‘(0-1,]‘71) ~%01,j-101,5-1 — V01,51 +'7j01,j71)'

Proof. The result is a consequence of the symmetric BCH formula (4.14) with
vihS1 4+ 4}h*Ss + ... and o] ; hE} 4+ 0} ;_|hE} + ... in the roles of A and
tB, respectively. O

Theorem 5.10. The composition method (5.22) is of order p if
ol =1, Ofm =0 forodd k=3,...,p andall (. (5.23)
The coefficients O‘éf, m, are those defined in Lemma 5.9. O

Symmetric composition methods up to order 10 will be constructed and dis-
cussed in Sect. V.3.
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II1.6 Exercises

1. Find all trees of orders 5 and 6.
2. (A.Cayley 1857). Denote the number of trees of order g by a4. Prove that

ay + agx + azr® +agxd + .. = (1 —x)79(1 —2?) 72 (1 —2%) 7% .

q 1 2 3 4 5 6 7 8 9 10
aq 1 1 2 4 9 20 48 115 286 719

3. Independency of the elementary differentials: show that for every 7 € T there

is a system (1.1) such that the first component of F'(7)(0) equals 1, and the first
component of F'(u)(0) is zero for all trees u # t.
Hint. Consider a monotonic labelling of 7, and define y, as the product over all
Y4, where j runs through all labels of vertices that lie directly above the vertex
“”. For the first labelling of the tree of Exercise 4 this would be §; = y2ys3,
y2=1,93 =ys,and g4 = 1.

4. Prove that the coefficient a(7) of Defin-

ition 1.2 is equal to the number of possi- 4 4 3
ble monotonic labellings of the vertices 3 2 2 3 2 4
of 7, starting with the label 1 for the ) ) )

root. For example, the tree [[«], ¢] has
three different monotonic labellings.
In addition, deduce, from (1.22), the recursion formula

a(r)z( Il =1 )a(71)~...-a(7'm)

|71, -5 |Tm

O

where the integers f1, f2, . . . count equal trees among 71, . . . , T, and

(=1 )= (r=n
|71l - -y |Tonl |71t !

denotes the multinomial coefficient.
Remark. In the theoretical physics literature, the coefficients «(7) are written
CM(7) and called “Connes-Moscovici weights”.

5. If we denote by N (7) the number of elements in OST(7), then show that

N(s)=2, N(71,...,7m]) =1+ N(11) ...  N(Tmn).

Use this result to compute the number of subtrees of the christmas tree decorat-
ing formula (1.34). Answer: 6865.

6. Prove that the elementary differentials for partitioned problems are indepen-
dent. For a given tree (7 € TP, find a problem (2.1) such that a certain compo-
nent of F'(7)(p, ¢) vanishes for all u € TP except for 7.

Hint. Consider the construction of Exercise 3, and define the partitioning of y
into (p, ¢) according to the colours of the vertices.
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7.

10.

11.
12.

III. Order Conditions, Trees and B-Series

The number of order conditions for partitioned Runge—Kutta methods (I1.2.2)
is 2a,. for order r, where a,. is given by (see Hairer, Ngrsett & Wanner (1993),
page 311)

T 1 2 3 4 5 6 7 8 9 10
ar 1 2 7 26 107 458 2058 9498 44987 216598

Find a formula similar to that of Exercise 2.

. For the special second order differential equation § = g(y) , and for a Nystrom

method

b = g(yo +eihgo + 02y aijfj),
s s 6.2)
yio= yo+hjo+h*D Bili, = go+h Y bili,
i=1 i=1
consider the simplifying assumption

S k

_ C;
CN('T]) Za”0§ 2:]@(?—1)’ k:2,...,77,
j=

k
C; Cj 1

=1
: e G 1 _
DN(Q): > bich au_bj(k(k_l) k_1+k), k=2,...C
=1

Prove that if the quadrature formula (b;, ¢;) is of order p, if 5; = b;(1 — ¢;)
for all 4, and if the simplifying assumptions C' N (n), DN (¢) are satisfied with
2n+2 > pand ¢ + n > p, then the Nystrom method has order p.

. Nystrém methods of maximal order 2s. Prove that there exists a one-parameter

family of s-stage Nystrom methods (6.2) for § = g(y), which have order 2s.
Hint. Consider the Gaussian quadrature formula and define the coefficients a;;
by C'N(s) and by

c Cs

. ; 1
;bicf 2ai8:bj<k(k—1) i)

fork=2,...,s.

Prove that the coefficient Cy in the series (4.11) of the Baker-Campbell-
Hausdorff formula is given by Cy = [A, [B, [B, A]]]/24.

Prove that the series (4.11) converges for [t| < In2/(]|A|| + || B]]).

By Theorem 5.10 four order conditions have to be satisfied such that the sym-
metric composition method (5.22) is of order 6. Prove that these conditions are
equivalent to the four conditions of Example V.3.15. (Care has to be taken due
to the different meaning of the ~;.)




Chapter IV.
Conservation of First Integrals and Methods
on Manifolds

This chapter deals with the conservation of invariants (first integrals) by numerical
methods, and with numerical methods for differential equations on manifolds. Our
investigation will follow two directions. We first investigate which of the methods
introduced in Chap. II conserve invariants automatically. We shall see that most of
them conserve linear invariants, a few of them quadratic invariants, and none of
them conserves cubic or general nonlinear invariants. We then construct new classes
of methods, which are adapted to known invariants and which force the numerical
solution to satisfy them. In particular, we study projection methods and methods
based on local coordinates of the manifold defined by the invariants. We discuss
in some detail the case where the manifold is a Lie group. Finally, we consider
differential equations on manifolds with orthogonality constraints, which often arise
in numerical linear algebra.

IV.1 Examples of First Integrals

Je nomme intégrale une équation u = Const. telle que sa différentielle
du = 0 soit vérifiée identiquement par le systeéme des équations différen-
tielles proposées . . . (C.G.J. Jacobi 1840, p. 350)

We consider differential equations

y=rw), (1.1)
where y is a vector or possibly a matrix.

Definition 1.1. A non-constant function I (y) is called a first integral of (1.1) if

I'(y)f(y) =0  forally. (1.2)

This implies that every solution y(¢) of (1.1) satisfies I (y(t)) = I(yo) = Const.
Synonymously with “first integral”, the terms invariant or conserved quantity or
constant of motion are also used.

In Chap. I we have seen many examples of differential equations with invariants.
For example, the Lotka—Volterra problem (I.1.1) has I(u,v) = Inu —u+2lnv —wv
as first integral. The pendulum equation (1.1.13) has H (p, q¢) = p?/2—cos g, and the
Kepler problem (I.2.2) has two first integrals, namely H and L of (I1.2.3) and (1.2.4).
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Example 1.2 (Conservation of the Total Energy). Hamiltonian systems are of the
form

p=—Hy(p,q), 4= Hy(p,q),

where H, = V,H = (8H/8q)T and H, =V, H = (8H/6'p)T are the column
vectors of partial derivatives. The Hamiltonian function H (p, q) is a first integral.
This follows at once from H'(p, q) = (0H/0p, 0H/dq) and

8H( 8H)T 8H<8H>T_O

I\ g dg \op/
Example 1.3 (Conservation of the Total Linear and Angular Momentum of
N-Body Systems). We consider a system of N particles interacting pairwise with
potential forces which depend on the distances of the particles. This is formulated
as a Hamiltonian system with total energy (1.4.1), viz.,

N N i—1

H(p,q) = %Zm%pfpﬂrzzwg'(llqi ~gll) -

i=1 i=2 j=1

Here ¢;,p; € R? represent the position and momentum of the ith particle of mass
m;, and V;;(r) (¢ > j) is the interaction potential between the ith and jth particle.
The equations of motion read

1 N
%:Epm Pz‘:zll/ij(qz‘*qj')
j:

7

L . . ,
where, fori > j, wehave v;; = vj; = —Vij

arbitrary, say v;; = 0. The conservation of the total linear momentum P = Zfil i

(rij)/mij withr;; = [|gi—q;||, and vy, is

and the angular momentum L = Zivzl ¢; X p; is a consequence of the symmetry
relation v;; = vj;:

d N N N
7 D=1 vij(ai—q;) =0
=1

i=1j=1

P N N N

%Z(Zisz‘:ZﬁpiXpi+zzqixyij(Qi_Qj):0-
i=1 i=1 " i=1 j=1

Example 1.4 (Conservation of Mass in Chemical Reactions). Suppose that three
substances A, B, C undergo a chemical reaction such as!

A 2 B (slow)
107
B+B 2% c4+B  (veryfast)

B+C RN A+C (fast).

L This Robertson problem is very popular in testing codes for stiff differential equations.
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We denote the masses (or concentrations) of the substances A, B, C by y1, y2, Y3,
respectively. By the mass action law this leads to the equations

A: i1 = =004y +10" yoys
B: o = 0.04y; —10%yoy3 —3-107 32
C: U3 = 3107 y2

We see that ¢1 + 92 + y3 = 0, hence the total mass I(y) = y1 + y2 + y3 is an
invariant of the system.

As was noted by Shampine (1986), such linear invariants are generally con-
served by numerical integrators.

Theorem 1.5 (Conservation of Linear Invariants). All explicit and implicit
Runge—Kutta methods conserve linear invariants. Partitioned Runge—Kutta meth-
ods (11.2.2) conserve linear invariants if b; = b; for all i, or if the invariant depends
only on p or only on q.

Proof. Let I(y) = d”y with a constant vector d, so that d” f(y) = 0 for all y.
In the case of Runge-Kutta methods we thus have d”k; = 0, and consequently
dTy; = dTyo+hd? (3°;_, bik;) = d"yo. The statement for partitioned methods is
proved similarly. g

Next we consider differential equations of the form
Y = A(Y)Y, (1.3)

where Y can be a vector or a matrix (not necessarily a square matrix). We then have
the following result.

Theorem 1.6. If A(Y) is skew-symmetric for all Y (i.e., AT = —A), then the
quadratic function 1(Y') = YT'Y is an invariant. In particular, if the initial value Yy
consists of orthonormal columns (i.e., YOTYO = 1), then the columns of the solution
Y (t) of (1.3) remain orthonormal for all t.

Proof. The derivative of I(Y) is I'(Y)H = YTH + HTY. Thus, we have
I'YVfY)=TY)AY)Y)=YTAY)Y + YTA(Y)TY forall Y which van-
ishes, because A(Y) is skew-symmetric. This proves the statement. O

Example 1.7 (Rigid Body). The motion of a free rigid body, whose centre of mass
is at the origin, is described by the Euler equations

Y1 = a1y2ys, a1 = (I — Is) /(I215)
Yo = Q2Y3Y1, as = (Is — I)/(Ishh) (1.4)
Y3 = asyiye, az = (I — I) /(11 12)
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where the vector y = (yi1,¥2,y3)” represents the angular momentum in the
body frame, and I, I, I3 are the principal moments of inertia (Euler (1758b); see
Sect. VILS5 for a detailed description. This problem can be written as

1 0 ys/Is  —y2/ls Y1
v | = | —y3/I3 0 yi1/1 y2 |, (1.5)
U3 yo/Is  —y1/hh 0 Y3

which is of the form (1.3) with a skew-symmetric matrix A(Y"). By Theorem 1.6,
Y3 + y35 + y3 is an invariant. A second quadratic invariant is

2 2 2
R )

1
H(ylay27y3) = 5( Il I2 1—3

which represents the kinetic energy.

Inspired by the cover page of Marsden & Ratiu (1999), we present in Fig. 1.1
the sphere with some of the solutions of (1.4) corresponding to I} = 2, I, =1
and I3 = 2/3. They lie on the intersection of the sphere with the ellipsoid given
by H(y1,y2,y3) = Const. In the left picture we have included the numerical so-
lution (30 steps) obtained by the implicit midpoint rule with step size 1 = 0.3 and
initial value yo = (cos(1.1),0,sin(1.1))7. It stays exactly on a solution curve. This
follows from the fact that the implicit midpoint rule preserves quadratic invariants
exactly (Sect.IV.2).

For the explicit Euler method (right picture of Fig. 1.1, 320 steps with h =
0.05 and the same initial value) we see that the numerical solution shows a wrong
qualitative behaviour (it should lie on a closed curve). The numerical solution even
drifts away from the sphere.

expcit Euler

Fig. 1.1. Solutions of the Euler equations (1.4) for the rigid body
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IV.2 Quadratic Invariants

Quadratic invariants appear often in applications. Examples are the conservation
law of angular momentum in N-body systems (Example 1.3), the two invariants of
the rigid body motion (Example 1.7), and the invariant Y7'Y" of Theorem 1.6. We
therefore consider differential equations (1.1) and quadratic functions

Qly) =y" Cy, 2.1)

where C is a symmetric square matrix. It is an invariant of (1.1) if y7C f(y) = 0
for all y.

IV.2.1 Runge-Kutta Methods

We shall give a complete characterization of Runge—Kutta methods which automati-
cally conserve all quadratic invariants. We first of all consider the Gauss collocation
methods.

Theorem 2.1. The Gauss methods of Sect. I1.1.3 (collocation based on the shifted
Legendre polynomials) conserve quadratic invariants.

Proof. Let u(t) be the collocation polynomial of the Gauss methods (Defini-
tion IL.1.3). Since £Q(u(t)) = 2u(t)”Cu(t), it follows from u(ty) = yo and
u(to + h) = y; that

to+h
yi Cy —yg Cyp = 2 / u(t)" Cri(t) dt. (2.2)
to

The integrand u(¢)”7 C7(t) is a polynomial of degree 2s — 1, which is integrated
without error by the s-stage Gaussian quadrature formula. It therefore follows from
the collocation condition

u(to + c;h) T Calty + c;h) = ulto + ¢;h) " C f (u(to + c;h)) =0
that the integral in (2.2) vanishes. ad

Since the implicit midpoint rule is the special case s = 1 of the Gauss methods,
the preceding theorem explains its good behaviour for the rigid body simulation in
Fig 1.1.

Theorem 2.2 (Cooper 1987). If the coefficients of a Runge—Kutta method satisfy
bia;; + bja;; = b;b; forall 1,7 =1,...,s, 2.3)
then it conserves quadratic invariants.”

2 For irreducible methods, the conditions of Theorem 2.2 and Theorem 2.4 are also neces-
sary for the conservation of all quadratic invariants. This follows from the discussion in
Sect. VI.7.3.
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Proof. The proof is the same as that for B-stability, given independently by Burrage
& Butcher and Crouzeix in 1979 (see Hairer & Wanner (1996), Sect. IV.12).
The relation y; = yo + h Zle b;k; of Definition II.1.1 yields

U Cyy =g Cyo+h Y _bi ki Cyo+h > by yd Chj+h* Y bibj k] Chj. (2.4)
=1

j=1 ij=1

We then write k; = f(Y;) with Y; = 3o + thzl a;jk;. The main idea is to
compute yo from this relation and to insert it into the central expressions of (2.4).
This yields (using the symmetry of C')

vl Cyy =45 Cyo+2h Y b Y CF(Yi) +h* Y (bibs — bias; — bjaz) kf Ch;.

i=1 ij=1

The condition (2.3) together with the assumption ¥ C'f(y) = 0, which states that
yT'Cy is an invariant of (1.1), imply y¥ Cy, = yI'Cy,. ad

The criterion (2.3) is very restrictive. One finds that among all collocation and
discontinuous collocation methods (Definition II.1.7) only the Gauss methods sat-
isfy this criterion (Exercise 6). On the other hand, it is possible to construct other
high-order Runge—Kutta methods satisfying (2.3). The key for such a construction is
the W-transformation (see Hairer & Wanner (1996), Sect. IV.5), which is exploited
in the articles of Sun (1993a) and Hairer & Leone (2000).

IV.2.2 Partitioned Runge—Kutta Methods

We next consider partitioned Runge-Kutta methods for systems § = f(y, 2),
%2 = ¢g(y,2). Usually such methods cannot conserve general quadratic invariants
(Exercise 4). We therefore concentrate on quadratic invariants of the form

Q(y,2) =y" Dz, 2.5)

where D is a matrix of the appropriate dimensions. Observe that the angular mo-
mentum of N-body systems (Example 1.3) is of this form.

Theorem 2.3 (Sun 1993b). The Lobatto IIIA - IIIB pair conserves all quadratic
invariants of the form (2.5). In particular, this is true for the Stormer—Verlet scheme
(see Sect. 11.2.2).

Proof. Let u(t) and v(t) be the (discontinuous) collocation polynomials of the Lo-
batto IITA and Lobatto IIIB methods, respectively (see Sect.11.2.2). In analogy to
the proof of Theorem 2.1 we have

Q(u(to + h),v(to + h)) — Q(u(to), v(to))
to+h
= / (Q(u(t),v(t)) + Q(u(t),i;(t))) dt.

to

2.6)
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Since u(t) is of degree s and v(t) of degree s — 2, the integrand of (2.6) is a poly-
nomial of degree 2s — 3. Hence, an application of the Lobatto quadrature yields the
exact result. Using the fact that Q(y, z) is an invariant of the differential equation,
ie, Q(f(y,2),2) + Q(y,9(y,z)) =0, we thus obtain for the integral in (2.6)

hbl Q(u(t()), 5(t())) + hbs Q(u(to =+ h), (;(t() + h)),

where 6(t) = 0(t) — g(u(t),v(t)) denotes the defect. It now follows from u(to) =
Yo, u(to + h) = yi1 (definition of Lobatto IITA) and from v(tg) = 2o — hb19(to),
v(to + h) = z1 + hbsd(to + h) (definition of Lobatto IIIB) that Q(y1,21) —
Q(yo, 20) = 0, which proves the theorem. O

Exchanging the role of the IIIA and IIIB methods also leads to an integrator
that preserves quadratic invariants of the form (2.5). The following characterization
extends Theorem 2.2 to partitioned Runge—Kutta methods.

Theorem 2.4. If the coefficients of a partitioned Runge—Kutta method (11.2.2) sat-
isfy

la\” —I—Bjaji = bi/b\j for i,5=1,...,s, 2.7
=b;  fori=1,...,s, 2.8)

then it conserves quadratic invariants of the form (2.5).
If the partitioned differential equation is of the special form § = f(z), 2 = g(y),
then condition (2.7) alone implies that invariants of the form (2.5) are conserved.

Proof. The proof is nearly identical to that of Theorem 2.2. Instead of (2.4) we get
S S S
YDz =yi Dz +h > bkl Dzg+h> byyd Dl +h* > bib; kI De;.
i=1 Jj=1 1,5=1
Denoting by (Y;, Z;) the arguments of k; = f(Y;, Z;) and ¢; = g(Y;, Z;), the same

trick as in the proof of Theorem 2.2 gives

S S
Yl Dz, = y§ Dzy + hY b f(Yi, Z)"DZi+hY_b; Y] Dg(Y;, Z;)

i—1 j=1
+ h? Z (bj)\] — biEiij —/b\jaji) kZTDEJ 2.9)
ij=1

Since (2.5) is an invariant, we have f(y, 2)T Dz + y* Dg(y, z) = 0 for all y and z.
Consequently, the two conditions (2.7) and (2.8) imply y¥ Dz, = yI Dz,.

For the special case where f depends only on z and g only on y, the assumption
f(2)TDz + y"Dg(y) = 0 (for all y, 2) implies that f(2)T Dz = —yT Dg(y) =
Const. Therefore, condition (2.8) is no longer necessary for the proof of the state-
ment. O
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IV.2.3 Nystrom Methods

An important class of partitioned differential equations is y = z, £ = g(y) or,
equivalently,
§=9). (2.10)

Many examples of Chap.I are of this form, in particular the N-body problem of
Example 1.3 for which the angular momentum is a quadratic first integral. Nystrom
methods (Definition I1.2.3),

b = g(yo + cih o + b2 Zaijgj)a
s 7 s (2.11)
yio= yot+hijo+h>D Bili, i = Go+h Y bili,
i=1 i=1
are adapted to the numerical solution of (2.10) and it is interesting to investigate

which methods within this class can conserve quadratic invariants.

Theorem 2.5. If the coefficients of the Nystrom method (2.11) satisfy

ﬁi = bi(l—ci) fOFiZl,...7S,

- (2.12)
bi(Bj —aij) = bj(Bi —aj)  for i, j=1,...,s,

then it conserves all quadratic invariants of the form y* D .

Proof. The quadratic form Q(y, ) = y* Dy is a first integral of (2.10) if and only
if
y'Dy+yTDg(y)=0  forall y,5 € R". (2.13)
This implies that D is skew-symmetric and that y* D g(y) = 0.
In the same way as for the proofs of Theorems 2.2 and 2.4 we now com-
pute y7 D 9, using the formulas of (2.11) and we substitute yo by Y; — c;hgjo —
h? Z] ai;l;, where Y; denotes the argument of g in (2.11). This yields

yiDin = ys Dijo+hiiDio+hY b Y, DL

=1

+ h2ZWTDyO+h22b ) IE DY,
=1 =1
+ WP Z bi(B; — aij) (] D¢;.

i,j=1

Using the skew-symmetry of D and Y;" D ¢; = Y;" D g(Y;) = 0, condition (2.12)
implies the conservation property yj D 11 = y& D yo. O
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Remark 2.6 (Composition Methods). If a method @}, conserves quadratic invari-
ants (e.g., the mid-point rule by Theorem 2.1 or the Stormer—Verlet scheme by Theo-
rem 2.3 or a Nystrom method of Theorem 2.5), then so does the composition method

U, =@ po... 0D, (2.14)

This obvious property is one of the most important motivations for considering com-
position methods.

IV.3 Polynomial Invariants

We consider two classes of problems with polynomial invariants for degree higher
than two. First, we treat linear problems for which the determinant of the resolvent is
an invariant, and we show that (partitioned) Runge—Kutta methods cannot conserve
them automatically. Second, we study isospectral flows.

IV.3.1 The Determinant as a First Integral
We consider quasi-linear problems
Y =AY)Y, Y(0)=Y, (3.1)

where Y and A(Y") are n x n matrices. In the following we denote the trace of a
matrix A = (a;;)j;—, by trace A =31 | aj;.

Lemma 3.1. If trace A(Y) = 0 forall Y, then g(Y) := detY is an invariant of
the matrix differential equation (3.1).

Proof. Tt follows from
det(Y +eAY) = det(I + cA) det Y = (1 + ctrace A+ O(c?)) det Y

that ¢'(Y)(AY') = trace A-det Y (this is the Abel-Liouville~Jacobi—Ostrogradskii
identity). Hence, the determinant g(Y) = detY is an invariant of the differential
equation (3.1) if trace A(Y') = 0 forall Y. O

Since detY represents the volume of the parallelepiped generated by the
columns of the matrix Y, the conservation of the invariant g(Y') = det Y is related
to volume preservation. This topic will be further discussed in Sect. VI.9. Here, we
consider detY as a polynomial invariant of degree n, and we investigate whether
Runge—Kutta methods can automatically conserve this invariant for n > 3. The key
lemma for this study is the following.
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Lemma 3.2 (Feng Kang & Shang Zai-jiu 1995). Let R(z) be a differentiable
function defined in a neighbourhood of z = 0, and assume that R(0) = 1 and
R’(0) = 1. Then, we have forn > 3

det R(A) =1 forall n x n matrices A satisfying trace A = 0, (3.2)
ifand only if R(z) = exp(z).

Proof. The “if” part follows from Lemma 3.1, because for constant A the solution
of Y = AY, Y (0) = I is given by Y (t) = exp(At).

For the proof of the “only if” part, we consider diagonal matrices of the form
A = diag(u,v,—(u+v),0,...,0), which have trace A = 0, and for which

R(A) = diag (R(2), RW), R(~(u +v)), R(O), ..., R(0)).
The assumptions R(0) = 1 and (3.2) imply
R(WRW)R(~(n+v)) = 1 (33)

for all y, v close to 0. Putting v = 0, this relation yields R(u)R(—pu) = 1 for all p,
and therefore (3.3) can be written as

R(u)R(v) = R(u+v) for all i, v close to 0. 3.4

This functional equation can only be satisfied by the exponential function. This is
seen as follows: from (3.4) we have

Rp+e)— R(p) _
€ €

Taking the limit ¢ — 0 we obtain R'(u) = R(u), because R’'(0) = 1. This implies
R(p) = exp(p). 0

Theorem 3.3. For n > 3, no Runge—Kutta method can conserve all polynomial
invariants of degree n.

Proof. Tt is sufficient to consider linear problems Y = AY with constant matrix A
satisfying trace A = 0, so that g(Y) = detY is a polynomial invariant of degree
n. Applying a Runge—Kutta method to such a differential equation yields Y; =
R(hA)Yy, where

R(z) =1+ 2b"(I —zA)~11

" = (by,...,bs), 1 = (1,...,1)" and A = (ay;) is the matrix of Runge—
Kutta coefficients) is the so-called stability function. It is seen to be rational.
By Lemma 3.2 it is therefore not possible that det R(hA) = 1 for all A with
traceA = 0. O

This negative result motivates the search for new methods which can conserve
polynomial invariants (see Sects.IV.4, IV.8 and VI.9). We consider here another
interesting class of problems with polynomial invariants of degree higher than two.
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IV.3.2 Isospectral Flows

Such flows are created by a matrix differential equation

where L is a given symmetric matrix, B(L) is skew-symmetric for all L, and
[B, L] = BL — LB is the commutator of B and L. Many interesting problems can
be written in this form. We just mention the Toda system, the continuous realization
of QR-type algorithms, projected gradient flows, and inverse eigenvalue problems
(see Chu (1992) and Calvo, Iserles & Zanna (1997) for long lists of references).

Lemma 3.4 (Lax 1968, Flaschka 1974). Let Lo be symmetric and assume that
B(L) is skew-symmetric for all L. Then, the solution L(t) of (3.5) is a symmetric
matrix, and its eigenvalues are independent of t.

Proof. The symmetry of L(t) follows from the fact that the commutator of a skew-
symmetric with a symmetric matrix gives a symmetric matrix.
To prove the isospectrality of the flow, we define U (¢) by

U=B(Lt)U, U0 =1 (3.6)

Then, we have (d/dt)(U~'LU) = U~Y(L — BL + LB)U = 0, and hence
Ut)"YL(t)U(t) = Lo for all t, so that L(t) = U(t)LoU(t)~! is the solution
of (3.5). This proves the result. O

Note that, since B(L) is skew-symmetric, the matrix U (t) of (3.6) is orthogonal
by Theorem 1.6.

Lemma 3.4 shows that the characteristic polynomial det(L—AI) = Y7 ja;\’
and hence the coefficients a; also are independent of ¢. These coefficients are all
polynomial invariants (e.g., ap = det L, a,—1 = =trace L). Because of Theo-
rem 3.3 there is no hope that Runge—Kutta methods applied to (3.5) can conserve
these invariants automatically for n > 3.

Isospectral Methods. The proof of Lemma 3.4, however, suggests an interesting
approach for the numerical solution of (3.5). Forn = 0, 1, ... we solve numerically

U=BUL,UNU, U0 =I (3.7)

and we put Ly, 1 = U L, UT, where U is the numerical approximation UrU (h)
after one step (cf. Calvo, Iserles & Zanna 1999). If B(L) is skew-symmetric for all
matrices L, then UTU is a quAadratic invariant of (3.7) and the methods of Sect.I1V.2
will produce an orthogonal U. Consequently, L,,;; and L,, have exactly the same
eigenvalues, and they remain symmetric.

Diele, Lopez & Politi (1998) suggest the use of the Cayley transform U =
(I =Y)~Y(I +Y), which transforms (3.7) into

— %(I —Y)B(UL,UT)(I+Y),  Y(0)=0,
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and the orthogonality of U into the skew-symmetry of Y (see Lemma 8.8 below).
Since all (also explicit) Runge—Kutta methods preserve the skew-symmetry of Y,
which is a linear invariant, this yields an approach to explicit isospectral methods.

Connection with the QR Algorithm. In a diversion from the main theme of this
section, we now show the relationship of the flow of (3.5) with the QR algorithm for
the symmetric eigenvalue problem. Starting from a real symmetric matrix A, the
basic QR algorithm (without shifts) computes a sequence of orthogonally similar
matrices A, Ag, As, ... , expected to converge towards a diagonal matrix carrying
the eigenvalues of Ay. Iteratively for k = 0,1, 2, ..., one computes the QR decom-
position of Ay:
A = QR

with @, orthogonal, Ry, upper triangular (the decomposition becomes unique if the
diagonal elements of Ry are taken positive). Then, Ay is obtained by reversing
the order of multiplication:

Apy1 = R Q.

It is an easy exercise to show that Q(k) = QoQ1 ... Qk—1 is the matrix in the
orthogonal similarity transformation between Ag and Ay:

A = Q(k)" ApQ(k) (3.8)
and the same matrix Q(k) is the orthogonal factor in the QR decomposition of A}:
Al = Q(k)R(E). (3.9)

Consider now, for an arbitrary real function f defined on the eigenvalues of a real
symmetric matrix Lg, the QR decomposition

exp(tf(Lo)) = Q(t)R(?) (3.10)

and define

L(t) = Q1) LoQ(t). (3.11)
The relations (3.8) and (3.9) then show that for integer times ¢ = k, the matrix
exp(f(L(k))) = Q(k)" exp(f(Lo))Q(k) coincides with the kth matrix in the QR
algorithm starting from Ay = exp(f(Lo)):

exp(F(L(K))) = Ay (3.12)

Now, how is all this related to the system (3.5)? Differentiating (3.11) as in the
proof of Lemma 3.4 shows that L(¢) solves a differential equation of the form L=
[B, L] with the skew-symmetric matrix B = fQTQ. At first sight, however, B is a
function of ¢, not of L. On the other hand, differentiation of (3.10) yields (omitting
the argument ¢ where it is clear from the context)

F(Lo)QR = f(Lo) exp(tf(Lo)) = exp(tf(Lo))f(Lo) = QR+ QR,
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and since f(L) = QT f(Lo)Q by (3.11), this becomes
f(L)=Q"Q+RR™".

Here the left-hand side is a symmetric matrix, and the right-hand side is the sum of a
skew-symmetric and an upper triangular matrix. It follows that the skew-symmetric
matrix B = —Q7'Q is given by

B(L) = f(L)y — f(L)}, (3.13)

where f (L) denotes the part of f(L) above the diagonal. Hence, L(t) is the solu-
tion of an autonomous system (3.5) with a skew-symmetric B(L).

For f(z) = « and assuming L, symmetric and tridiagonal, the flow of (3.5) with
(3.13) is known as the Toda flow. The QR iterates Ay = exp(Ly), A1, Aa, ... of the
exponential of Ly are seen to be equal to the exponentials of the solution L(t) of
the Toda equations at integer times: Ay, = exp(L(k)), a discovery of Symes (1982).
An interesting connection of the Toda equations with a mechanical system will be
discussed in Sect. X.1.5.

For f(z) = log , the above arguments show that the QR iteration itself, starting
from a positive definite symmetric tridiagonal matrix, is the evaluation A, = L(k)
at integer times of a solution L(¢) of the differential equation (3.5) with B given
by (3.13). This relationship was explored in a series of papers by Deift, Li, Nanda
& Tomei (1983, 1989, 1993).

Notwithstanding the mathematical beauty of this relationship, it must be re-
marked that the practical QR algorithm (with shifts and deflation) follows a different
path.

IV.4 Projection Methods

Und bist du nicht willig, so brauch ich Gewalt.
(J.W. Goethe, Der Erlkonig)

Suppose we have an (n — m)-dimensional submanifold of R",
M={y; gly) =0} “.1)
(g : R™ — R™), and a differential equation y = f(y) with the property that
Yo € M implies y(t) € M forall t. 4.2)

We want to emphasize that this assumption is weaker than the requirement that
all components g;(y) of g(y) are invariants in the sense of Definition 1.1. In fact,
assumption (4.2) is equivalent to ¢'(y) f(y) = 0 for y € M, whereas Definition 1.1
requires g'(y) f(y) = 0 for all y € R™. In the situation of (4.2) we call g(y) a weak
invariant, and we say that § = f(y) is a differential equation on the manifold M.
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Fig. 4.1. The implicit midpoint rule apglied to the differential equation (4.3). The picture
shows the numerical values for ¢? + ¢35 obtained with step size h = 0.1 (thick line) and
h = 0.05 (thin line)

Example 4.1. Consider the pendulum equation written in Cartesian coordinates:

41 = p1, D1 = —q1,

. . 4.3)
G2 = D2, P2 = —1— @2,

where A = (p? +p3 — ¢2)/(¢} + ¢3). One can check by differentiation that ¢ p; +
q2p2 (orthogonality of the position and velocity vectors) is an invariant in the sense
of Definition 1.1. However, g2+ (Iength of the pendulum) is only a weak invariant.
The experiment of Fig. 4.1 shows that even methods which conserve quadratic first
integrals (cf. Sect.IV.2) do not conserve the quadratic weak invariant g7 + ¢3. No
numerical method that is allowed to evaluate the vector field f(y) outside M can
be expected to conserve weak invariants exactly. This is one of the motivations for
considering the methods of this and the subsequent sections.

A natural approach to the numerical solution of differential equations on mani-
folds is by projection (see e.g., Hairer & Wanner (1996), Sect. VII.2, Eich-Soellner
& Fiihrer (1998), Sect. 5.3.3).

Algorithm 4.2 (Standard Projection Method). Assume that y, € M. One step
Yn — Yn+1 is defined as follows (see Fig.4.2):

o Compute y, 11 = Pp(yn), where @y, is an arbitrary one-step method applied to

y=fly);

e project the value ¥, 1 onto the manifold M to obtain y,+1 € M.

M

Fig. 4.2. Ilustration of the standard projection method

For y,, € M the distance of ¥,,+1 to the manifold M is of the size of the local
error, i.e., O(hPT1). Therefore, the projection does not deteriorate the convergence
order of the method.
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For the computation of y,4+; we have to solve the constrained minimization
problem

lYn+1 — Ynt1|| — min subject to 9(Ynt1) = 0. (4.4)

In the case of the Euclidean norm, a standard approach is to introduce Lagrange mul-
tipliers A = (A1,..., \)7, and to consider the Lagrange function £(y,41,\) =
|Uns1 — ns1l?/2 — g(yn+1)T A The necessary condition dL/dy,,+1 = 0 then
leads to the system
Yol = Unt1+ 9 U)X
0 = g(¥n+1):

We have replaced y,,+1 with 4,11 in the argument of ¢'(y) in order to save some
evaluations of ¢’(y). Inserting the first relation of (4.5) into the second gives a non-
linear equation for A, which can be efficiently solved by simplified Newton itera-
tions:

AN = —(9/(§n+1)9'(?7n+1)T) g(ﬂnﬂ +gl@n+1)T)\i), Air1 = N+ AN

For the choice \g = 0 the first increment A) is of size O(hP*!), so that the conver-
gence is usually extremely fast. Often, one simplified Newton iteration is sufficient.

4.5)

-1

Example 4.3. As a first example we consider the
perturbed Kepler problem (see Exercise 1.12) with
Hamiltonian function

1 1
H(p, (P} +p3) — ——
0.005

2v/(af +a3)*
and initial values ¢1(0) = 1 — e, g2(0) = 0,
p1(0) =0, p2(0) = /(1 +¢€)/(1 — e) (eccentric-
ity e = 0.6) on the interval 0 < ¢ < 200. The exact
solution (plotted to the right) is approximately an ellipse that rotates slowly around
one of its foci. For this problem we know two first integrals: the Hamiltonian func-
tion H (p, q) and the angular momentum L(p, ¢) = ¢1p2 — gap1-

We apply the explicit Euler method and the symplectic Euler method (1.1.9),
both with constant step size h = 0.03. The result is shown in Fig.4.3. The nu-
merical solution of the explicit Euler method (without projection) is completely
wrong. The projection onto the manifold { H (p, ¢) = H(po, qo)} improves the nu-
merical solution, but it still has a wrong qualitative behaviour. Only projection onto
both invariants, H(p,q) = Const and L(p,q) = Const gives the correct behav-
iour. The symplectic Euler method already shows the correct behaviour without
any projections (see Chap.IX for an explanation). Surprisingly, a projection onto
H(p,q) = Const destroys this behaviour, the numerical solution approaches the
centre and the simplified Newton iterations fail to converge beyond ¢t = 25.23. Pro-
jection onto both invariants re-establishes the correct behaviour.

T
exact solution
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explicit Euler, h = 0.03
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without projection with projection onto H with projection onto H and L
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Fig. 4.3. Numerical solutions obtained with and without projections

explicit Euler, projection onto H explicit Euler, projection onto H and L

Fig. 4.4. Explicit Euler method with projections applied to the outer solar system, step size
h = 10 (days), interval 0 < ¢ < 200000

Example 4.4 (Outer Solar System). Having encountered excellent experience
with projections onto H and L for the perturbed Kepler problem (Example 4.3),
let us apply the same idea to a more realistic problem in celestial mechanics. We
consider the outer solar system as described in Sect.1.2. The numerical solution
of the explicit Euler method applied with constant step size h = 10, once with
projection onto H = Const and once with projection onto H = Const and
L = Const, is shown in Fig.4.4 (observe that the conservation of the angular
momentum L(p, q) = Zf\il q; X p; consists of three first integrals). We see a slight
improvement in the orbits of Jupiter, Saturn and Uranus (compared to the explicit
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Euler method without projections, see Fig.1.2.4), but the orbit of Neptune becomes
even worse. There is no doubt that this problem contains a structure which cannot
be correctly simulated by methods that only preserve the total energy H and the
angular momentum L.

Example 4.5 (Volume Preservation). Consider the matrix differential equation
Y = A(Y)Y, where trace A(Y) = 0 for all Y. We know from Lemma 3.1 that
g(Y) = detY is an invariant which cannot be automatically conserved by Runge—
Kutta methods. Here, we show how we can enforce this invariant by projection. Let
Y, +1 be the numerical approximation obtained with an arbitrary one-step method.

We consider the Frobenius norm |[Y'||r = />, + [yi;|? for measuring the distance

to the manifold {Y"; g(Y") = 0}. Using ¢/(Y)(AY") = traceA det Y (see the proof
of Lemma 3.1) with A chosen such that the product AY contains only one non-zero
element, the projection step (4.5) is seen to become (Exercise 9)

Yoi1 =Y + Mf/nfl (4.6)

with the scalar p = Adet ?,H_l. This leads to the scalar nonlinear equation
det (Y41 + pY, ;) = detY,,, for which simplified Newton iterations become

det (?n-&-l + /“Lli;'r;i-,ll) (1 + (,U/i-i-l — Mi)trace((f’gﬂffnﬂ)_l)) =detY,,.

If the Q) R-decomposition of }771+1 is available from the computation of det }N/nﬂ,
the value of trace((?nTH?nH)’l) can be computed efficiently with O(n?/3) flops
(see e.g., Golub & Van Loan (1989), Sect.5.3.9).

The above projection is preferable to Y11 = cY, 41, where ¢ € R is chosen
such that det Y, 41 = detY;,. This latter projection is already ill-conditioned for

diagonal matrices with entries that differ by several magnitudes.

As a conclusion to the above numerical experiments we see that a projection
can give excellent results, but can also destroy the good long-time behaviour of the
solution if applied inappropriately. If the original method already preserves some
structure, then projection to a subset of invariants may destroy the good long-time
behaviour. An important modification for reversible differential equations (symmet-
ric projections) will be presented in Sect. V.4.1.

IV.5 Numerical Methods Based on Local Coordinates

A second important class of methods for the numerical treatment of differential
equations on manifolds uses local coordinates. Before explaining the ideas, we find
it appropriate to discuss in more detail manifolds and differential equations on man-
ifolds.
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IV.5.1 Manifolds and the Tangent Space

In Sect. IV.4 we assumed that locally (in a neighbourhood U of a € R™) a manifold
is given by constraints, i.e.,

M={yeU; g(y) =0}, (5.1)

where g : U — R™ is differentiable, g(a) = 0, and ¢’(a) has full rank m.

Here, we use local parameters to characterize a manifold. Let ¢ : V' — R”™ be
differentiable (V' C R™™ ™ is a neighbourhood of 0), ©(0) = a, and assume that
1’(0) has full rank n — m. Then, a manifold is locally given by

M={y=49(2); z€V} (5.2)

provided that V is sufficiently small, so that v : V' — (V) is bijective with
continuous inverse. The variables z are called parameters or local coordinates of
the manifold.

As an example, consider the unit sphere which, in the form (5.1), is given by the
function g(y1,y2,v3) = y3 + y3 +y3 — 1. There are many possible choices of local
coordinates. Away from the equator (i.e., y3 = 0) we can take z = (21, ZQ)T =

(y1,92)" and (z) = (21,22, 2/1 — 2§ — 22) Alternatively, we can consider

spherical coordinates ¥ («, 8) = (cos asin 3, sin acsin 3, cos ﬂ)T away from the
north and south poles (i.e., y1 = y2 = 0,y3 = *£1).

The tangent to a curve (or the tangent plane to a surface) is an affine space
passing through the contact point a € M. It is convenient to place the origin at a,
so that we obtain a vector space. More precisely, for a manifold M we define the
tangent space at a € M as

there exists a differentiable path v : (—¢ s) — R } 5.3)

TGM:{UGRH with y(t) € M forall¢, v(0) = a, ¥(0) =

Lemma 5.1. If the manifold M is given by (5.1), where g : U — R™ is differen-
tiable, g(a) = 0, and ¢'(a) has full rank m, then we have

T,M =kerg (a) = {veR"|g (a)v = 0}. (5.4)

If M is given by (5.2), where b : V. — R™ is differentiable, 1)(0) = a, and 9’ (0)
has full rank n — m, then we have

T.M =1Imy'(0) = {¢'(0)w|w € R" ™™}, (5.5)

Proof. a) For a path (t) satisfying 7(0) = a and g(v(t)) = 0 it follows by differ-
entiation that ¢'(a)¥(0) = 0. Consequently, we have T, M C ker ¢'(a).

Consider now the function F'(t,u) = g(a+tv+g'(a)"u). We have F(0,0) = 0
and an invertible 9F'/0u(0,0) = ¢'(a)g’(a)T, so that by the implicit function the-
orem the relation F'(t,u) = 0 can be solved locally for u = u(t). If v € ker ¢'(a),
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it follows that 74(0) = 0, and the path v(t) = a + tv + ¢'(a)Tu(t) satisfies all
requirements of (5.3), so that also T, M D ker ¢’(a).

b) Assume M to be given by (5.2). For an arbitrary 7 : (—¢,
n(0) = 0, the path v(t) = v (n(t)) lies in M and satisfies 5/(
proves Im’'(0) C T, M.

The assumption on the rank of v’(0) implies that, after a reordering of the
components, we have 1)(z) = (¢1(2),12(2))T, where 1/, (z) is a local diffeomor-
phism (by the inverse function theorem). We show that every smooth path ~y(¢) in
M can be written as y(t) = v (n(t)) with some smooth 7(t). This then implies
T,M C Im'(0). To prove this we split v(t) = (71(¢),72(t))? according to the
partitioning of 1, and we define 7(¢) = ;" (v1(t)). Since for y(t) € M the second
part 72(t) is uniquely determined by 1 (£), this proves v(t) = 1 (n(t)). O

g) — R™ satisfying
) = ¢'(0)7(0). This

The proof of the preceding lemma shows
the equivalence of the representations (5.1) and
(5.2) of manifolds in R™. Let M be given by

(5.1), and assume that the columns of ) form a Qz

an orthogonal basis of 7, M. As in part (a) of

the proof of Lemma 5.1 the condition g(a + g (a)Tu
Qz + ¢'(a)Tu) = 0 defines locally (close to W(z)

z = 0) a function u(z) which satisfies u(0) =
0 and v/ (0) = 0. Hence, the manifold M is
also given by (5.2) with the function ¥(z) = a + Qz + ¢'(a)Tu(2).

On the other hand, let M be given by (5.2). Part (b) of the proof of Lemma 5.1
shows that y = 1(z) can be partitioned into y; = t1(z) and y2 = 12(z), where
1)1 is a local diffeomorphism. Consequently, M is also given by (5.1) with g(y) =
y2 — o (U1 (1))

IV.5.2 Differential Equations on Manifolds

In Sect.IV.4 we introduced differential equations on a manifold as problems satis-
fying (4.2). With the help of Lemma 5.1 we are now in a position to characterize
such problems without knowledge of the solutions.

Theorem 5.2. Let M be a submanifold of R™. The problem y = f(y) is a differen-
tial equation on the manifold M (i.e., it satisfies (4.2)) if and only if

fly) € Ty,M Sorall y € M. (5.6)

Proof. The necessity of (5.6) follows from the definition of T}, M, because the exact
solution of the differential equation lies in M and has f(y) as derivative.

To prove the sufficiency, we assume (5.6) and let M be locally, near y, be given
by a parametrization y = (z) as in (5.2). We try to write the solution of § = f(y),
y(0) = yo = ¥(20) as y(t) = (z(¢)). If this is at all possible, then z(t) must
satisfy
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V'(2)2 = f(¥(2))

which, by assumption (5.6) and the second part of Lemma 5.1, is equivalent to

=9 ()" f(¥(2), (5.7)

where AT = (AT A)~1 AT denotes the pseudo-inverse of a matrix with full column
rank. Conversely, define z(¢) as the solution of (5.7) with 2(0) = zg, which is known
to exist locally in ¢ by the standard existence and uniqueness theory of ordinary
differential equations on R™. Then y(t) = 1(z(t)) is the solution of § = f(y) with
y(0) = yo. Hence, the solution y(¢) remains in M. O

We remark that the sufficiency proof of Theorem 5.2 only requires the function
f(y) to be defined on M. Due to the equivalence of § = f(y) with (5.7) the prob-
lem is transported to the space of local coordinates. The standard local theory for
ordinary differential equations on an Euclidean space (existence and uniqueness of
solutions, ...) can thus be extended in a straightforward way to differential equa-
tions on manifolds, i.e., y = f(y) with f : M — R" satisfying (5.6).

IV.5.3 Numerical Integrators on Manifolds

Whereas the projection methods of Sect. IV.4 require the function f(y) of the differ-
ential equation to be defined in a neighbourhood of M (see Fig. 4.2), the numerical
methods of this section evaluate f(y) only on the manifold M. The idea is to apply
the numerical integrator in the parameter space rather than in the space where M is
embedded.

Algorithm 5.3 (Local Coordinates Approach). Assume that y,, € M and that i
is a local parametrization of M satisfying ¥ (z,) = yn. One step yn — Ypi1 is
defined as follows (see Fig.5.1):

o Compute Zp11 = Pp(zn), the result of the method @y, applied to (5.7);
e define the numerical solution by yn 11 = Y¥(Znt1)-

It is important to remark that the parametrization y = 1(z) can be changed at every
step.

Fig. 5.1. The numerical solution of differential equations on manifolds via local coordinates
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As indicated at the beginning of Sect.IV.5.1, there are many possible choices
of local coordinates. Consider the pendulum equation of Example 4.1, where M =
{(q17 G2,01,02) | ¢ + G2 =1, 1p1 + qopa = 0}. A standard parametrization here
isq =sina, g = —cos @, p1 = w cos a, and p2 = w sin a. In the new coordinates
(cv,w) the problem becomes simply &« = w, w = — sin a.. Other typical choices are
the exponential map ¢ (Z) = exp(Z) for differential equations on Lie groups, and
the Cayley transform ¢)(Z) = (I — Z) ' (I + Z) for quadratic Lie groups. This will
be studied in more detail in Sect. IV.8 below. Here we discuss two commonly used
choices which do not use a special structure of the manifold.

Generalized Coordinate Partitioning. We assume that the manifold is given by
(5.1).If g : R™ — R™ has a Jacobian with full rank m at y = a, we can find a par-
titioning y = (y1, y2), such that 9g/dys(a) is invertible. In this case we can choose
the components of y; as local coordinates. The function y = v (2) is then given by
y1 = z and y = 2(z), where ho(2) is implicitly defined by g(z,%2(z)) = 0.
This approach has been promoted by Wehage & Haug (1982) in the context of con-
strained mechanical systems, and the partitioning is found by Gaussian elimination
with full pivoting applied to the matrix ¢'(a). Another way of finding the partition-
ing is by the use of the QR decomposition with column change.

Tangent Space Parametrization. Let the manifold M be given by (5.1), and
collect the vectors of an orthogonal basis of T,, M in the matrix (). We then consider
the parametrization

Ya(2) = a+Qz+g'(a) u(2), (5.8)

where u(z) is defined by g (14 (2)) = 0, exactly as in the discussion after the proof
of Lemma 5.1. Differentiating (5.8) yields

(Q@+9'(@)'(2))2 =9 = f(y) = f(¥a(2))-

Since QTQ = I and ¢'(a)Q) = 0, this relation is equivalent to the differential
equation

2= Q7 f(va(2)), (5.9)

which corresponds to (5.7). If we apply a numerical method to (5.9), every function
evaluation requires the projection of an element of the tangent space onto the mani-
fold. This procedure is illustrated in Fig. 5.1, and was originally proposed by Potra &
Rheinboldt (1991) for the solution of the Euler-Lagrange equations of constrained
multibody systems (see also Hairer & Wanner (1996), p. 476).



118 IV. Conservation of First Integrals and Methods on Manifolds

IV.6 Differential Equations on Lie Groups

Theorem 1.6 and Lemma 3.1 are particu-
lar cases of a more general result which can
be conveniently formulated with the concept
of Lie groups and Lie algebras (see Olver
(1986) and Varadarajan (1974) for an intro-
duction to these subjects).

A Lie group is a group G which is a dif-
ferentiable manifold, and for which the prod-
uct is a differentiable mapping G x G — G.
We restrict our considerations to matrix Lie
groups, that is, Lie groups which are sub-
groups of GL(n), the group of invertible
n X n matrices with the usual matrix prod-
uct as the group operation.

Example 6.1. An important example of a . 4
Lie group is the group Marius Sophus Lie

O(n)={Y €GL(n) | YY =1}

of all orthogonal matrices. It is the zero set of g(Y) = Y'Y — I, where we consider
g as a mapping from the set of all n X n matrices (i.e., R™™) to the set of all
symmetric matrices (which can be identified with R™("+1)/2) The derivative ¢’ (V")
is surjective for Y € O(n), because for any symmetric matrix K the choice H =
Y K /2 solves the equation ¢'(Y)H = K. Therefore, the matrix ¢’(Y") has full rank
(cf.(5.1)) so that O(n) defines a differentiable manifold of dimension n? — n(n +
1)/2 = n(n — 1) /2. The set O(n) is also a group with unit element [ (the identity).
Since the matrix multiplication is a differentiable mapping, O(n) is a Lie group.

Table 6.1 lists further prominent examples. The matrix J appearing in the defi-
nition of the symplectic group is the matrix determining the symplectic structure on
R"™ (see Sect. VI.2).

As the following lemma shows, the tangent space g = 717G at the identity I of
a matrix Lie group G is closed under forming commutators of its elements. This
makes @ an algebra, the Lie algebra of the Lie group G.

Lemma 6.2 (Lie Bracket and Lie Algebra). Let G be a matrix Lie group and let
g = T1G be the tangent space at the identity. The Lie bracket (or commutator)

[A,B] = AB — BA 6.1)

defines an operation § X § — @ which is bilinear, skew-symmetric ([A, B] =
—[B, A)), and satisfies the Jacobi identity

[A,[B,C]] + [C,[A,B]] + [B,[C, A]] = 0. (6.2)

3 Marius Sophus Lie, born: 17 December 1842 in Nordfjordeid (Norway), died: 18 February
1899.
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Table 6.1. Some matrix Lie groups and their corresponding Lie algebras

Lie group Lie algebra
GL(n) = {Y | detY # 0} gl(n) = {A] arbitrary matrix}
general linear group Lie algebra of n X n matrices
SL(n) = {Y | detY =1} slin) = {A]trace(A) = 0}
special linear group special linear Lie algebra
o(n) = {Y|YTy =1} s0(n) = {A|AT +A=0}
orthogonal group skew-symmetric matrices
SO(n) = {Y €0(n)| detY =1} s0(n) = {A|AT+A=0}
special orthogonal group skew-symmetric matrices
Sp(n) = {Y|YTJY =J} sp(n) = {A|JA+ATT =0}
symplectic group

Proof. By definition of the tangent space, for A, B € ¢, there exist differentiable
paths «(t), 5(t) (|t| < €)in G such that a(t) = I+t A(t) with a continuous function
A(t) with A(0) = A, and similarly 5(¢) = I +tB(t) with B(0) = B. Now consider
the path () in G defined by

1(t) = a(VHBVHa(VH T BV, t>0.
An elementary computation then yields
v(t) = I +t[A, B] + o(t).

With the extension v(t) = ~(—t)~! for negative ¢, this is a differentiable path in
G satisfying v(0) = I and §(0) = [A, B]. Hence [A, B] € g by definition of the
tangent space. The properties of the Lie bracket can be verified in a straightforward
way. O

Example 6.3. Consider again the orthogonal group O(n). Since the derivative of
g(Y)=YTY — I at the identity is ¢'(I)H = I"H + H'I = H + H7, it follows
from the first part of Lemma 5.1 that the Lie algebra corresponding to O(n) consists
of all skew-symmetric matrices. The right column of Table 6.1 gives the Lie algebras
of the other Lie groups listed there.

The following basic lemma shows that the exponential map yields a local para-
metrization of the Lie group near the identity, with the Lie algebra (a linear space)
as the parameter space.
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Lemma 6.4 (Exponential Map). Consider a matrix Lie group G and its Lie alge-
bra §. The matrix exponential is a map

exp: g — G,

ie, for A € g we have exp(A) € G. Moreover, exp is a local diffeomorphism in a
neighbourhood of A = 0.

Proof. For A € g, it follows from the definition of the tangent space g = 777G that
there exists a differentiable path «(¢) in G satisfying «(0) = I and &(0) = A. For
afixed Y € G, the path v(t) := «(t)Y is in G and satisfies v(0) = Y and 4(0) =
AY . Consequently, AY € Ty G and Y = AY defines a differential equation on the
manifold G. The solution Y (¢) = exp(tA) is therefore in G for all £.

Since exp(H) — exp(0) = H + O(H?), the derivative of the exponential map
at A = 0 is the identity, and it follows from the inverse function theorem that exp is
a local diffeomorphism close to A = 0. O

The proof of Lemma 6.4 shows that for a matrix Lie group G the tangent space
atY € G has the form
TyG ={AY | A € g}. (6.3)

By Theorem 5.2, differential equations on a matrix Lie group (considered as a man-
ifold) can therefore be written as

Y = AY)Y (6.4)

where A(Y') € gforallY € G. The following theorem summarizes this discussion,
and extends the statements of Theorem 1.6 and Lemma 3.1 to more general matrix
Lie groups.

Theorem 6.5. Let G be a matrix Lie group and § its Lie algebra. If A(Y') € g for
allY € G and if Yy € G, then the solution of (6.4) satisfies Y (t) € G forallt. O

If in addition A(Y") € g for all matrices Y, and if
G={Y | g(Y)= Const}

is one of the Lie groups of Table 6.1, then ¢g(Y") is an invariant of the differential
equation (6.4) in the sense of Definition 1.1.
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IV.7 Methods Based on the Magnus Series Expansion

Before we discuss the numerical solution of
differential equations (6.4) on Lie groups, let
us give an explicit formula for the solution of
linear matrix differential equations

Y = A1)Y. (7.1)

No assumption on the matrix A(¢) is made
for the moment (apart from continuous de-
pendence on t). For the scalar case, the solu-
tion of (7.1) with Y (0) = Yj is given by

Y(t) = exp( /0 t A(7) dT) Yo.  (12)

Also in the case where the matrices A(t) and
fot A(7) dr commute, (7.2) is the solution of
(7.1). In the general non-commutative case
we follow the approach of Magnus (1954) and we search for a matrix function 2(t)
such that

Wilhelm Magnus*

Y (t) = exp(£2(t)) Yo

solves (7.1). The main ingredient for the solution will be the inverse of the derivative
of the matrix exponential. It has been studied in Sect. I[[.4, Lemma I11.4.2, and is
given by
-1 _ By, k
dexpg, (H) = ﬁadQ(H), (7.3)
k>0

where By, are the Bernoulli numbers, and ad o(A) = [2, A] = 2A — Af2 is the
adjoint operator introduced in (IIL.4.1).

Theorem 7.1 (Magnus 1954). The solution of the differential equation (7.1) can be
written as Y (t) = exp(£2(t)) Yo with $2(t) defined by
Q2 =dexp, (A(t)),  £2(0)=0. (7.4)
As long as | 2(t)|| < , the convergence of the dexpy," expansion (7.3) is assured.
Proof. Comparing the derivative of Y (£) = exp(£2(t)) Yo,
) d . .
V(1) = (5 exp 2)) 20)Y0 = (dexpag (2(1)) ) exp(2(0) Yo,

with (7.1) we obtain A(t) = dexpﬂ(t)((?(t)). Applying the inverse operator
dexp;l1 to this relation yields the differential equation (7.4) for {2(¢). The state-
ment on the convergence is a consequence of Lemma I11.4.2. ad

4 Wilhelm Magnus, born: 5 February 1907 in Berlin (Germany), died: 15 October 1990.



122 IV. Conservation of First Integrals and Methods on Manifolds

The first few Bernoulli numbers are By = 1, By = —1/2, Bo = 1/6, B3 = 0.
The differential equation (7.4) therefore becomes

Q2= A(t) — % [2,A@)] + % [Q, [Q,A(t)]} +.00,

which is nonlinear in {2. Applying Picard fixed point iteration after integration yields

1

0t = /OtA(T)dT - Q/Ot[/OTA@)da,A(T)} dr

X i/ot UOTUOUA(H)W,A(J)} do’,A(T):| dr  (15)

+ % ot[/oTA(a)da, [/OTA(M)du,A(T)HdT+... ,

which is the so-called Magnus expansion. For smooth matrices A(t) the remain-
der in (7.5) is of size O(t°) so that the truncated series inserted into Y (t) =
exp(Q(t)) Yy gives an excellent approximation to the solution of (7.1) for small ¢.

Numerical Methods Based on the Magnus Expansion. Iserles & Ngrsett (1999)
study the general form of the Magnus expansion (7.5), and they relate the iterated
integrals and the rational coefficients in (7.5) to binary trees. For a numerical inte-
gration of
Y =AY, Y(t) =Y, (7.6)

(where Y is a matrix or a vector) they propose using Y,, 11 = exp(h{2,,)Y,,, where
h{2, is a suitable approximation of {2(h) given by (7.5) with A(t,, + 7) instead of
A(1). Of course, the Magnus expansion has to be truncated and the integrals have
to be approximated by numerical quadrature.

We follow here the collocation approach suggested by Zanna (1999). The idea
is to replace A(t) locally by an interpolation polynomial

Alt) = S 1ut) Alt + cih),

and to solve Y = ﬁ(t)Y on [t,, t, + h] by the use of the truncated series (7.5).

Theorem 7.2. Consider a quadrature formula (b;,c;)5_, of order p > s, and let

Y (t) and Z(t) be solutions of Y = A(t)Y and Z = A(t)Z, respectively, satisfying
Y (tn) = Z(t,). Then, Z(t, + h) — Y (t,, + h) = O(hPT1).

Proof. We write the differential equation for Z as Z = A(t)Z + (/T(t) —A@)Z
and use the variation of constants formula to get

tnth R

Z(tn+h) — Y(tn+ 1) = / R(t, +h,7)(A(r) - A(")) 2(7) dr.
t’VL

Applying our quadrature formula to this integral gives zero as result, and the re-

mainder is of size O(h?*!). Details of the proof are as for Theorem II.1.5. O
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Example 7.3. As a first example, we use the midpoint rule (¢; = 1/2,b; = 1). In
this case the interpolation polynomial is constant, and the method becomes

Yis1 = exp (hA(tn n h/2)) Y,, 1.7

which is of order 2.

Example 7.4. The two-stage Gauss quadrature is given by ¢; 2 = 1/2 &+ v/3/6,
b1 2 = 1/2. The interpolation polynomial is of degree one and we have to apply
(7.5) in order to get an approximation Y, ;. Since we are interested in a fourth
order approximation, we can neglect the remainder term (indicated by . . . in (7.5)).
Computing analytically the iterated integrals over products of ¢;(¢) we obtain

V3 h?

h
Yot1 = exp(z(Al + Ag) + ETH

[A27 Al]) an (78)
where A; = A(t, + c1h) and As = A(t, + c2h). This is a method of order four.
The terms of (7.5) with triple integrals give O(h*) expressions, whose leading term
vanishes by the symmetry of the method (Exercise V.7). Therefore, they need not
be considered.

Theorem 7.2 allows us to obtain methods of arbitrarily high order. A straightfor-
ward use of the expansion (7.5) yields an expression with a large number of commu-
tators. Munthe-Kaas & Owren (1999) and Blanes, Casas & Ros (2000a) construct
higher order methods with a reduced number of commutators. For example, for or-
der 6 the required number of commutators is reduced from 7 to 4.

Let us remark that all numerical methods of this section are of the form
Yn+1 = exp(h$2,)Y,, where (2, is a linear combination of A(¢,, + ¢;h) and of
their commutators. If A(t) € g for all ¢, then also h{2, lies in the Lie algebra g, so
that the numerical solution stays in the Lie group G if Yy € G (this is a consequence
of Lemma 6.4).

IV.8 Lie Group Methods

Consider a differential equation
Y =AY)Y, Y(0)=Y, (8.1

on a matrix Lie group G. This means that Yy € G and that A(Y) € g for all
Y € G. Since this is a special case of differential equations on a manifold, projection
methods (Sect.IV.4) as well as methods based on local coordinates (Sect. IV.5) are
well suited for their numerical treatment. Here we present further approaches which
also yield approximations that lie on the manifold.

All numerical methods of this section can be extended in a straightforward way
to non-autonomous problems Y = A(t, Y)Y with A(t,Y) € g for all ¢ and all
Y € G. Just to simplify the notation we restrict ourselves to the formulation (8.1).
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IV.8.1 Crouch-Grossman Methods

The discipline of Lie-group methods owes a great deal to the pioneering
work of Peter Crouch and his co-workers . . .
(A. Iserles, H.Z. Munthe-Kaas, S.P. Ngrsett & A. Zanna 2000)

The numerical approximation of explicit Runge—Kutta methods is obtained by a
composition of the following two basic operations: (i) an evaluation of the vector
field f(Y) = A(Y)Y and (i) a computation of an update of the form Y + haf(Z).
For example, the left method of (II.1.3) consists of the following steps: evaluate
K1 = f(Yp); compute Y1 = Yy + hKy; evaluate Ky = f(Y1); compute Y; /o =
Yo + %Kl; compute Y1 = Y7 ,3 + %Kg.

In the context of differential equations on Lie groups, these methods have the
disadvantage that, even when Y € G and Z € G, the update Y + haA(Z)Z is in
general not in the Lie group. The idea of Crouch & Grossman (1993) is to replace
the “update” operation with exp(haA(Z))Y .

Definition 8.1. Let b;,a;; (¢,7 = 1,...,s) be real numbers. An explicit s-stage
Crouch-Grossman method is given by
YO = exp(haji—1K;-1) ... exp(hajn K1)V, Ki =AY ™),
Yoi1 = exp(hbsKy) - ... exp(hb1K1)Y,,.

For example, the method of Runge described above (s = 2, a01 = 1, b1 = by =

1/2) leads to
Vs = exp(215) exp (210 ) Vo, (82)

where K1 = A(Y,,) and Ks = A(exp(hKl)Yn).

By construction, the methods of Crouch-Grossman give rise to approximations

Y,, which lie exactly on the manifold defined by the Lie group. But what can be said
about their order of accuracy?

Theorem 8.2. Letc; =) ; @ij- A Crouch-Grossman method has order p (p < 3) if
the following order conditions are satisfied:

order1: dYubi=1 (8.3)
order 2 : > bici =1/2 (8.4)
order 3 : S bict =1/3 (8.5)
Zij baijc; =1/6 (8.6)
bl +2 ZKj bicib; =1/3. (8.7)

Proof. As in the case of Runge—Kutta methods, the order conditions can be found
by comparing the Taylor series expansions of the exact and the numerical solution.
In addition to the conditions stated in the theorem, this leads to relations such as
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S b2 +23 bibje; = % (8.8)

1<j

Adding this equation to (8.7) we find 2 Zij bic;b; = 1, which is satisfied by (8.3)
and (8.4). Hence, the relation (8.8) is already a consequence of the conditions stated
in the theorem. O

Table 8.1. Crouch-Grossman methods of order 3

0 0
—1/24 | —1/24 3/4 3/4
17/24 | 161/24  —6 17/24 | 119/216 17/108
1 —2/3  2/3 | 1351 —2/3 27

Crouch & Grossman (1993) present several solutions of the system (8.3)—(8.7),
one of which is given in the left array of Table 8.1. The construction of higher order

Crouch-Grossman methods is very complicated (“. .. any attempt to analyze algo-
rithms of order greater than three will be very complex, . ..”, Crouch & Grossman,
1993).

The theory of order conditions for Runge—Kutta methods (Sect. III.1) has been
extended to Crouch-Grossman methods by Owren & Marthinsen (1999). It turns out
that the order conditions for classical Runge—Kutta methods form a subset of those
for Crouch-Grossman methods. The first new condition is (8.7). For a method of
order 4, thirteen conditions (including those of Theorem 8.2) have to be satisfied.
Solving these equations, Owren & Marthinsen (1999) construct a 4th order method
with s = 5 stages.

IV.8.2 Munthe-Kaas Methods

These methods were developed in a series of papers by Munthe-Kaas (1995, 1998,
1999). The main motivation behind the first of these papers was to develop a the-
ory of Runge—Kutta methods in a coordinate-free framework. After attempts that
led to new order conditions (as for the Crouch-Grossman methods), Munthe-Kaas
(1999) had the idea to write the solution as Y'(t) = exp(£2(t))Y, and to solve
numerically the differential equation for (2(¢). It sounds awkward to replace the
differential equation (8.1) by a more complicated one. However, the nonlinear in-
variants g(Y") = 0 of (8.1) defining the Lie group are replaced with linear invariants
¢'(I)(£2) = 0 defining the Lie algebra, and we know from Sect. IV.1 that essentially
all numerical methods automatically conserve linear invariants.

It follows from the proof of Theorem 7.1 that the solution of (8.1) can be written
as Y (t) = exp(92(t)) Yo, where £2(t) is the solution of Q = dexpy,' (A(Y'(1)),
£2(0) = 0. Since it is not practical to work with the operator d exp;ll, we truncate
the series (7.3) suitably and consider the differential equation
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Bt g (Afepl@)). 20 =0. 69

0= A(exp k

WMQ

This leads to the following method.

Algorithm 8.3 (Munthe-Kaas 1999). Consider the problem (8.1) with A(Y') € g
for'Y € G. Assume that Y, lies in the Lie group G. Then, the step Y, +— Y11 is
defined as follows:

e consider the differential equation (8.9) with Y,, instead of Yy, and apply a Runge—
Kutta method (explicit or implicit) to get an approximation {21 =~ (2(h),
o then define the numerical solution by Y, 11 = exp(()l)Yn.

Before analyzing this algorithm, we emphasize its close relationship with Algo-
rithm 5.3. In fact, if we identify the Lie algebra g with R¥ (where k is the dimension
of the vector space g), the mapping ¢ (2) = exp(£2)Y,, is a local parametrization
of the Lie group G (see Lemma 6.4). Apart from the truncation of the series in (8.9),
Algorithm 8.3 is a special case of Algorithm 5.3.

Important properties of the Munthe-Kaas methods are given in the next two
theorems.

Theorem 8.4. Let G be a matrix Lie group and § its Lie algebra. If A(Y) € ¢
forY € G and if Yy € G, then the numerical solution of the Lie group method of
Algorithm 8.3 lies in G, i.e., Y,, € G foralln =0,1,2,... .

Proof. 1t is sufficient to prove that for Yy € G the numerical solution {2; of the
Runge—Kutta method applied to (8.9) lies in g. Since the Lie bracket [{2, A] is an
operation g x g — @, and since exp(§2)Y; € G for §2 € g, the right-hand expres-
sion of (8.9) is in g for {2 € g. Hence, (8.9) is a differential equation on the vector
space g with solution {2(t) € g@. All operations in a Runge—Kutta method give
results in @, so that the numerical approximation {2; also lies in g. O

Theorem 8.5. If the Runge—Kutta method is of (classical) order p and if the trun-
cation index in (8.9) satisfies ¢ > p — 2, then the method of Algorithm 8.3 is of
order p.

Proof. For sufficiently smooth A(Y) we have 2(t) = tA(Yy) + O(t?), Y (¢) =
Yo + O(t) and [2(t), A(Y (t))] = O(#*). This implies that ad §, ,, (A(Y (t))) =
O(tF+1), so that the truncation of the series in (8.9) induces an error of size O(h?+?)
for |t| < h. Hence, for ¢ + 2 > p, this truncation does not affect the order of
convergence. O

The most simple Lie group method is obtained if we take the explicit Euler
method as basic discretization and ¢ = 0 in (8.9). This leads to the so-called Lie—
Euler method

Vo1 = exp(hA(Yz)) Y. (8.10)

This is also a special case of the Crouch-Grossman methods of Definition 8.1.



IV.8 Lie Group Methods 127

Taking the implicit midpoint rule as the basic discretization and again ¢ = 0 in
(8.9), we obtain the Lie midpoint rule

Yot1 = exp(2)Y,, 2 = hA(exp(£2/2)Yy,). (8.11)

This is an implicit equation in {2 and has to be solved by fixed point iteration or by
Newton-type methods.

Example 8.6. We take the coefficients of the right array of Table 8.1. They give rise
to 3rd order Munthe-Kaas and 3rd order Crouch-Grossman methods. We apply both
methods with the large step size h = 0.35 to the system (1.5) which is already of the
form (8.1). Observe that Y is a vector in R? and not a matrix, but all results of this
section remain valid for this case. For the computation of the matrix exponential we
use the Rodrigues formula (Exercise 17). The numerical results (first 1000 steps) are
shown in Fig. 8.1. We see that the numerical solution stays on the manifold (sphere),
but on the sphere the qualitative behaviour is not correct. A similar behaviour could
be observed for projection methods (the orthogonal projection consists simply in
dividing the approximation Y;, 1 by its norm) and by the methods based on local
coordinates.

Crouch-Grossman methods and Munthe-Kaas methods are very similar. If they
are based on the same set of Runge—Kutta coefficients, both methods use s evalu-
ations of the matrix A(Y"). The Crouch-Grossman methods require in general the
computation of s(s + 1)/2 matrix exponentials, whereas the Munthe-Kaas meth-
ods require only s of them. On the other hand, Munthe-Kaas methods need also the
computations of a certain number of commutators which increases with ¢ in (8.9).
In such a comparison one has to take into account that every classical Runge—Kutta
method defines a Munthe-Kaas method of the same order, but Crouch-Grossman
methods of high order are very difficult to obtain, and need more stages for the
same order (if p > 4).

Crouch—Grossman method

Fig. 8.1. Solutions of the Euler equations (1.4) for the rigid body
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IV.8.3 Further Coordinate Mappings

The methods of Algorithm 8.3 are based on the local parametrization ¢ (£2) =
exp(£2)Y,,. For all Lie groups, this is a diffeomorphism between the Lie group and
the corresponding Lie algebra. Are there other, computationally more efficient para-
metrizations that can be used in special situations?

The Cayley Transform. Lie groups of the form
G={Y|Y'PY = P}, (8.12)

where P is a given constant matrix, are called guadratic Lie groups. The corre-
sponding Lie algebra is given by g = {2 | P2 + 2T P = 0}. The orthogonal
group O(n) and the symplectic group Sp(n) are prominent special cases (see Ta-
ble 6.1). For such groups we have the following analogue of Lemma 6.4.

Lemma 8.7. For a quadratic Lie group G, the Cayley transform
cay 2= (I - 02)"Y I+ )
maps elements of § into G. Moreover, it is a local diffeomorphism near 2 = 0.

Proof. For 2 € g (ie., P2+ QTP = 0) we have P(I + 2) = (I — 2)TP and
also P(I — 2)™t = (I 4+ 2)"TP.ForY = (I — 2)7}(I + §2) this immediately
implies YT PY = P. ad

The use of the Cayley transform for the numerical integration of differential
equations on Lie groups has been proposed by Lewis & Simo (1994) and Diele,
Lopez & Peluso (1998) for the orthogonal group, and by Lopez & Politi (2001) for

general quadratic groups. It is based on the following result, which is an adaptation
of Lemma I11.4.1 and Lemma II1.4.2 to the Cayley transform.

Lemma 8.8. The derivative of cay {2 is given by

()i - )
where

deay o(H) =2(I — Q)" *H(I + )~ L. (8.13)

For the inverse of dcay g we have

deay 5 (H) = (I — Q)H(I + ). (8.14)

N

Proof. By the usual rules of calculus we obtain

(% cay Q)H = (- ) H(I — Q) I+ 2) + (I - 2) I,

and a simple algebraic manipulation proves the statements. ad
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The numerical approach for solving (8.1) in the case of quadratic Lie groups
is an adaptation of the Algorithm 8.3. We consider the local parametrization ¥ =
¥(£2) = cay ({£2)Y,,, and we apply one step of a numerical method to the differential
equation 2 = dcay ,' A( cay (£2)Y;,) which, by (8.14), is equivalent to

2= (1 - DA cay (2)7,) (I +92).

This equation replaces (8.9) in the Algorithm 8.3. Since no truncation of an infinite
series is necessary here, this approach is a special case of Algorithm 5.3.

Canonical Coordinates of the Second Kind. For a basis {Cy,C,...,Cy} of
the Lie algebra g the coordinates z1,. .., z4 of the local parametrization ¢ (z) =
exp(zgl:1 lei) of the Lie group G are called canonical coordinates of the first
kind. Here we are interested in the parametrization

Y(z) = exp(zlcl) eXp(ZQCQ) e exp(ded), (8.15)

and we call z = (z1,...,24)7 canonical coordinates of the second kind (Varadara-

jan 1974). The use of these coordinates in connection with the numerical solution
of differential equations on Lie groups has been promoted by Celledoni & Iserles
(2001) and Owren & Marthinsen (2001). The idea behind this choice is that, due to
a sparse structure of the C;, the computation of exp(z1C1), . .., exp(z4Cq) may be
much cheaper than the computation of exp(}_, z;C;).

With the change of coordinates y = (=), the differential equation (8.1) be-
comes ¢’ (2)z = A((¥(z))1(z), which is equivalent to

d
A(Y(2)) Zz exp(z1C1) - ... - exp(zi—1C4—1)
i=1

- -Ci-exp(—2i—1Ci—1) - ... - exp(—21C1) (8.16)

d
= Zzz Fio.. ifl)cia
i=1

where we use the notation F;C' = exp(z;C;) C exp(—z;C;) for the linear operator
F; : g — @; see Exercise 12 We need to compute 21, ..., 24 from (8.16), and this
W111 usually be a computationally expensive task. However for several Lie algebras
and for well chosen bases this can be done very efficiently. The crucial idea is the
following: we let F; be defined by

F; (8.17)

C; =
T o i<y,

and we assume that

(Fio...oF;_1)Ci=(Fio...0F;_1)C;,  i=2,....d. (8.18)
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Under this assumption, we have (Fl 0o...0 Fi_l)C’i = (ﬁl 0o...0 ﬁi_l)C’i =
(131 0...0 ﬁd_l) C;, and the relation (8.16) becomes

d
(Fro...oFua) (D 5C) = A(u(2). (8.19)
i=1

In the situations which we have in mind, the operators ﬁj can be efficiently inverted,
and Algorithm 5.3 can be applied to the solution of (8.1).

The main difficulty of using this coordinate transform is to find a suitable or-
dering of a basis such that condition (8.18) is satisfied. The following lemma sim-
plifies this task. We use the notation v (C') for the coefficient in the representation

C =Y ak(C)Ch.

Lemma 8.9. Let {C1,...,Cq} be a basis of the Lie algebra g. If for every pair
7 <1 and for k < jwe have

ai(F;C) #0 = F,Cr = Cy  for { satisfying k < ¢ <j, (8.20)
then the relation (8.18) holds for alli =2, ... ,d.

Proof. We write ﬁi,lCi = F_1C; = Zk ak(Fi,lci)Ck. It follows from the
definition of F; and from (8.20) that (F; _90F;_1)C; = (F;_20F;_1)C;. A repeated
application of this argument proves the statement. a

Owren & Marthinsen (2001) have studied Lie algebras that admit a basis satis-
fying (8.18) for all z. We present here one of their examples.

Example 8.10 (Special Linear Group). Consider the differential equation (8.1)
on the Lie group SL(n) = {Y | detY = 1}, i.e., the matrix A(Y) lies in §l(n) =
{A | traceA = 0}. As a basis of the Lie algebra §[(n) we choose E;; = eiejT for
i # j,and D; = e;el — @z‘+1ezT+1 for 1 < i < n (here, e; = (0,...,1,...,0)7
denotes the vector whose only non-zero element is in the ith position). Following
Owren & Marthinsen (2001) we order the elements of this basis as

Eio<...<EBEip,<BEp3<..<E,<..<E,_i,
<En<..<Ejn<EBEp<..<Ey<...<E,,1
<Dy <...<D,_1.

With the use of Lemma 8.9 one can check in a straightforward way that the relation
(8.18) is satisfied. In nearly all situations o, (F3C;) = 0 for k < j < 4, so that
(8.18) represents an empty condition. Consequently, the Z; can be computed from
(8.19). Due to the sparsity of the matrices F;; and D;, the computation of Fi_1 can
be done very efficiently.
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IV.9 Geometric Numerical Integration Meets
Geometric Numerical Linear Algebra

The persistent use of orthogonal transformations is a hallmark of numerical linear
algebra. Correspondingly, manifolds incorporating orthogonality constraints play
an important role all over this field; see Edelman, Arias & Smith (1998) on the
geometry of algorithms with orthogonality constraints. In addition to the orthogonal
group O(n), the manifolds of primary interest are:

Vy.k, the Stiefel manifold of n x k matrices with £ orthonormal columns,

Gn,k» the Grassmann manifold of orthogonal projections of R™ onto k-dimensional
subspaces, and

M;”X", the manifold of m x n matrices of rank k, which is related to orthogonal
transformations via the singular value decomposition and a related decomposi-
tion discussed below.

IV.9.1 Numerical Integration on the Stiefel Manifold

The original motivation for Stiefel Manifolds
(in Stiefel 1935) was the topological problem,
whether a manifold M can possess k everywhere
linearly independent continuous vector fields. The
problem, which had been solved for the case k =
1, was much harder for £ > 1. In order to attack
this question, Stiefel introduced ‘his’ manifold

Vor ={Y eR™>*|YTY =1}, (9.1

as an auxiliary tool for the definition of what later -~ \
became known as the Stiefel-Whitney classes®. =

Here, we are interested in computations on ‘\ \
these manifolds for their own, with many appli- [ N
cations, as for example the .computa'tion of Lya- Eduard Stiefel®
punov exponents of differential equations; see Ex-
ercise 22 as well as Bridges & Reich (2001) and Dieci, Russell & van Vleck (1997).
There are also many cases where orthogonality constraints concern only some of
the variables in a differential equation. In molecular dynamics, for example, such
orthogonality constraints arise in the Car-Parrinello approach to ab initio molecu-
lar dynamics (Car & Parrinello 1985) and in the multiconfiguration time-dependent
Hartree method of quantum molecular dynamics (Beck, Jackle, Worth & Meyer
2000).

® Eduard L. Stiefel, born: 21 April 1909 in Ziirich, died: 25 November 1979; photo: Bil-
darchiv ETH-Bibliothek, Ziirich.
5 We are grateful to our colleague A. Haefliger for this indication.
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Tangent and Normal Space. We choose a fixed matrix Y in the Stiefel manifold
V = Vp k. Then the tangent space (5.4) at Y € V consists of the matrices Z such
that (Y +eZ)T(Y + Z) remains I for ¢ — 0. Differentiating we obtain

TyV ={Z cRV* | 2Ty + YT Z = 0}, 9.2)

i.e., YT Z is skew-symmetric. This represents 3k(k + 1) conditions, thus Ty-V is of
dimension nk — $k(k + 1).
For defining the normal space, we use the standard Euclidean inner product on
R"%k e,
(A, B) = trace(A" B) = 3, ai;bij, 9.3)

whose corresponding norm is the Frobenius norm

1AF = /3, a%. 9.4)

Then the normal space at Y is given by
NyV ={K e R"™*| K L TyV} = {Y'S|S symmetric k x k matrix}. (9.5)

To show this, we observe that the orthogonality Y'.S | Ty-V follows from (Y’ S, Z) =
trace(SYTZ) = (S, YT Z) and the fact that any symmetric matrix A is orthogonal
to any skew-symmetric matrix B.” A dimension count (the matrix S has k(k + 1)
free elements) now shows us that the space defined in (9.5) fills the entire orthogonal
complement of Ty V.

Orthogonality-Preserving Runge-Kutta Methods. Suppose now that we have to
solve a differential equation Y =F (Y') on a Stiefel manifold V. The orthogonality
constraints Y7'Y' = I are preserved, if the derivative F'(Y) lies in the tangent space
TyV,ie., it FY)TY + YTF(Y) = 0, for every Y € V (weak invariants, see
Sect.IV.4). In the (exceptional) case where they are in fact true invariants, i.e., if
FWTY + YTF(Y) = 0forall Y € R"**, then the orthogonality constraints are
quadratic, and are therefore preserved exactly by the implicit Runge—Kutta meth-
ods of Sect.IV.2.1, in particular the Gauss methods. These methods give numerical
solutions on the Stiefel manifold, but use function evaluations outside the manifold.
In the general case of only weak invariants, a standard approach for enforcing
orthogonality is the introduction of Lagrange multipliers, which can be interpreted
as artificial forces in the direction of the normal space keeping the solutions on the
manifold. Due to the structure of Ny V (see (9.5)), the problem becomes here

Y=FY)+YA YTy=1I (9.6)

with a symmetric Lagrange multiplier matrix A € R***; see also Exercise 10.
Any numerical method for differential-algebraic equations can now be applied, e.g.,

" Indeed, split the sum in (9.3) in two parts < j and 7 > j, and interchange i < j in the
second sum. Then both sums are identical with opposite sign.
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appropriate Runge-Kutta methods as in Chap. VI and Sect. VIL.4 of Hairer & Wan-
ner (1996). A symmetric adaptation of Gauss methods to such problems is given by
Jay (2005).

Below we shall study in great detail mechanical systems with constraints (see
Sect. VIL.1). In the case of orthogonality constraints, such problems can be treated
successfully with Lobatto IIIA-IIIB partitioned Runge—Kutta methods, which in ad-
dition to orthogonality preserve other important geometric properties such as re-
versibility and symplecticity.

@ i (b) (©)

Fig. 9.1. Projection onto the Stiefel manifold using the singular value decomposition

Projection Methods. If we want to use the projection method of Algorithm 4.2, we
have to perform, after every integration step, the projection (4.4), which requires to
find for any given matrix ¥ a matrix Y € V with

IY = Y|lp — min. 9.7)

This projection can be obtained as follows: if Y is not in V (but close), then its
column vectors 1, ...,y will have norms different from 1 and/or their angles
will not be right angles. These quantities determine an ellipsoid, if we require that
these vectors represent conjugate diameters ® (see Fig. 9.1 (a)). This ellipsoid is then
transformed to principal axes in R¥ by an orthogonal map U7 (picture (b)). We let
o1,...,0) be the length of these axes. If the coordinates are now divided by o,
then the ellipsoid becomes the unit sphere and the vectors U”'7; become orthonor-
mal vectors U Tyi. These vectors, when transformed back with U, lie in V and are
the projection we were searching for (picture (c)). For a proof of the optimality, see
Exercise 21.

Connection with the Singular Value Decomposition. We have by construction that
Uly, = X71UTy; where X = diag(oy, . . . o). If we finally map these vectors by
an orthogonal matrix V' to the unit base, we see that VX 1UTY = I, or

y=UxvT 9.8)

which is the singular value decomposition of Y. This connection allows us to use
standard software for our calculations. The projected matrix isthen Y = UV”.

8 Here we touch another of Stiefel’s great ideas, the CG algorithm.
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Remark 1. When the differential equation possesses some symmetry (see the next
chapter), then the symmetric projection algorithm V.4.1 is preferable to be used
instead.

Remark 2. The above procedure is equivalent to the one proposed by D. Higham
(1997): the orthogonal projection is the first factor of the polar decomposition Y =
Y R (where Y has orthonormal columns and R is symmetric positive definite). The
equivalence is seen from the polar decomposition Y = (UVT)(VEXVT). A related

procedure, where the first factor of the () R decomposition of Y is used instead of
that of the polar decomposition, is proposed in Dieci, Russell & van Vleck (1994).

Tangent Space Parametrization. For the appli-
cation of the methods of Sect.IV.5, in particular A Py (F)
Subsection 1V.5.3, to the case of Stiefel mani- Y
folds, we have to find the formulas for the pro-
jection (5.8) (see the wrap figure).
For afixed Y, let Y + 7 be an arbitrary matrix
in Y 4+ Ty V, for which we search the projection
Yy (Z) to V. Because of the structure of Ny V
(see (9.5)), we have that

Yyy(Z)=Y+Z+YS 9.9)

is a local parametrization of V, if S is symmetric and if ¢y (Z)T 1)y (Z) = I. This
condition, when multiplied out, shows that .S has to be a solution of the algebraic
Riccati equation

S?2+25+SYTZz+2TvS+ 2Tz =o. (9.10)

Observe that for & = 1, where the Stiefel manifold reduces to the unit sphere in
R™, the equation (9.10) is a scalar quadratic equation and can be easily solved. For
k > 1, it can be solved iteratively using the scheme (e.g., starting with Sy = 0)

(I+2Z"Y)S, + S, (I+Y"2)=-2"7 - S2_,.

Using a Schur decomposition Y7 Z = QT RQ (where Q is orthogonal and R upper
triangular), the elements of Q.S,,Q” can be computed successively starting from the
left upper corner. We refer to the monograph of Mehrmann (1991) for a detailed
discussion of the solution of linear and algebraic Riccati equations.

Next, we compute for the matrix F’ its orthogonal projection Py (F) to Ty V,
i.e., by (9.5), we have to find a symmetric matrix S such that Py (F) = F — Y 5.
The tangent condition Py (F)TY +YT Py (F) = 0leadsto S = (FTY +YTF)/2,
so that 1

Py(F)=F— 3 (YFTY +YYTF). 9.11)

With the parametrization ¢y (Z) of (9.9) the transformed differential equation,
when projected to the tangent space, yields

Z = PyF(yy(2)), 9.12)
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in complete analogy to (5.9). The numerical solution of (9.12) requires, for every
function evaluation, the solution of the Riccati equation (9.10) and the computation
of a projection onto the tangent space, each needing O(nk?) operations. Compared
with the projection method, the overhead (i.e., the computation apart from the evalu-
ation of F(Y")) is more expensive, but the approach described here has the advantage
that all evaluations of F' are exactly on the manifold V.

1V.9.2 Differential Equations on the Grassmann Manifold

The Grassmann manifold is obtained from the Stiefel manifold by identifying ma-
trices in V), that span the same subspace (see Fig.9.2 (a)). Since any two such
matrices result from each other by right multiplication with an orthogonal k x k
matrix, the resulting manifold is the quotient manifold

Gnk = Vni/O(k). (9.13)

An equivalence class [Y] € G, ; defines an orthogonal projection P = YY7 of
rank k, and conversely, every orthogonal basis of the range of P yields a represen-
tative Y € V,, .. We can thus view the Grassmann manifold as

9.14)

P is an orthogonal projection onto }
a k-dimensional subspace of R" '

p

Fig. 9.2. Integration of a differential equation on the Grassmann manifold

The Tangent Space. The map Y — P = Y'Y from V — G has the tangent map
(derivative) °

TyV —»TpG: 6Y — 6P =0YYT +Y6Y7T, 9.15)

and we wish to apply all the methods for 73V from the arsenal of the preceding
section to problems in 7»G. However, the dimension of TpG is by %k‘(k: —1) lower
than the dimension of Ty-V. This difference is the dimension of O(k) and also of

9 Here we write §Y for tangent matrices at Y (what has been Z in (9.2)), and similarly
for other matrices; Lagrange’s d-notation here becomes preferable, since we will have,
especially in the next subsection, more and more matrices moving around.
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s50(k), the vector space of skew-symmetric k¥ x k matrices. The key idea is now
the following: if we replace the condition from (9.2), Y7 3§Y skew-symmetric, by
YT§Y = 0, then we remove precisely the superfluous degrees of freedom. Indeed,
the extended tangent map

TyV — TpG x s0(k) : Y — (YYT +Y5YT YT5Y) (9.16)

is an isomorphism, since it is readily seen to have zero null-space and the dimensions
of the vector spaces agree. The tangent space is thus characterized as

TpG ={0P =0YYT + YY" | YT5Y = 0}, 9.17)

and every 0P € TpG corresponds to a unique §Y with Y7 §Y = 0. Note that this
condition on §Y" does not depend on the representative ¥ of [Y].

Differential Equations. Consider now a differential equation on G,
P =G(P), 9.18)

with a vector field G on G. The condition G(P) € TpG means, since the tangent
map (9.15) is onto, that there exists for P = Y'Y T a vector F(Y') such that

GP)=FY)Y'+YFY)" with  F'Y+Y'F=0 (9.19)

ie., F(Y) € Ty V. However, from a given initial position Y, there are many F
which produce the same movement G of the subspace represented by P (see Fig. 9.2
(b)). By (9.16), the movement of Y becomes unique if we require that this movement
is orthogonal to the subspace (see Fig. 9.2 (c)),

YTy =0. (9.20)

Multiplying the derivative P = YYT +YY7T with Y7 from the left, we obtain,
under condition (9.20), Y7 P = YT and, by (9.18) and (9.19),Y = YFTY + F or

Y =(I-YYD)F(Y). (9.21)

Geometrically, this means that the vector F'(Y'), which could be chosen arbitrarily
in T3V, is projected to the orthogonal complement of the subspace spanned by Y or
P =YYT. The derivative Y in (9.21) is independent of the particular choice of F'.

Equation (9.21) is a differential equation on the Stiefel manifold V that can be
solved numerically by the methods described in the previous subsection.

Example 9.1 (Oja Flow). A basic example arises in neural networks (Oja 1989):
solutions on V), ;. of the differential equation

Y=(1I-vvyhHAay (9.22)

with a constant symmetric positive definite matrix A € R™*" tend to an orthogonal
basis of an invariant subspace of A as t — oo (Yan, Helmke & Moore 1994).
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A naive comparison of this equation with (9.21) would lead to F'(Y) = AY, but
this function does not satisfy the tangent condition F7Y + Y7 F = 0 from (9.19).
So we use the fact that (1 —YYT)2 =T - YYT andset F(Y) = (I - YYT)AY.
With this, G(P) from (9.18) and (9.19) becomes

P=(I—-P)AP + PA(I—-P). (9.23)

We have obtained the result that equation (9.22) can be viewed as a differential
equation on the Grassmann manifold G, ;.
However, for the numerical integration it is more practical to work with (9.22).

IV.9.3 Dynamical Low-Rank Approximation

Low-rank approximation of large matrices is a basic model reduction technique in
many application areas, such as image compression and latent semantic indexing in
information retrieval; see for example Simon & Zha (2000). Here, we consider the
task of computing low rank approximations to matrices A(t) € R™*" depending
smoothly on ¢. At any time ¢, a best approximation to A(t) of rank % is a matrix
X (t) in the manifold M, = M}"*" of rank-k matrices that satisfies

X(t) € My suchthat || X(t) — A(t)||r = min! (9.24)

The problem is solved by a singular value decomposition of A(t), truncating all
singular values after the r largest ones. When the matrix is so large that a complete
singular value decomposition is not feasible, a standard approach to obtain an ap-
proximate solution is based on the Lanczos bidiagonalization process with A(t), as
discussed in Simon & Zha (2000).

Following Koch & Lubich (2005), we here consider instead the low-rank ap-
proximation Y (t) € My, determined from the condition that for every ¢ the deriva-
tive Y(t), which is in the tangent space Ty (;)/ M}, be chosen as

Y(t) € TyMy suchthat ||V (t) — A(t)]| r = min! (9.25)

This is complemented with an initial condition, ideally Y (tg) = X (¢¢). For given
Y (t), the derivative Y (t) is obtained by a linear projection, though onto a solution-
dependent vector space. Problem (9.25) yields a differential equation on Mj. We
will see that with a suitable factorization of rank-k matrices, we obtain a system
of differential equations for the factors that is well-suited for numerical integration.
The differential equations contain only the increments A(t), which may be much
sparser than the full data matrix A(¢).

Koch & Lubich (2005) show that Y'(¢) yields a quasi-optimal approximation
on intervals where a good smooth approximation exists. It must be noted, however,
that the best rank-k approximation X (¢) may have discontinuities, which cannot
be captured in Y'(¢). This is already seen from the example of finding a rank-1
approximation to diag(e™?, e!), where starting from ¢y < 0 yields X (¢) = Y (t) =
diag(e™*,0) for t < 0, but Y (¢t) = diag(e~*,0) and X (¢) = diag(0, e") for t > 0.
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The best approximation X () has a discontinuity at ¢ = 0, caused by a crossing of
singular values of which one is inside and the other one outside the approximation.
An algorithmic remedy is to restart (9.25) at regular intervals.

In contrast to (9.24), the approach (9.25) extends immediately to the low-rank
approximation of solutions of matrix differential equations A = F(A). Here,
A(t) in (9.25) is simply replaced by the approximation F (Y (t)), which yields the
minimum-defect low-rank approximation Y (¢) by choosing

Y € Ty M, suchthat ||Y — F(Y)|p = min! (9.26)

An approach of this type is of common use in quantum dynamics, where the phys-
ical model reduction of the multivariate Schrodinger equation by the analogue of
(9.26) is known as the Dirac-Frenkel time-dependent variational principle, after
Dirac (1930) and Frenkel (1934); see also Beck, Jackle, Worth & Meyer (2000)
and Sect. VIL.6.

Decompositions of Rank-k Matrices and of Their Tangent Matrices. Every real
rank-k matrix of dimension m X n can be written in the form

Yy =Usv" 9.27)

where U € Vp, ;, and V' € V, ; have orthonormal columns, and S € RFXFE g
nonsingular. The singular value decomposition yields S diagonal, but here we do
not assume a special form of S. The representation (9.27) is not unique: replacing
UbyU = UP and V by V = V(@ with orthogonal matrices P,Q € O(k) and
correspondingly S by S = PTSQ, yields the same matrix Y = USVT = USVT.

As a substitute for the non-uniqueness in (9.27), we use — as in the previous
subsection — a unique decomposition in the tangent space. Every tangent matrix
§Y € Ty My, atY = USVT is of the form (see Exercise 23)

Y =osUSVT +UsSVT +USsVT, (9.28)

where 65 € RF** and §U € Ty Vi x, 6V € TyV, . Conversely, 85, 5U, 5V are
uniquely determined by §Y if we impose the orthogonality constraints

utsu =0, VvVTév =o. (9.29)
Equations (9.28) and (9.29) yield

68 =UT6YV,
U = (I -UUTYYVSH, (9.30)
sV=U-vvheyTus-T.

Formulas (9.28) and (9.30) establish an isomorphism between the subspace
{(85,0U,6V) € R¥*k 5 Rm*k 5 RM¥F | UT6U =0, VIV = 0}

and the tangent space Ty M.
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Differential Equations for the Factors. The minimization condition (9.25) is
equivalent to the orthogonal projection of A(t) onto the tangent space Ty ;) My:

find Y € Ty M}, (we omit the argument t) satisfying
(Y —A,6Y)=0 forall §Y € Ty My, (9.31)

with the Frobenius inner product (A, B) = trace(AT B). With this formulation we
derive differential equations for the factors in the representation (9.27).

Theorem 9.2. For Y = USVT € My with nonsingular S € R*** and with
U e R™*F and V S R”Xk having. orthonormql columns, condition (9.25) or (9.31)
is equivalentto Y = USVT + USVT + USVT where

S = UTAv
U = (I-UUMAvs (9.32)
V = (I-vvhHATus-T.

Proof. Foru € R™, v € R" and B € R™*™, we use the identity
(uv”, B) = u™ Bo.

In view of (9.29) we require U T =vTy =0 along the solution trajectory in order
to define a unique representation of Y. We first substitute §Y = uivJ-T, fori, j =
1,...,k,in (9.31), where u;, v; denote the columns of U, V, respectively. This is of
the form (9.27) with 6U = §V = 0 and one non-zero element in 4S. In this way we
find S = UT AV. Similarly, choosing §Y = Z?zl ou sijva, i =1,...,k, where
du € R™ is arbitrary with U T§u = 0, we obtain the stated differential equation
for U, and likewise for §Y = Z?Zl u;s;:60vT with VT§v = 0 the differential
equation for V. O

The differential equations (9.32) are closely related to differential equations for
other smooth matrix decompositions, in particular the smooth singular value decom-
position; see, e.g., Dieci & Eirola (1999) and Wright (1992). Unlike the differential
equations for singular values given there, the equations (9.32) have no singularities
at points where singular values of Y (¢) coalesce.

For the minimum-defect low-rank approximation (9.26) of a matrix differential
equation A = F(A), we just need to replace A by F(Y) for Y = USV7” in the
differential equations (9.32).

The matrices U (t) and V (¢) evolve on Stiefel manifolds. The differential equa-
tions (9.32) can thus be solved numerically by the methods discussed in Sect. IV.9.1.

IV.10 Exercises

1. Prove that the symplectic Euler method (I.1.9) conserves quadratic invariants
of the form (2.5). Explain the “0” entries of Table (1.2.1).
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Prove that under condition (2.3) a Runge—Kutta method preserves all invariants
of the form I(y) = yT Cy + d"y + c.

Prove that an s-stage diagonally implicit Runge—Kutta method (i.e., a;; = 0 for
1 < 7) satisfies the condition (2.3) if and only if it is equivalent to a composition
Dy p 0 ... 0Dy, based on the implicit midpoint rule.

Prove the following statements: a) If a partitioned Runge—Kutta method con-
serves general quadratic invariants p” C'p + 2p” Dq + ¢T Eq, then each of the
two Runge—Kutta methods has to conserve quadratic invariants separately.

b) If both methods, {b;, a;;} and {Zi,aij} are irreducible, satisfy (2.3) and if
(2.7)-(2.8) hold, then we have b; = 51 and a;; = @;; forall ¢, 5.

Prove that the Gauss methods are the only collocation methods satisfying (2.3).
Hint. Use the ideas of the proof of Lemma 13.9 in Hairer & Wanner (1996).
Discontinuous collocation methods with either b; # 0 or by # 0 (Defini-
tion I1.1.7) cannot satisfy the criterion (2.3).

(Sanz-Serna & Abia 1991, Saito, Sugiura & Mitsui 1992). The condition (2.3)
acts as simplifying assumption for the order conditions of Runge—Kutta meth-
ods. Assume that the order conditions are satisfied for the trees « and v. Prove
that it is satisfied for v o v if and only if it is satisfied for v o u, and that it is
automatically satisfied for trees of the form u o w.

Remark. u o v denotes the Butcher product introduced in Sect. VI.7.2.

If Ly is a symmetric, tridiagonal matrix that is sufficiently close to A =
diag(A1, ..., An), where Ay > Ay > ... > )\, are the eigenvalues of Lg, then
the solution of (3.5) with B(L) = L. — L% converges exponentially fast to the
diagonal matrix A. Hence, the numerical solution of (3.5) gives an algorithm
for the computation of the eigenvalues of the matrix L.

Hint. Let (3y,..., [, be the entries in the diagonal of L, and ay,...,q,_1
those in the subdiagonal. Assume that |3 (0) — Ax| < R/3 and |a(0)| < R
with some sufficiently small R. Prove that Sy (¢t) — Br4+1(t) > p — R and
| ()] < Re(=F)t for all t > 0, where 1 = ming, (A, — Agy1) > 0.
Elaborate Example 4.5 for the special case where Y is a matrix of dimension
2. In particular, show that (4.6) is the same as (4.5), and check the formulas for
the simplified Newton iterations.

(Brenan, Campbell & Petzold (1996), Sect.2.5.3). Consider the differential
equation y = f(y) with known invariants g(y) = Const, and assume that ¢’(y)
has full rank. Prove by differentiation of the constraints that, for initial values
satisfying g(yo) = 0, the solution of the differential-algebraic equation (DAE)

g o= fW)+dwu
0 = g(y)

also solves the differential equation § = f(y).

Remark. Most methods for DAEs (e.g., stiffly accurate Runge—Kutta methods
or BDF methods) lead to numerical integrators that preserve exactly the con-
straints g(y) = 0. The difference from the projection method of Sect.IV.4 is
that here the internal stages also satisfy the constraint.
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Prove that SL(n) is a Lie group of dimension n? — 1, and that 5[(n) is its Lie
algebra (see Table 6.1 for the definitions of SL(n) and §[(n)).
Let G be a matrix Lie group and g its Lie algebra. Prove that for Y € G and
A€ gwehave YAY 1 € g.
Hint. Consider the path v(t) = Ya(t)Y 1.
Consider a problem Y = A(Y)Y, for which A(Y) € $0(n) whenever Y &
O(n), but where A(Y") is an arbitrary matrix for Y ¢ O(n).
a) Prove that Yy € O(n) implies Y (¢) € O(n) for all ¢.
b) Show by a counter-example that the numerical solution of the implicit mid-
point rule does not necessarily stay in O(n).
(Feng Kang & Shang Zai-jiu 1995). Let R(z) = (1 + z/2)/(1 — z/2) be the
stability function of the implicit midpoint rule. Prove that for A € s[(3) we
have

det R(hA)=1 < detA=0.

(Iserles & Ngrsett 1999). Introducing y; = y and ys = g, write the problem
y+ty =0, y(0) =1, y(0)=0

in the form (7.6). Then apply the numerical method of Example 7.4 with dif-
ferent step sizes on the interval 0 < ¢ < 100. Compare the result with that
obtained by fourth order classical (explicit or implicit) Runge—Kutta methods.
Remark. If A(t) in (7.6) (or A(¢,y) in (8.1)) are much smoother than the solu-
tion y(¢), then Lie group methods are usually superior to standard integrators,
because Lie group methods approximate A(t), whereas standard methods ap-
proximate the solution y(¢) by polynomials.

Deduce the BCH formula from the Magnus expansion (IV.7.5).

Hint. For constant matrices A and B consider the matrix function A(t) defined
by A(t) = Bfor0 <t <1land A(t) = Aforl <t <2.

(Rodrigues formula, see Marsden & Ratiu (1999), page 291). Prove that

. . 0 —Wws w2
1 2)\2
exp(Q) = I—|— S .Q‘F*(w) 92 fOI' Q = ws 0 —Ww1
2\ «/2
—Ww2 w1 0
where @ = \/w? + w3 + w2. This formula allows for an efficient implementa-

tion of the Lie group methods in O(3).

The solution of Y = A(Y)Y,Y (0) = Yy, is given by Y () = exp(£2(t)) Yo,
where (2(t) solves the differential equation (8.9). Compute the first terms of the
t-expansion of 2(t).

Result.  Q(t) = tA(Yy) + LA (Yo)A(Yo)Yo + & (A'(Yo)?A(Yo)YE +
A'(Yo) A(Yp)*Yo+A" (Yo) (A(Yo) Yo, A(Y0)Yo) — 5 [A(Yo), A'(Yo) A(Yo)Yo] ).
Consider the 2-stage Gauss method of order p = 4. In the corresponding Lie
group method, eliminate the presence of {2 in [{2, A] by iteration, and neglect
higher order commutators. Show that this leads to
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2 Az)—*( i+£)[A17A2]

L) = 2L ) )

h2f

h(lA1 n (

2 =h((3 +£)A1+

1

4

Yy = exp( ( At 5 LA > AlaAQ])y()v
where A; = A(Y;) and Y; = exp(!?i)yo. Prove that this is a Lie group method
of order 4. Is it symmetric?

In Zanna (1999) a Lie group method similar to that of Exercise 19 is presented.
The only difference is that the coefficients (—1/12 + v/3/24) and (1/12 +
\/3/24) in the formulas for £2; and (2, are replaced with (—5/72+4+/3/24) and
(5/72 4+ /3/24), respectively. Is there an error somewhere? Are both methods
of order 4? _

Show that for given Y the solution of problem (9.7) is Y = UVT, where
Y = UXV7 is the singular value decomposition of Y.

Hint. Since |USVT||p = ||S||F holds for all orthogonal matrices U and V/,
it is sufficient to consider the case Y = (X,0)7 with ¥ = diag(1,...,0%).
Prove that ||(¥,0)T — Y||% > Y%, (0; — 1)? for all matrices Y satisfying
YTy = I

Show that the solution of the matrix differential equation Y = A()Y on R"**,
with initial values Yy € V), x, can be decomposed as

Y(t) =U(t)S(t), where U(t) € V1, S(t) € RF*F
satisfy the differential equations
S=vTAUS, U=I-UU"AU

with initial values Sy = I, Uy = Yj.

Remark: These differential equations can be used for the computation of Lya-
punov exponents as an alternative to the differential equations discussed in
Bridges & Reich (2001) and Dieci, Russell & van Vleck (1997).

Consider the map GL(k) X Vi, & X V), — M, that associates to (S, U, V') the
rank-k matrix Y = USV7. Show that the extended tangent map

R¥F % TyVin ke X Ty Vo — Ty My x 50(k) x s0(k)
(65,0U,6V) — (SUSVT + UsSVT +USSVT, UTsU, VT§V)

is an isomorphism.

Let A(t) € R™ "™ be symmetric and depend smoothly on ¢. Show that the
solution P(t) € G, i, of the dynamical low-rank approximation problem on the
Grassmann manifold,

PeTpGnr  with ||P— Allp = min!,
is givenas P = YYT where Y € V,, ;, solves the differential equation

Y =(1-YY")Ay.



Chapter V.
Symmetric Integration and Reversibility

Symmetric methods of this chapter and symplectic methods of the next chapter play
a central role in the geometric integration of differential equations. We discuss re-
versible differential equations and reversible maps, and we explain how symmetric
integrators are related to them. We study symmetric Runge—Kutta and composition
methods, and we show how standard approaches for solving differential equations
on manifolds can be symmetrized. A theoretical explanation of the excellent long-
time behaviour of symmetric methods applied to reversible differential equations
will be given in Chap. XI.

V.1 Reversible Differential Equations and Maps

Conservative mechanical systems have the property that inverting the initial direc-
tion of the velocity vector and keeping the initial position does not change the solu-
tion trajectory, it only inverts the direction of motion. Such systems are “reversible”.
We extend this notion to more general situations.

Definition 1.1. Let p be an invertible linear transformation in the phase space of
¥ = f(y). This differential equation and the vector field f(y) are called p-reversible
if

pf(y)=—f(py)  forall y. (1.1)

f(y)

v Y v / 2 = Y1

P . P p | .
—pf(y) l l ¢
fpy) 0 ‘.
pY PYo

pf(y)

Fig. 1.1. Reversible vector field (left picture) and reversible map (right picture)
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This property is illustrated in the left picture of Fig. 1.1. For p-reversible differ-
ential equations the exact flow ¢ (y) satisfies

popi=p_top=;'op (1.2)

(see the picture to the right in Fig. 1.1). The right identity is a consequence of the
group property ¢; © @5 = Y44, and the left identity follows from

%(ﬂosot)(y) = 2t (e) = ~1(te00)
%(gp,top)(y) = —f((ipftop)(y))»

because all expressions of (1.2) satisfy the same differential equation with the same
initial value (po¢g)(y) = (o © p)(y) = py. Formula (1.2) motivates the following
definition.

Definition 1.2. A map @(y) is called p-reversible if

pod=d"top.
Example 1.3. An important example is the partitioned system
= f(u,v), v = g(u,v), (1.3)
where f(u, —v) = — f(u,v) and g(u, —v) = g(u,v). Here, the transformation p is

given by p(u,v) = (u, —v). If we call a vector field or a map reversible (without
specifying the transformation p), we mean that it is p-reversible with this particu-
lar p. All second order differential equations i = g(u) written as & = v, ¥ = g(u)
are reversible. As a first implication of reversibility on the dynamics we mention
the following fact: if v and v are scalar, and if (1.3) is reversible, then any solution
that crosses the u-axis twice is periodic (Exercise 5, see also the solution of the
pendulum problem in Fig.1.1.4).

It is natural to search for numerical methods that produce a reversible numerical
flow when they are applied to a reversible differential equation. We then expect the
numerical solution to have long-time behaviour similar to that of the exact solution;
see Chap. XI for more precise statements. It turns out that the p-reversibility of a
numerical one-step method is closely related to the concept of symmetry.

Thus the method is theoretically symmetrical or reversible, a terminology

we have never seen applied elsewhere.
(P.C. Hammer & J.W. Hollingsworth 1955)

Definition 1.4. A numerical one-step method @, is called symmetric or time-
reversible,' if it satisfies

Ppod_j, =id  orequivalently @, = ;.

! The study of symmetric methods has its origin in the development of extrapolation meth-
ods (Gragg 1965, Stetter 1973), because the global error admits an asymptotic expansion
in even powers of h. The notion of time-reversible methods is more common in the Com-
putational Physics literature (Buneman 1967).
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With the Definition II.3.1 of the adjoint method (i.e., @}, = 43:,11), the condition
for symmetry reads @, = ;. A method y; = D, (yo) is symmetric if exchanging
Yo <> y1 and h <+ —h leaves the method unaltered. In Chap. I we have already en-
countered the implicit midpoint rule (I.1.7) and the Stormer—Verlet scheme (I1.1.17),
both of which are symmetric. Many more symmetric methods will be given in the
following sections.

Theorem 1.5. If a numerical method, applied to a p-reversible differential equa-
tion, satisfies
pody, =& 4 o0p, (1.4)

then the numerical flow @y, is a p-reversible map if and only if @y, is a symmetric
method.

Proof. As a consequence of (1.4) the numerical flow @, is p-reversible if and only
if®d_pop= @;1 o p. Since p is an invertible transformation, this is equivalent to
the symmetry of the method &,. a

Similarly, it is also true that a symmetric method is p-reversible if and only if
the p-compatibility condition (1.4) holds.

Compared to the symmetry of the method, condition (1.4) is much less restric-
tive. It is automatically satisfied by most numerical methods. Let us briefly discuss
the validity of (1.4) for different classes of methods.

o Runge—Kutta methods (explicit or implicit) satisfy (1.4) without any restriction
other than (1.1) on the vector field (Stoffer 1988). Let us illustrate the proof with
the explicit Euler method @}, (yo) = yo + hf(yo):

(po@n)(yo) = pyo + hpf(yo) = pyo — hf(pyo) = P—n(pYo)-

o Partitioned Runge—Kutta methods applied to a partitioned system (1.3) satisfy the
condition (1.4) if p(u, v) = (p1(u), p2(v)) with invertible p; and p. The proof is
the same as for Runge—Kutta methods. Notice that the mapping p(u,v) = (u, —v)
of Example 1.3 is of this special form.

o Composition methods. If two methods @, and ¥}, satisfy (1.4), then so does the
adjoint @} and the composition $;, o ¥;,. Consequently, the composition methods
(3.1) and (3.2) below, which compose a basic method @}, and its adjoint with
different step sizes, have the property (1.4) provided the basic method &}, has it.

e Splitting methods are based on a splitting ¢ = f[!(y)+ fl(y) of the differential
equation. If both vector fields, fI!(y) and f[?(y), satisfy (1.1), then their exact
flows ga[hl] and @E] satisfy (1.2). In this situation, the splitting method (IL.5.6) has
the property (1.4).

o For differential equations on manifolds we have to assume that p maps M to
M. Otherwise, condition (1.1) does not make sense. For the projection method
of Algorithm IV.4.2 with orthogonal projection onto the manifold we have: if
the basic method satisfies (1.4) and if p is an orthogonal matrix, then it satisfies
(1.4) as well. This follows from the fact that the tangent and normal spaces satisfy
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TyyM = pTyM and N,, M = p~T N, M, respectively. A similar result holds
for methods based on local coordinates, if the local parametrization is well cho-
sen. For example, this is the case if p1)(z) is the parametrization at pyo whenever
¥(z) is the parametrization at yo.

V.2 Symmetric Runge-Kutta Methods

We give a characterization of symmetric methods of Runge—Kutta type and mention
some important examples.

V.2.1 Collocation and Runge-Kutta Methods

Symmetric collocation methods are characterized by the symmetry of the colloca-
tion points with respect to the midpoint of the integration step.

Theorem 2.1. The adjoint method of a collocation method (Definition I1.1.3) based
onci,...,csis acollocation method based on cj, ..., c;, where

)y Lso

*_

¢ =1-corr1i 2.1)

In the case that c¢; = 1 — cs41—; for all i, the collocation method is symmetric.
The adjoint method of a discontinuous collocation method (Definition 11.1.7)

based on by,bs and ca, ..., cs_1 is a discontinuous collocation method based on
by, biandcs, ..., ci_q, where
bT = bs, b: = b1 and Cr =1- Cst1—i- (22)

In the case that by = bs and ¢; = 1 — c44.1—; for all 1, the discontinuous collocation
method is symmetric.

0 C1 C2 C3 C4 Cs 1

Fig. 2.1. Symmetry of collocation methods

Proof. Exchanging (to,y0) < (t1,y1) and h < —h in the definition of a collo-
cation method we get u(t1) = y1, u(ty — ¢;h) = f(t1 — c;ih,u(ts — c;h)), and
yo = u(ty — h). Inserting ¢, = to + h this yields the collocation method based
on c; of (2.1). Observe that the ¢ can be arbitrarily permuted. For discontinuous
collocation methods the proof is similar. ]

The preceding theorem immediately yields the following result.
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Corollary 2.2. The Gauss formulas (Table I1.1.1), as well as the Lobatto IIIA (Ta-
ble I1.1.2) and Lobatto IIB formulas (Table II.1.4) are symmetric integrators. O

Theorem 2.3 (Stetter 1973, Wanner 1973). The adjoint method of an s-stage
Runge—Kutta method (I11.1.4) is again an s-stage Runge—Kutta method. Its coeffi-
cients are given by

aj; = bsp1-j — Qsp1-ist1—j, bj = bet1—i- (2.3)
If
a5+1_175+1_j =+ aij = bj fO}" all i,j, (24)

then the Runge—Kutta method (I1.1.4) is symmetric.

Proof. Exchanging yy <> y1 and h <> —h in the Runge—Kutta formulas yields

ki :f(y0+h2(bj —az‘j)kj>a Y1 :yO“"thiki- (2.5)

j=1 i=1

Since the values 2;21 (bj —a;j) = 1 — c¢; appear in reverse order, we replace k; by
ksy1—;1n (2.5), and then we substitute all indices < and j by s +1—¢and s+ 1 — 7,
respectively. This proves (2.3).

The assumption (2.4) implies a;; = a;; and b; = b;, so that &}, = &,. O

Explicit Runge—Kutta methods cannot fulfill condition (2.4) with ¢ = j, and it is
not difficult to see that no explicit Runge—Kutta can be symmetric (Exercise 2). Let
us therefore turn our attention to diagonally implicit Runge—Kutta methods (DIRK),
for which a;; = 0 for ¢ < j, but with diagonal elements that can be non-zero. In
this case condition (2.4) becomes

Qij = bj = b5+1,j for 7 > 7 Qjj + As+1—7j,s+1—j = bj. 2.6)

The Runge—Kutta tableau of such a method is thus of the form (e.g., for s = 5)

C1 a1l
C2 by ag
c3 by by asz

1-— Co b1 bg bg 44 (27)

1—0c by bo b3 by ass
b1 bg b3 b2 bl

with az3 = b3/2, aga = by — a9o, and ass = by — aq1. If one of the b; vanishes,
then the corresponding stage does not influence the numerical result. This stage can
therefore be suppressed, so that the method is equivalent to one with fewer stages.
Our next result shows that methods (2.7) can be interpreted as the composition of
@-methods, which are defined as

2 For irreducible Runge—Kutta methods, the condition (2.4) is also necessary for symmetry
(after a suitable permutation of the stages).
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P (yo) = 1, where  y1 =yo+hf((1—0)yo+0y1). (2.8
Observe that the adjoint of the §-method is ¢¢* = &; 7.

Theorem 2.4. A diagonally implicit Runge—Kutta method satisfying the symmetry
condition (2.4) and b; # 0 is equivalent to a composition of 0-methods

ok Qg k (e aq
@blh oq'5b2h 0...0(15bzhogl5b1h, 2.9)
where cv; = a;; /b;.

Proof. Since the 6-method is a Runge—Kutta method with tableau

0140
1
Qs t1—i

this follows from the discussion in Sect. II1.1.3. We have used &,°" "™ = @g};
which holds, because bs41—; = b; and as41—; = 1 — «; by (2.6). O

A more detailed discussion of such methods is therefore postponed to Sect. V.3
on symmetric composition methods.

V.2.2 Partitioned Runge-Kutta Methods

Applying partitioned Runge—Kutta methods (II.2.2) to general partitioned systems

v =f(y,2), z=g(y,2), (2.10)

it is obvious that for their symmetry both Runge—Kutta methods have to be symmet-
ric (because y = f(y) and 2 = g(z) are special cases of (2.10)). The proof of the
following result is identical to that of Theorem 2.3 and therefore omitted.

Theorem 2.5. If the coefficients of both Runge—Kutta methods b;, a;; and Ei,aij
satisfy the condition (2.4), then the partitioned Runge—Kutta method (11.2.2) is sym-
metric. O

As a consequence of this theorem we obtain that the Lobatto IIIA-IIIB pair (see
Sect. I1.2.2) and, in particular, the Stormer—Verlet scheme are symmetric integrators.

An interesting feature of partitioned Runge—Kutta methods is the possibility of
having explicit, symmetric methods for problems of the form

y=f(2), Z=g(y). 2.11)

Second order differential equations § = ¢(y), written in the form y = z, 2 = g(y)
have this structure, and also all Hamiltonian systems with separable Hamiltonian
H(p,q) = T(p) + V(q). Itis not possible to get explicit symmetric integrators with
non-partitioned Runge—Kutta methods (Exercise 2).

The Stormer—Verlet method (Table I1.2.1) applied to (2.11) reads
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h
22 = 20+ 5 9(0)
y1 = yo+hf(zy2)
h
z1 = 21/2‘1‘59(3/1)

and is the composition /20 Py, /2, where

(y1> — %, (yo>’ y1 =yo+hf(z) 2.12)

21 ) z1 = 20 + hg(yo)

is the symplectic Euler method and

Y\ _ g+ [ Yo Y1 = Yo + hf(z20)
<21> =, (Zo> ) 21 = 20 + hg(yr) (2.13)

its adjoint. All these methods are obviously explicit. How can they be extended to
higher order? The idea is to consider partitioned Runge—Kutta methods based on
diagonally implicit methods such as in (2.7). If a;; - a;; = 0, then one component
of the +th stage is given explicitly and, due to the special structure of (2.11), the
other component is also obtained in a straightforward manner. In order to achieve
ag; - ay; = 0 with a symmetric partitioned method, we have to assume that s, the
number of stages, is even.

Theorem 2.6. A partitioned Runge—Kutta method, based on two diagonally implicit
methods satisfying a;; - a; = 0 and (2.4) with b; # 0 and b; # 0, is equivalent
to a composition of Py, and Py, with Py, and Pj, given by (2.12) and (2.13),
respectively. O

For example, the partitioned method

0 by

by bo b 0

bl b2 0 31 /52 32

by by by by by by by O
by by by by 15y by by by

satisfies the assumptions of the preceding theorem. Since the methods have identical
stages, the numerical result only depends on 31, b1 + bo, 32 + 33, bs + by, and
34. Therefore, we can assume that 32 = b; and the method is equivalent to the
composition @; , o Py,p, 0 Dy, 0 Py, .

V.3 Symmetric Composition Methods

In Sect.I1.4 the idea of composition methods is introduced, and a systematic way
of obtaining high-order methods is outlined. These methods, based on (I1.4.4) or on
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(I1.4.5), turn out to be symmetric, but they require too many stages. A theory of order
conditions for general composition methods is developed in Sect.III.3. Here, we
apply this theory to the construction of high-order symmetric methods. We mainly
follow two lines.

e Symmetric composition of first order methods.
!PhzéﬁashOQZ'JES,Lo...osﬁ%?hodsmho@fhh, 3.D

where @}, is an arbitrary first order method. In order to make this method sym-
metric, we assume «; = 1, as_1 = [3a, etc.
o Symmetric composition of symmetric methods.

Wh:@'ysh 0@75_1ho"'0@72h0@71h’ (32)

where @}, is a symmetric second order method and v; = 71, Ys—1 = 72, etc.

V.3.1 Symmetric Composition of First Order Methods

Because of Lemma 3.2 below, every method (3.2) is a special case of method (3.1).
In this subsection we concentrate on methods that are of the form (3.1) but not of
the form (3.2).

For constructing methods (3.1) of a certain order, one has to solve the system
of nonlinear equations given in Theorem III.3.14 (see also Example II1.3.15). The
symmetry assumption on the coefficients considerably simplifies this system.

Theorem 3.1. [f the coefficients of method (3.1) satisfy cs11—; = (3 for all i, then
it is sufficient to consider those trees with odd |||

Proof. This is a consequence of Theorem I1.3.2 (the maximal order of symmetric
methods is even). In fact, if the condition for order 1 is satisfied, it is automatically
of order 2. If, in addition, the conditions for order 3 are satisfied, it is automatically
of order 4, etc. O

It may come as a surprise that the popular leapfrog . . . can be beaten, but
only slightly. (R.I. McLachlan 1995)

Methods of Order 2. The only remaining condition for order two is >, _, (ax +
Br) = 1, and, for s = 1, the symmetry requirement leads to &;, /5 0 D7 /2 Depending
on the choice of @}, this method is equivalent to the midpoint rule, the trapezoidal
rule, or the Stormer—Verlet scheme, all very famous and frequently used. However,
McLachlan (1995) discovered that the case s = 2 can be slightly more advanta-
geous. We obtain

DPan 0 P(1 79— ayn © P1/2-a)h © Pons (3.3)

where « is a free parameter, which can serve for clever tuning.

Minimizing the Local Error of Composition Methods. Subtracting the B,-
series of the numerical and the exact solutions (see Sect. I11.3.2), we obtain
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Fig. 3.1. The error functions |¢;(cv)| defined in (3.5) (left picture). Work-precision diagrams
for the Kepler problem (as in Fig.I1.4.4) and for method (3.3) with o = 0.25 (Stormer—
Verlet), « = 0.1932 (McLachlan), and o« = 0.22. “IE”: method &;, treats position by implicit
Euler, velocity by explicit Euler; “EI”: method @), treats position by explicit Euler, velocity
by implicit Euler

(a(r) = e()) F(r)(y) + O("+).

Assuming that the basic method has an expansion @, (y) = y + hf(y) + h?da(y) +
h3ds(y) + ..., we obtain for method (3.3), similar to (II1.3.3), the local error

B (a1(@)da(y) + a2() (da) (9) + as(0) (f'd2) (v)

Ha@(P 00w + @ )W) + 00,
which contains one term for each of the 5 trees 7 € T, with ||7|| = 3. The ¢;(«)
are the polynomials

ai(0) = (1-6a+120%),  gao(a) = 3 (~1+6a —8a2), .
() = —a?, qa(a) = é(l — 6o+ 6a2), gs(a) = %ql(a), .

which are plotted in the left picture of Fig. 3.1. If we allow arbitrary basic methods
and arbitrary problems, all elementary differentials in the local error are indepen-
dent, and there is no overall optimal value for . We see that the modulus of ¢; («)
and g5 («v) are minimal for o« = 1/4, which is precisely the value corresponding to a
double application of @}, /> o &} , with halved step size. But the values lg3(x)| and
|g4()| become smaller with decreasing « (close to & = 1/4). McLachlan (1995)
therefore minimizes some norm of the error (see Exercise 4) and arrives at the value
a = 0.1932.

In the numerical experiment of Fig. 3.1 we apply method (3.3) with three differ-
ent values of « to the Kepler problem (with data as in Fig. I1.4.4 and the symplectic
Euler method for @;). Once we treat the position variable by the implicit Euler
method and the velocity variable by the explicit Euler method (central picture), and
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once the other way round (right picture). We notice that the method which is best in
one case is worst in the other.

This simple experiment shows that choosing the free parameters of the method
by minimizing some arbitrary measure of the error coefficients is problematic. For
higher order methods there are many more expressions in the dominating term of
the local error (for example: 29 terms for ||7|| = 5). The corresponding functions ¢;
give a lot of information on the local error, and they indicate the region of parame-
ters that produce good methods. But, unless more information is known about the
problem (second order differential equation, nearly integrable systems), one usually
minimizes, for orders of 8 or 10, just the maximal values of the «;, §;, or 7y; (Kahan
& Li 1997).

Methods of Order 4. Theorem 3.1 and Example III.3.15 give 3 conditions for
order 4. Therefore, we put s = 3 in (3.1) and assume symmetry 31 = ag, 02 = aa,
and (53 = «. This leads to the conditions
1
ar+as+az =3, b+ o+ a3 =0, (@2 —ad)(a1 + ) = 0.
Since with a; + ae = 0 or with a1 + ag = 0 the first two of these equations are not
compatible, the unique solution of this system is

1 21/3

N=B=5n o1y 2T TR 21/

We observe that 3; = «; for all ¢. Therefore, @4, 0 @gi ,, can be grouped together in
(3.1) and we have obtained a method of type (3.2), which is actually method (I1.4.4)
with p = 2.

Again, the solutions with the minimal number of stages do not give the best
methods (remember the good performance of Suzuki’s fourth order method (I1.4.5)
in Fig.11.4.4), so we look for 4th order methods with larger s. McLachlan (1995)
has constructed a method for s = 5 with particularly small error terms and nice
coefficients

14 — /19 146 + 5v/19
ﬂlzag,:W, 011:55:T7 (3.6)
—23 — 2019 —24+10v/19 1
52:044:2770, 02154:T7 /63:0‘3:57

which he recommends “for all uses”.

In Fig. 3.2 we compare the numerical performances of all these methods on our
already well-known example in both variants (implicit-explicit and vice-versa). We
see that the best methods in one picture may be worse in the other. For comparison,
the results are surrounded by “ghosts in grey” representing good formulae from the
next lower (order 2) and the next higher (order 6) class of methods.

Methods Tuned for Special Problems. In the case where one is applying a special
method to a special problem (e.g., to second order differential equations or to small
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Order 4

Fig. 3.2. Work-precision diagrams for methods of order 4 as in Fig. 3.1; “3j”: the Triple Jump
(I1.4.4); “su”: method (I1.4.5) of Suzuki; “ml”: McLachlan (3.6); “bm”: method (3.7); in
grey: neighbouring order methods Stormer/Verlet (order 2) and p6 s9 (order 6)

perturbations of integrable systems), more spectacular gains of efficiency are pos-
sible. For example, Blanes & Moan (2002) have constructed the following fourth
order method with s = 6

B1 = ag = 0.082984406417405, a1 = (s = 0.16231455076687,
B2 = a5 = 0.23399525073150, g = f5 = 0.37087741497958,  (3.7)
B3 = oq = —0.40993371990193, ag = [4 = 0.059762097006575,

which, when correctly applied to second order differential equations (right picture
of Fig. 3.2) exhibits excellent performance.

Further methods, adapted to the integration of second order differential equa-
tions, have been constructed by Forest (1992), McLachlan & Atela (1992), Calvo
& Sanz-Serna (1993), Okunbor & Skeel (1994), and McLachlan (1995). Another
important situation, which allows a tuning of the parameters, are near-integrable
systems such as the perturbed two-body motion (e.g., the outer solar system consid-
ered in Chap. I). If the differential equation can be split into 7 = f[U(y) + f(y),
where § = flU(y) is exactly integrable and f1?!(y) is small compared to fI')(y),
special integrators should be used. We refer to Kinoshita, Yoshida & Nakai (1991),
Wisdom & Holman (1991), Saha & Tremaine (1992), and McLachlan (1995b) for
more details and for the parameters of such integrators.

Methods of Order 6. By Theorem 3.1 and Example I11.3.12 a method (3.1) has to
satisfy 9 conditions for order 6. It turns out that these order conditions have already
a solution with s = 7, but all known solutions with s < 8 are equivalent to methods
of type (3.2). With order 6 we are apparently close to the point where the enormous
simplifications of the order conditions due to Theorem 3.3 below start to outperform
the freedom of choosing different values for «; and (3;. We therefore continue our
discussion by considering only the special case (3.2).
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V.3.2 Symmetric Composition of Symmetric Methods

The introduction of more symmetries into the method simplifies considerably the or-
der conditions. These simplifications can be best understood with a sort of “Choleski
decomposition” of symmetric methods (Murua & Sanz-Serna 1999).

Lemma 3.2. For every symmetric method @y, (y) that admits an expansion in pow-
ers of h, there exists Py, (y) such that

Dp(y) = (5h/2 ° (32/2)(9)-

Proof. Since @p,(y) = y + O(h) is close to the identity, the existence of a unique
method &, (y) = y + hd: (y) + h2da(y) + . .. satisfying &), = $h/2 o(fh/z follows
from Taylor expansion and from a comparison of like powers of h.

If &1, (y) is symmetric, we have in addition

-1 F—1 F—1
Pp =P, =P}, 0P s
and QA5h/2 = 5:2/2 = 52/2 follows from the uniqueness of QA%. O

We let &}, be a symmetric method, and we consider the composition
Up=b, po...00,,0Py . (3.8)

Using the method @h, of Lemma 3.2, this composition method is equivalent to (3.1)
(9, replaced with @) with
=0 = Ji (3.9)
2
Theorem 3.3. For composition methods (3.8) with symmetric @y, it is sufficient to
consider the order conditions of Theorem I11.3.14 for T € 'H where all vertices of T
have odd indices.

Proof. 1If i(7) is even, it follows from ay, = () and from (IIL.3.11) that
Cls(T) = as_l(T) =...= al(T) — ao(T) —0.

Since e(7) = 0 for such trees, the corresponding order condition is automatically
satisfied. Any other vertex with an even index can be brought to the root by applying
the Switching Lemma II1.3.8. O

After this reduction, only 7 conditions survive for order 6 from the trees dis-
played in Example III.3.12. A further reduction in the number of order conditions is
achieved by assuming symmetric coefficients in method (3.8), i.e.,

Votl—j = Yy for all j. (3.10)

This implies that the overall method ¥}, is symmetric, so that the order conditions
for trees with an even ||7|| need not be considered. This proves the following result.
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p=2 |p=4 |p=6 p=

o[V VY
,% 337 agh L s

Fig. 3.3. Symmetric Composition of Symmetric Methods up to order 10

Theorem 3.4. For composition methods (3.8) with symmetric @y, satisfying (3.10),
it is sufficient to consider the order conditions for = € H where all vertices of T
have odd indices and where ||T|| is odd. O

Figure 3.3 shows the remaining order conditions for methods up to order 10. We
see that for order 6 there remain only 4 conditions, much less than the 166 that we
started with (Theorem II1.3.6).

Example 3.5. The rule of (III.3.14) leads to the following conditions for symmetric
composition of symmetric methods:

Order2: (@© nyk =1
k=1

Order4: (@ Z =0
k=1

Order 6: ® Z w=0
k=1

s
Order8: @ Z =0
k=1

s k k
W oy -0
=1

k=1 {=1

&8 o8| e

Here, similar to Example II1.3.15, a prime attached to a summation symbol indi-
cates that the last term ~; is taken as y; /2.

Methods of Order 4. The methods (I1.4.4) and (I1.4.5) are both of the form (3.8),
and those with p = 2 yield methods of order 4. We have seen in the experiment
of Fig.11.4.4 that the method (I1.4.5) yields more precise approximations; see also
Fig.3.2. We do not know of any 4th order method of type (3.2) that is significantly
better than method (3.1) with coefficients (3.6).
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Methods of Order 6. If we search for a minimal stage solution of the four
equations for order 6, we apparently need four free parameters i, y2, Y3, v4; then
Vs, Y6, v7 are determined by symmetry. Equation (D gives y4 = 1 —2(y1 +v2+3).
So we end up with three equations for the three unknowns 71, 2, y3. A numerical
search for this problem produces three solutions, the best of which has been discov-
ered by many authors, in particular by Yoshida (1990), and is as follows:

71 =77 = 0.78451361047755726381949763 P67
Y2 =7 = 0.23557321335935813368479318
V3 =75 = —1.17767998417887100694641568

v4 = 1.31518632068391121888424973 8

Using computer algebra, Koseleff (1996) proves that the nonlinear system for
1, Y2, Y3 has not more than three real solutions.

Similar to the situation for order 4, where relaxing the minimal number of stages
allowed a significant increase of performance, we also might expect to obtain better
methods of order 6 in this way. McLachlan (1995) increases s by two and constructs
good methods with small error coefficients. By minimizing max; |v;|, Kahan & Li
(1997) obtain the following excellent method 3

Y1 =7 = 0.39216144400731413927925056 P6 59
Y2 =178 = 0.33259913678935943859974864

v3 =77 = —0.70624617255763935980996482 ; (3.12)
Y4 =7 = 0.08221359629355080023149045 ‘
vs = 0.79854399093482996339895035 1

This method produces, with a comparable number of total steps, errors which are
typically smaller than those of method (3.11). Numerical results of these two meth-
ods are given in Fig. 3.4.

Order 6 Order 6

10

106

107°

f. eval.
1 IIIIIIII 1 IIIIIIII 1 I

103 104

f. eval.
1 IIIIIIII 1 IIIIIIII

103 104

Fig. 3.4. Work-precision diagrams for methods of order 6 for the Kepler problem as in
Fig.3.1; “7”: method p6 s7 of (3.11); “9”: method p6 s9 of (3.12); in grey: neighbouring
order methods (3.6) (order 4) and p8 s17 (order 8)

3 The authors are grateful to S. Blanes for this reference.
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Methods of Order 8. For order 8, Fig. 3.3 represents 8 equations to solve. This in-
dicates that the minimal value of s is 15. A numerical search for solutions 1, ..., 7s
of these equations produces hundreds of solutions. We choose among all these the
solution with the smallest max(]~y;|). The coefficients, which were originally given
by Suzuki & Umeno (1993), Suzuki (1994), and later by McLachlan (1995), are as
follows:

Y1 =75 = 0.74167036435061295344822780
Y2 = 114 = —0.40910082580003159399730010 p8s15
v3 =713 = 0.19075471029623837995387626
Y4 = 112 = —0.57386247111608226665638773 ‘ (.13)
v =711 = 0.29906418130365592384446354 | :
Y6 =110 = 0.33462491824529818378495798
Y7 =7 = 0.31529309239676659663205666 0 !
78 = —0.79688793935291635401978884

By putting s = 17 we obtain one degree of freedom in solving the equations. This
allows an improvement on the foregoing method. The best known solution, slightly
better than a method of McLachlan (1995), has been found by Kahan & Li (1997)
and is given by

1 =77 = 0.13020248308889008087881763

vo =716 = 0.56116298177510838456196441
3 = 15 = —0.38947496264484728640807860 P8 s17
va =714 = 0.15884190655515560089621075 3
75 = 713 = —0.39590389413323757733623154 | (3.14)
v6 =712 = 0.18453964097831570709183254 ‘
vr =711 = 0.25837438768632204729397911 ¢ 1
78 =710 = 0.29501172360931029887096624
o = —0.60550853383003451169892108

Numerical results, in the same style as above, are given in Fig. 3.5.

Order 8 Order 8

1013 1015
EI

f. eval. ,
1 IIIIIIII 1 IIIIIIII 1 Lol 11

103 104

f. eval.

1 IIIIIIII 1 IIIIIIII 1 II

103 104

Fig. 3.5. Work-precision diagrams for methods of order 8 for the Kepler problem as in
Fig.3.1; “15”: method p8 s15 of (3.13); “17”: method p8 s17 of (3.14); in grey: neighbouring
order methods p6 s9 (order 6) and p10 s35 (order 10)
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Methods of Order 10. The first methods of order 10 were given by Kahan & Li
(1997) with s = 31 and s = 33, which could be improved on after some nights of
computer search (see method (V.3.15) of the first edition). A significantly improved
method for s = 35 (see Fig. 3.5 for a comparison with eighth order methods) has in
the meantime been found by Sofroniou & Spaletta (2004):

v1 =735 = 0.07879572252168641926390768
Yo = v34 = 0.31309610341510852776481247
v3 =33 = 0.02791838323507806610952027
Y4 = v32 = —0.22959284159390709415121340
v5 =v31 = 0.13096206107716486317465686
Y6 = Y30 = —0.26973340565451071434460973  p10s35
Y7 = v20 = 0.07497334315589143566613711
v8 = Y28 = 0.11199342399981020488957508
Yo = v27 = 0.36613344954622675119314812 (3.15)
Y10 = Y26 = —0.39910563013603589787862981 ’
Y11 = 725 = 0.10308739852747107731580277
Y12 = y24 = 0.41143087395589023782070412
Y13 = 723 = —0.00486636058313526176219566
Y14 = 722 = —0.39203335370863990644808194
Y15 = 721 = 0.05194250296244964703718290
Y16 =720 = 0.05066509075992449633587434
Y17 =719 = 0.04967437063972987905456880
v18 = 0.04931773575959453791768001

V.3.3 Effective Order and Processing Methods

There has recently been a revival of interest in the concept of “effective
order”. (J.C. Butcher 1998)

The concept of effective order was introduced by Butcher (1969) with the aim of
constructing 5th order explicit Runge—Kutta methods with 5 stages. The idea is to
search for a computationally efficient method K, such that with a suitable x,,

v, = XhoKhoX;I (3.16)

has an order higher than that of K} . The method K}, is called the kernel, and yj can
be interpreted as a transformation in the phase space, close to the identity. Because
of

7Y = xno Ky ox;

an implementation of ¥, over N steps with constant step size h has the same com-
putational efficiency as K,. The computation of Xgl has only to be done once at the
beginning of the integration, and X, has to be evaluated only at output points, which
can be performed on another processor. In the article Lépez-Marcos, Sanz-Serna &
Skeel (1996) the notion of preprocessing for the step X}jl and postprocessing for
X 1s introduced.
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Example 3.6 (Stormer—Verlet as Processed Symplectic Euler Method). Con-
sider a split differential equation, let @LLT] = (p[hz] o @5]

or symplectic Euler method (see Sect. I1.5), and Q')LS] = @5}2 o @E] o @E/]z the Strang
splitting or Stormer—Verlet scheme. As a consequence of the group property of the

exact flow, we have

be the Lie-Trotter formula

& =gy ool s = xno @y Mo

with xp = @5}2. Hence, applying the Lie-Trotter formula with processing yields a

second order approximation.

Since the use of geometric integrators requires constant step sizes, it is quite
natural that Butcher’s idea of effective order has been revived in this context. A sys-
tematic search for processed composition methods started with the works of Wis-
dom, Holman & Touma (1996), McLachlan (1996), and Blanes, Casas & Ros (1999,
2000b).

Let us explain the technique of processing in the situation where the kernel K},
is a symmetric composition

K=&, p0...00,,0P, (Vs+1—i = i forall 7) (3.17)
of a symmetric method @;,. We suppose that the processor is of the form
Xh =Ps.n0...0P5,10Ps n, (3.18)
such that its inverse is given by (use the symmetry 43,:1 =d_p)
X' =Pos 0P sn0...0P 5. (3.19)

Order Conditions. The composite method ¥}, = xp, o Kj o X;I is of the form
Up =Pey  h 0. 0Deyp 0Py, with

(627~+s, e 752,81) = (57-, .. .,51,’}/3, AT —51, ceey —5,«). (320)

Theorem 3.3 thus tells us that only the order conditions corresponding to 7 € H,
whose vertices have odd indices, have to be considered. Unfortunately, the sequence
{ei} of (3.20) does not satisfy the symmetry relation (3.10), unless all §; vanish.
However, if we require

X-n(y) = xn(y) + O(RPT), (3.21)

we see that x;, ' (y) = xj(y) + O(hPT1), and the method ¥, = xp, o Kj, o x;, "

is symmetric up to terms of order O(h?*1). Consequently, the reduction of Theo-

rem 3.4 is valid, so that for order p only the trees of Fig. 3.3 have to be considered.
For the first tree of Example 3.5 the order condition is

2r+s s

1= Z €k = Z%,
k=1 k=1
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and we see that this is a condition on the kernel K, only. Similarly, for odd 7 we

have
2r+s

0= Z el = Z'yk, (3.22)

so that also the trees ®, ®, (@, ... give conditions on K} and cannot be influenced
by the processor. We next consider the trees of Example 3.5 with three vertices,
whose order condition is

2r+s
0= Z B ZEe Z el

k=1 =1 m=1
We split the sums according to the partitioning into J;,y;, —d; in (3.20), and we
denote the expressions appearing in Example 3.5 by a(7) and those corresponding
to x5 and xj, ' by b(7) and b~ (7), respectively. Using the abbreviations 7; for the
tree with one vertex labelled ¢, 7;; for the tree with two vertices labelled ¢ (the root)
and j, and by 7;;, the trees with three vertices labelled 7 (root), j and g (vertices that
are directly connected to the root), this yields

0 = bil(Tijq)"’a(Ti)bil(Tj)b I(Tq)+a(7'1j)b 1(Tq)
+ a(rig)bH(15) + a(Tijq) + b(m)b™ ()b (1) (3.23)
+ b()b(15)a(ry) + b(mi)a(rj)b~  (14) + b(mi)a(T;)a(ry)
+ (7)o (14) + (7i5)a(7y) + b(7ig)b™ (75) + b7ig)a(7y) + b(7ijq)-

How can we simplify this long expression? First of all, we imagine K7, to be the
identity (either s = 0 or all ; = 0), so that ¥}, = xp o X;:l becomes the identity. In
this situation, the terms involving a(7) are not present in (3.23), and we obtain

0 = b7 (13jq) + b(r)b™ (7)b™ (73) + b(rig)b™ (73) + b(rig)b ™ (73) + b(ii).

We can thus remove all terms in (3.23) that do not contain a factor a(7). Now ob-
serve that by (3.21), x(y) as well as x;, ' (y) have an expansion in even powers of
h. Therefore, b(7) and b=1(7) vanish for all 7 with odd ||7||. Formula (3.23) thus
simplifies considerably and yields

0 = a(7311) + 2b(731)a(r1), (3.24)
0 = (L(’7'511) + 2b(7‘51)a(’7'1), (325)
0 = a(7'313) + b(Tgl)a(Tg) + b(ng)a(ﬁ). (326)

A similar computation for the last tree in Example 3.5 gives (in an obvious notation)
0= a(7'31111) + 46(731)(1(7'1)3 + 4b(7’3111)a(7'1). (3.27)

Since a(1) = Y.;_, v = 1, the conditions (3.24), (3.25) and (3.27) can be inter-
preted as conditions on the processor, namely on b(731), b(751) and b(73111). We
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already have a(73) = 0 from (3.22), and an application of the Switching Lemma
I1.3.8 gives b(733) = 1(b(3)* — b(76)). The term b(73) vanishes by (3.21) and
b(7¢) = 0 is a consequence of the proof of Theorem 3.3. Therefore (3.26) is equiv-

alent to a(7313) = 0. We summarize our computation in the following theorem.

Theorem 3.7. The processing method Wy, = xp o K, o Xgl is of order p (p < 8), if

e the coefficients ~y; of the kernel satisfy the conditions of the left column in Exam-
ple 3.5, i.e., 3 conditions for order 6, and 5 conditions for order 8;

o the coefficients 0; of the processor are such that (3.21) holds (4 conditions for
order 6, and 8 conditions for order 8), and in addition condition (3.24) for order
6, and (3.24), (3.25), (3.27) for order 8 are satisfied. O

Remark 3.8. Although we have presented the computations only for p < 8§, the
result is general. All trees 7 € H, which are not of the form 7 = u o @, give
rise to conditions on the kernel K}, (for a similar result in the context of Runge—
Kutta methods see Butcher & Sanz-Serna (1996)). The remaining conditions have
to be satisfied by the coefficients of the processor. Due to the reduced number of
order conditions, it is relatively easy to construct high order kernels. However, the
difficulty in constructing a suitable processor increases rapidly with the order.

The application of the processing technique is two-fold. A first possibility is
to take one of the high-order composition methods of the form (3.2), e.g., one of
those presented in Sect. V.3.2, and to exploit the freedom in the coefficients of the
processor to make the error constants smaller.

Another possibility is to start from the beginning and to construct a method K},
with coefficients satisfying only the conditions of Theorem 3.7. Methods of effective
order 6 and 8 have been constructed in this way by Blanes (2001).

V.4 Symmetric Methods on Manifolds

Numerical methods for differential equations on manifolds have been introduced
in Sections IV.4 and IV.5. The presented algorithms are in general not symmetric.
We discuss here suitable symmetric modifications which often have an improved
long-time behaviour. We consider a differential equation

v =f(y), fly) € TyM 4.1)

on a manifold M, and we assume that the manifold is either given as the zero set of
a function g(y) or by means of a suitable parametrization y = (z).

V.4.1 Symmetric Projection

Due to the projection at the end of an integration step, the standard projection
method (Algorithm IV .4.2) is not symmetric (see Fig.IV.4.2). In order to make the
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overall algorithm symmetric, one has to apply a kind of “inverse projection” at the
beginning of each integration step. This idea has first been used by Ascher & Reich
(1999) to enforce conservation of energy, and it has been applied in more general
contexts by Hairer (2000).

Algorithm 4.1 (Symmetric Projection Method). Assume that y,, € M. One step
Yn " Yn+1 s defined as follows (see Fig. 4.1, right picture):

® Un=yn+Gyn) 'y  where g(y,) = 0 (perturbation step);
® Unt1 = DPn(yn) (symmetric one-step method applied to y = f(y));
® Yni1 = Uns1 + GWni1) ' with pu such that g(y,1) = 0 (projection step).

Here, G(y) = ¢'(y) denotes the Jacobian of g(y). It is important to take a
symmetric method in the second step, and the same vector x in the perturbation and
projection steps.

M M
Y1 Y2 ys Yo Ys
Yo

Fig. 4.1. Standard projection (left picture) compared to symmetric projection (right)

Existence of the Numerical Solution. The vector x and the numerical approxima-
tion y, 41 are implicitly defined by

n - @ n G n T - G n T
F(hvyn—‘rla,u‘) = (y i h(y * (y ) M) (y +1) NJ) = 0 (42)
9(Yn+1)
Since F'(0,yn,0) = 0 and since
OF I —2G(yn)T>
T (0,4n,0) = 43
S 90 (G@n) 0 @3

is invertible (provided that G(y,,) has full rank), an application of the implicit func-
tion theorem proves the existence of the numerical solution for sufficiently small
step size h. The simple structure of the matrix (4.3) can also be exploited for an
efficient solution of the nonlinear system (4.2) using simplified Newton iterations.
If the basic method @y, is itself implicit, the nonlinear system (4.2) should be solved
in tandem with 4,11 = @ (Yn ).

Order. For a study of the local error we let y,, := y(t,) be a value on the exact
solution y(¢) of (4.1). If the basic method @}, is of order p, i.e., if y(t, + h) —
Dy, (y(tn)) = O(hPT1), we have F (h, y(tn41),0) = O(hP*!). Compared to (4.2)
the implicit function theorem yields
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Ynt1 = Y(tas1) = O(RPTY) and  p=O(RPH).

This proves that the symmetric projection method of Algorithm 4.1 has the same
order as the underlying one-step method &y,.

Symmetry of the Algorithm. Exchanging h < —h and y,, < y,+1 in the Algo-
rithm 4.1 yields
)T

Un = Ynt1 +GYns1)" 1, 9(Yn+1) =0,

gn+1 - glv)—h,(gn);

The auxiliary variables p, ¥, and y,+1 can be arbitrarily renamed. If we replace
them with —pu, ¥,41, and ¥y, respectively, we get the formulas of the original al-
gorithm provided that the method @;, of the intermediate step is symmetric. This
proves the symmetry of the algorithm.

Various modifications of the perturbation and projection steps are possible with-
out destroying the symmetry. For example, one can replace the arguments y,, and
Yn+1 in G(y) with (yn, +yn+1)/2. It might be advantageous to use a constant direc-
tion, i.e., Up = Yn + AT pty Yns1 = Uns1 + AT u with a constant matrix A. In this
case the matrix G (y) AT has to be invertible along the solution in order to guarantee
the existence of the numerical solution.

Reversibility. From Theorem 1.5 we know that symmetry alone does not imply
the p-reversibility of the numerical flow. The method must also satisfy the compat-
ibility condition (1.4). It is straightforward to check that this condition is satisfied
if the integrator @;, of the intermediate step of Algorithm 4.1 satisfies (1.4) and, in
addition,

pG(y)" = Glpy) o 4.4)

holds with some constant invertible matrix o. In many interesting situations we
have g(py) = o0~ Tg(y) with a suitable o, so that (4.4) follows by differentiation
if pp” = I. Similarly, when a projection with constant direction y = y + ATy is
applied, the matrix A has to satisfy p AT = Ao for a suitably chosen invertible
matrix o (see the experiment of Example 4.4 below).

Example 4.2. Let us consider the equations of motion of a rigid body as described
in Example IV.1.7. They constitute a differential equation on the manifold

M ={(y1,y2,y3) | y1 + v5 +y3 = 1},

and it is p-reversible with respect to p(y1,¥y2,y3) = (—y1,¥2,¥3), and also with
respect 0 p(y1,Y2,y3) = (Y1, —Yy2,y3) and p(y1,Y2,y3) = (y1,Yy2, —y3). For a
numerical simulation we take Iy = 2, I = 1, I3 = 2/3, and the initial value
Yo = (cos(0.9),0,sin(0.9)). We apply the trapezoidal rule (II.1.2) with the large
step size h = 1 in three different versions.

The upper picture of Fig. 4.2 shows the result of a direct application of the trape-
zoidal rule. The numerical solution lies apparently on a closed curve, but it does not
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Fig. 4.2. Numerical simulation of the rigid body equations. The three pictures correspond
to a direct application (upper), to the standard projection (lower left), and to the symmetric
projection (lower right) of the trapezoidal rule; 5000 steps with step size h = 1

lie exactly on the manifold M. This can be seen as follows: the trapezoidal rule @{
is conjugate to the implicit midpoint rule ®} via a half-step of the explicit Euler
method x4, /2. In fact the relations

o) = Xh/2 © Xn/2 and &) =xp00 Xh/2
hold, so that
@g = X;:/lg o @y © Xn/2 and (@{)N = X}:/lg ) (@%)N ° Xn/2-
Consequently, the trajectory of the trapezoidal rule is obtained from the trajectory
of the midpoint rule by a simple change of coordinates. On the other hand, the
numerical solution of the midpoint rule lies exactly on a solution curve because it
conserves quadratic invariants (Theorem IV.2.1).

Using standard orthogonal projection (Algorithm IV.4.2) we obviously obtain a
numerical solution lying on the manifold M. But as we can see from the lower left
picture of Fig. 4.2, it does not remain near a closed curve and converges to a fixed
point. The lower right picture shows that the use of the symmetric orthogonal pro-
jection (Algorithm 4.1) recovers the property of remaining near the closed solution
curve.
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Example 4.3 (Numerical Experiment with Constant Direction of Projection).
We consider the pendulum equation in Cartesian coordinates (see Example IV .4.1),

le =P1, pl = _ql)\a

) ) 4.5)
42 = p2, P2 = —1— g2\

with A = (p? + p3 — q2)/(¢} + ¢3). This is a problem on the manifold

M= {(q1,q2,p1,p2) | ¢i + 6 =1, q1p1 + q2p2 = 0}.

It is p-reversible with respect to p(q1, ¢2, P1,p2) = (¢1, g2, —p1, —p2) and also with
respect to p(q1,q2,p1,P2) = (—q1,92,P1, —P2).

We apply two kinds of symmetric projection
methods. First, we consider an orthogonal projec-
tion onto M as in Algorithm 4.1. Second, we project
parallel to coordinate axes. More precisely, we fix
the first components in position and velocity if the
angle of the pendulum is close to 0 or 7 (vertical
projection in the picture to the right), and we fix the
second components if the angle is close to +7/2
(horizontal projection). The regions where the di-
rection of projection changes, are overlapping.

We notice in Fig. 4.3 that for the orthogonal projection method the energy er-
ror remains bounded, and this is also true for integrations over much longer time
intervals. This is in agreement with the observation of Chap. I, where symmetric
methods showed an excellent long-time behaviour when applied to reversible dif-
ferential equations.

ATV NTYIINY,
VTRV 29
—~001;— coord. proj. _'02_ coord. proj M A 1.

Fig. 4.3. Global error in the total energy for two different projection methods — orthogonal
and coordinate projection — with the trapezoidal rule as basic integrator. Initial values for
the position are (cos 0.8, —sin 0.8) (left picture) and (cos 0.8, sin 0.8) (right picture); zero
initial values in the velocity; step sizes are h = 0.1 (solid) and A = 0.05 (thin dashed)

For the coordinate projection, however, we observe a bounded energy error only
for the initial value that is close to equilibrium (no change in the direction of the
projection is necessary). As soon as the direction has to be changed (right picture
of Fig. 4.3) a linear drift in the energy error becomes visible. Hence, care has to be
taken with the choice of the projection. For an explanation of this phenomenon we
refer to Chap. IX on backward error analysis and to Chap. XI on perturbation theory
of reversible mappings.
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Fig. 4.4. Global error in the total energy for a symmetric projection method violating (1.4).
Initial values for the position are (cos 0.8, —sin0.8) and (0, 0) for the velocity; step sizes
are h = 0.1 (solid) and h = 0.05 (thin dashed)

Example 4.4 (A Symmetric but Non-Reversible Projection Method). We con-
sider the pendulum equation as in Example 4.3. This time, however, we apply a
projection ¥, = Y + AT, yng1 = Ynt1 + AT with

e 1 00
A—(E 0 0 1), e=0.2.

For ¢ = 0 this corresponds to the vertical projection used in Example 4.3. For
e # 0 there is no matrix o such that p A7 = ATo holds for one of the mappings
p that make the problem p-reversible. Hence condition (1.4) is violated, and the
method is thus not p-reversible. The initial values are chosen such that ¢’(y) A7 is
invertible and well-conditioned along the solution. Although the projection direction
need not be changed during the integration and the method is symmetric, the long-
time behaviour is disappointing as shown in Fig. 4.4. This experiment illustrates that
condition (1.4) is also important for a qualitatively correct simulation.

V.4.2 Symmetric Methods Based on Local Coordinates

Numerical methods for differential equations on manifolds that are based on local
coordinates (Algorithm IV.5.3) are in general not symmetric. For example, if we
consider the parametrization (IV.5.8) with respect to the tangent space at yo, the ad-
joint method would be parametrized by the tangent space at y;. We can circumvent
this difficulty by the following algorithm (Hairer 2001).

Algorithm 4.5 (Symmetric Local Coordinates Approach). Assume that y,, € M
and that v, is a local parametrization of M satisfying 1,(0) = a (close to yy).
One step Yy, — Yn+1 Is defined as follows (see Fig. 4.5):

e find z, (close to 0) such that V¥, (z,) = Yn,

® 211 =Pu(zn) (symmetric one-step method applied to (IV.5.7);
® Ynt1l = wa( gn—‘—l);

e choose a in the parametrization such that z, + Z,+1 = 0.

It is important to remark that the parametrization y = 1,(2) is in general changed
in every step.
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Z2
Fig. 4.5. Symmetric use of local tangent space parametrization

This algorithm is illustrated in Fig.4.5 for the tangent space parametrization
(IV.5.8), given by

VYa(2) = a+ Q(a)z + g'(a) uq(2), (4.6)
where the columns of )(a) form an orthogonal basis of T, M and the function
uq(z) is such that ¢, (z) € M. It satisfies u,(0) = 0 and u,(0) = 0.

Existence of the Numerical Solution. In Algorithm 4.5 the values @ € M and z,
are implicitly determined by

4.7)

F(h, 2, a) = (Z”q)h(z")) =0,

¢a(2n) —Yn

and the numerical solution is then explicitly given by y,41 = %q(®Pn(2y)). For
more clarity we also use here the notation 1(z,a) = 1,(z). If the parametrization
¥ (z, a) is differentiable, we have

OF 21 0
0,0,9,) = . 4.8
8(27,,,a) ( Y ) <%ﬁ(0ayn) ?915(07?471)) “9

Since ¥(z,a) € M for all z and ¢ € M, the derivative with respect to a lies
in the tangent space. Assume now that the parametrization v(z, a) is such that the
restriction of ‘g—jf(o, yy,) onto the tangent space T, M is bijective. Then, the matrix
(4.8) is invertible on R? x Ty, M (d denotes the dimension of the manifold). The
implicit function theorem thus proves the existence of a numerical solution (z,,, a)
close to (0, yy,). In the case where 1, (z) is given by (4.6), the matrix

2 0,0) = 1~ g/ @) (¢ () (@)") "9 (a)

is a projection onto the tangent space 7, M and satisfies the above assumptions
provided that ¢’(a) has full rank.

-1

Order. We let y,, := y(t,) be a value on the exact solution y(t) of (4.1). Then we
fix a € M as follows: we replace the upper part of the definition (4.7) of F'(h, z,,, a)
with z, + wﬁlz)(z”), where (pgz) denotes the exact flow of the differential equation
for z(t) equivalent to (4.1). The above considerations show that such an a exists;
let us call it a*. If @}, is of order p, we then have F'(h,z(t,),a*) = O(hPT1).
An application of the implicit function theorem thus gives z,, — z(t,) = O(hP*1),
implying En-‘rl - Z(tn-i-l) = (/)(hp-i-l)’ and ﬁnally also Yn+1— y(tn-i-l) = O(hp-i-l)‘
This proves order p for the method defined by Algorithm 4.5.
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Symmetry. Exchanging i < —h and y,, <> Yy, 41 in Algorithm 4.5 yields

’(/}a(zn) = Yn+1, szrl = ¢7h(zn); Yn = wa(EnJrl)a Zn + zn+l =0.

If we also exchange the auxiliary variables z,, and z,, 1 and if we use the symmetry
of the basic method @;,, we regain the original formulas. This proves the symmetry
of the algorithm. Again various kinds of modifications are possible. For example,
the condition z, + Z,+1 = 0 can be replaced with z,, + Z,+1 = x(h, 2, Zrnt1). If
x(=h,v,u) = x(h, u,v), the symmetry of Algorithm 4.5 is not destroyed.

Reversibility. In general, we cannot expect the method of Algorithm 4.5 to satisfy
the p-compatibility condition (1.4), which is needed for p-reversibility. However, if
the parametrization is such that

ptha(2) = pa(cz)  for some invertible o, (4.9)

we shall show that the compatibility condition (1.4) holds. We first prove that
for a p-reversible problem §y = f(y) the differential equation (IV.5.7), written as
Z = Fy(z), is o-reversible in the sense that 0 F,(z) = —F,,(cz). This follows
from piy(2) = v},,(0z)o (which is seen by differentiation of (4.9)) and from

f(¥pal02)) = —p f(¥a(2)), because
Vee)Fale) = F($al2)) = Uu(02)9Fal2) = —f (Upa(02)).

If the basic method @}, satisfies o o @), = $_j, o o when applied to 2 = F,(z2) (e.g.,
for all Runge—Kutta methods), the formulas of Algorithm 4.5 satisfy

PYn = ptha(zn) = wpa(gzn)a 0Zny1 = P_p(ozn),

'L/)pa(o-zn-i-l) = p¢a(5n+1) = PYn+1, ozZp + Uzn+1 =0.

This proves that, starting with py,, and a negative step size —h, the Algorithm 4.5
produces py,1, where y,41 is just the result obtained with initial value y,, and
step size h. But this is nothing other than the p-compatibility condition (1.4) for
Algorithm 4.5.

In order to verify condition (4.9) for the tangent space parametrization (4.6), we
write it as ¥,(Z) = a + Z + N(Z), where Z is an arbitrary element of the tan-
gent space T, M and N(Z) is orthogonal to T,, M such that 1),(Z) € M. Since
pToM = T,, M and since, for a p satisfying pp” = I, the vector pN(Z) is or-
thogonal to T}, M, we have pip,(Z) = 1,q(pZ). This proves (4.9) for the tangent
space parametrization of a manifold.

Example 4.6. We repeated the experiment of Example 4.2 with Algorithm IV.5.3,
using tangent space parametrization and the trapezoidal rule as basic integrator, and
compared it to the symmetrized version of Algorithm 4.5. We were surprised to see
that both algorithms worked equally well and gave a numerical solution lying near
a closed curve. An explanation is given in Exercise 11. There it is shown that for the
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Fig. 4.6. Numerical simulation of the rigid body equations; standard use of tangent space
parametrization with the trapezoidal rule as basic method (left picture) and its symmetrized
version (right picture); 5000 steps with step size h = 0.4

special situation where M is a sphere, the standard algorithm is also symmetric for
the trapezoidal rule. Let us therefore modify the problem slightly.
We consider the rigid body equations (IV.1.4) as a differential equation on the
manifold
2 2 2
M= {1 y23) | - + 2 + % = Const} (4.10)
L L I
with parameters and initial data as in Example 4.2, and we apply the standard and the
symmetrized method based on tangent space parametrization. The result is shown
in Fig. 4.6. In both cases the numerical solution lies on the manifold (by definition
of the method), but only the symmetric method has a correct long-time behaviour.

Symmetric Lie Group Methods. We turn our attention to particular problems
Y =AY)Y, Y(0)=Y, (4.11)

where A(Y') is in the Lie algebra g whenever Y is in the corresponding Lie group
G. The exact solution then evolves on the manifold G. Munthe-Kaas methods
(Sect.1V.8.2) are in general not symmetric, even if the underlying Runge—Kutta
method is symmetric. This is due to the unsymmetric use of the local coordinates
Y = exp(£2)Y),. However, accidentally, the Lie group method based on the implicit
midpoint rule

Y11 = exp(2)Y,, = hA(eXp(Q/Q)Yn) 4.12)

is symmetric. This can be seen as usual by exchanging h <~ —h and Y,, < Y, 41
(and also {2 < —{2 for the auxiliary variable). Numerical computations with the
rigid body equations (considered as a problem on the sphere) shows an excellent
long-time behaviour for this method similar to that of the right picture in Fig. 4.6. In
contrast to the implicit midpoint rule (I.1.7), the numerical solution of (4.12) does
not lie exactly on the ellipsoid (4.10); see Exercise 12.
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For the construction of further symmetric Lie group methods we can apply the
ideas of Algorithm 4.5. As local parametrization we choose

Yu (£2) = exp(2)U, 4.13)

where U = exp(©)Y,, plays the role of the midpoint on the manifold. We put Z,, =
—0O so that ¥y (Z,) = Y,. With this starting value Z,, we apply any symmetric
Runge—Kutta method to the differential equation

2=A Zk—’“ db(Awe(@)),  00)=-6, @14
k=1

(cf. (IV.8.9)) and thus obtain ZLH. According to Algorithm 4.5, © is implicitly
determined by the condition Z,, + Z,,+1 = 0, and the numerical approximation is
obtained from

Yos1 = Y0 (Znt1) = exp(Zpi1) exp(O)Y, = exp(20)Y,

The method obtained in this way is identical to Algorithm 2 of Zanna, Engg &
Munthe-Kaas (2001). With the coefficients of the 2-stage Gauss method (Table
II.1.1) and with ¢ = 1 in (4.14) we thus get

2 = h 2 (AL ar)), = 0¥ (4 - Lo a))
Y1 = exp(QQ)Y = exp( (Al +A2) — *([917141] [927A2])>Yn7

where A; = A(exp(£2;) exp(©)Y,,). This is a symmetric Lie group method of order
four. We can reduce the number of commutators by replacing (2; in the right-hand
expression with its dominating term. This yields

\[

0 = n P ) 0 =0

2
Ay — 4[A1,A2]
(4.15)

Yoi1 = GXP( (A1 + A2) — hZ%[AlvAQ])Yn

(cf. Exercise IV.19). Although we have neglected terms of size O(h*), the method
remains of order four, because the order of symmetric methods is always even.
For any linear invertible transformation p, the parametrization (4.13) satisfies

pbu(2) = p exp(2)U = exp(p2p™")pU = ¢,y (cU)

with 02 = p§2p~1. Hence (4.9) holds true. If the problem (4.11) is p-reversible, i.e.,
pA(Y) = —A(pY)p, then the truncated differential equation (4.14) is o-reversible
for all choices of the truncation index g. Moreover, after the simplifications that lead
to method (4.15), the p-compatibility condition (1.4) is also satisfied.
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The following variant is also proposed in Zanna, Engg & Munthe-Kaas (2001).
Instead of computing © from the relation Z,, + Z,,+1 = 0, © is determined by

T+ Tt = hi:eZ(Ai - %[Qi,Ai] +)
i=1

If the coefficients satisfy es11—; = —e;, this modification gives symmetric Lie
group methods.

V.5 Energy — Momentum Methods and Discrete
Gradients

Conventional numerical methods, when applied to the ordinary differen-
tial equations of motion of classical mechanics, conserve the total energy
and angular momentum only to the order of the truncation error. Since
these constants of motion play a central role in mechanics, it is a great
advantage to be able to conserve them exactly.

(R.A. LaBudde & D. Greenspan 1976)

This section is concerned with numerical integrators for the equations of motion
of classical mechanics which conserve both the total energy and angular momen-
tum. Their construction is related to the concept of discrete gradients. The meth-
ods considered are symmetric, which is incidental but useful: in our view their
good long-time behaviour is a consequence of their symmetry (and reversibility)
more than of their exact conservation properties; see the disappointing behaviour of
the non-symmetric energy- and momentum-conserving projection method in Exam-
ple IV.4.4.

A Modified Midpoint Rule. Consider first a single particle of mass m in R3,
with position coordinates ¢(t) € R3, moving in a central force field with potential
U(q) = V(|qll) (e.g., V(r) = —1/r in the Kepler problem). With the momenta
p(t) = mq(t), the equations of motion read
Q= B=-VU@=-V(ld) .

m llqll
Constants of motion are the total energy H = T(p) + U(q), with T(p) =
|lp||?/(2m), and the angular momentum L = ¢ x p:

d 1 1
—(@xp)=gxptagxp=—pxp=V'(lal) raxq=0.
S(axp) - (lal) 7,7
We know from Sect.IV.2 that the implicit midpoint rule conserves the quadratic
invariant L = ¢ X p, and Theorem IV.2.4 (or a simple direct calculation) shows that
L remains actually conserved by any modification of the form
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with
Pni1 = Pn — KhVU(qp11/2) nt1/2 =

h 1
n = Qn+ —Dn Pny1/2 = *<pn +pn+1)
dn+1 q mp +1/2 12 (5.1)
2

(@n + Gnt1)
where k is an arbitrary real number. Simo, Tarnow & Wong (1992) introduce
this additional parameter x and determine it so that the total energy is conserved:

H(pnt1,qn+1) = H(pn,qn). With the notation I, 1/ = —VU(quy1/2) =
~V'(llgn+1/21)/lans1/2ll - @ny1/2 we have

kh
T(pnt1) = T(pn + £hFyiq/2) = T(pn) + o pzﬂ/z Foyi2,

and hence the condition for conservation of the total energy H = T+ U becomes

h
“Epz:ﬂm Fot1y2 =U(qn) = Ulgny1) -

This gives a reasonable method even if p F, 41/ is arbitrarily close to zero.

T
n+1/2
This is seen as follows: let 0 = —&V'(||gn+1/2||)/l|qns1/2] s0 that KF 4y /9 =
0qn+1/2- The above condition for energy conservation then reads

h
0 —Pns1jpnsijz = Vlanl) = Vllanal))

where we note further that

h

EPZH/Q Int1/2 = (Qn+1 — Qn)T

(gnt1 + an)
= L(llgns11? = laal?) = (lgns1ll = lanll) 2 (lgnsall + lanll) -

These formulas give

__Vllgntall) = Vigal) 1

) (5.2)
lgnsall = llgnll 5 (lgn+1ll + llgnll)
with which method (5.1) becomes
h
Gn+1 = qn+apn+1/2
5.3)
V(llgn —V(lgn »
Dot = pn—h (lgn+11l) = V(lignl) dn+1/2

lgnall = llgnll 5 (lansall + llanll) -

This is a second-order symmetric method which conserves the total energy and

the angular momentum. It evaluates only the potential U(g) = V(||q||). The force
—VU(q) = -V'(llqll) ﬁ is approximated by finite differences.

The energy- and momentum-conserving method (5.3) first appeared in LaBudde
& Greenspan (1974). The method (5.1) or (5.3) is the starting point for extensions
in several directions to other problems of mechanics and other methods; see Simo,
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Tarnow & Wong (1992), Simo & Tarnow (1992), Lewis & Simo (1994, 1996), Gon-
zalez & Simo (1996), Gonzalez (1996), and Reich (1996b). In the following we
consider a direct generalization to systems of particles, also given in LaBudde &
Greenspan (1974).

An Energy-Momentum Method for N-Body Systems. We consider a system of
N particles interacting pairwise with potential forces which depend on the distances
between the particles. As in Example IV.1.3, this is formulated as a Hamiltonian
system with total energy

N i—1

p.d Qprz pit > Vis(llai - aill) - (5.4)

1=2 j=1

As an extension of method (5.3), we consider the following method (where we now
write the time step number as a superscript for notational convenience)

h o ny1)2
gt =g+ —p
m;
N (5.5)
+1/2 +1/2
PP =l by oi (6T = )
j=1
where p! /% = L(pn 4 pit1), "2 = L(gn 4 g7+, and for i > j,
Vo) - Vi) 1 5o
O'ij = O'ji = — 1 1 .
r?]* -y %(TZ + r?j"' )
with r}% = [|¢;* — ¢ ||, and o;; = 0. This method has the following properties.

Theorem 5.1 (LaBudde & Greenspan 1974). The method (5.5) with (5.6) is a
second-order symmetric implicit method which conserves the total linear momen-
tum P = Zfil p;, the total angular momentum L = ZZI\; q; X p;, and the total
energy H.

Proof. A comparison of (5.6) with the equations of motion shows that the method
is of order 2. Similar to the continuous case (Example IV.1.3), the conservation
of linear and angular momentum is obtained as a consequence of the symmetry
05 = 0j; for all 7, j. For the linear momentum we have

an+l sz +hZZ ” n+1/2 n+1/2 Zpl.

i=1 j=1

For the proof of the conservation of the angular momentum we observe that the

n+1/2 1
2(pzn+

first equation of (5.5) together with p; + pl) yields

(" =) < (0 +p}) = 0 57



174 V. Symmetric Integration and Reversibility

for all 7. The second equation of (5.5) together with q"+1/ 2= ( ntl

i ¢ +q;') gives

N
D (@ ) x (! - pl) =0, (5.8)
i=1

because 0;; = 0; and therefore Z;ijl 0ij q?+1/2 X q;l+1/2 = 0. Adding the sum

over ¢ of (5.7) to the equation (5.8) proves the statement Zfil qZL‘H X p;”‘l =

ZN ’(L X ’(L
i=19 X Pi-
It remains to show the energy conservation. Now, the kinetic energy T'(p) =

N _ ;
3 my 'plp; atstepn + Lis

N N
h n T T
T(pn+1) = T(p") + Z(le +1/2)T Zo'ij (qiz+1/2 B qu+1/2)

i=1 j=1
N N .

= T+ 3 Yo ) @ ).
i=1 j=1

Using once more the symmetry o;; = 0;;, the double sum reduces to

N N T
1
S (@ =) = @ - ap)) 5 (@ =gt + (@ - a))
i=1 j=1
N i—1

On the other hand, the change in the potential energy is

N i-1
U@ = UG") = 33 (Vi) = Vis )
i=2 j=1
and hence (5.6) yields the conservation of the total energy H =T + U. a

Discrete-Gradient Methods. The methods (5.3) and (5.5) are of the form

Ynt1 = Yn + hBWn+1,Yn) VH (Ynt1, Yn) (5.9

where B(7,y) is a skew-symmetric matrix for all 7, y, and VH (7, y) is a discrete
gradient of H, that is, a continuous function of (7, y) satisfying
VH(G,y)"(y~y) = H(y) — H(y)

v (5.10)
VH(y,y) = VH(y) .

The symmetry of the methods is seen from the properties B(y,y) = B(y,7) and
VH(y,y) = VH(y,y). For example, for method (5.3) we have, with y = (p, q)

andy = (p, q),
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Bia 0 —Is TH( 3 +p)
B(y,y) = and VH = ~2 =
o =(5 o) 9= (o) 00

where o(q, q) is given by the expression (5.2) with (g, ¢) in place of (gn+1,qn) or
by the corresponding limit as ||q]| — ||¢/|-
The discrete-gradient method (5.9) is consistent with the differential equation

y = B(y) VH(y) (5.11)

with the skew-symmetric matrix B(y) = B(y, ). This system conserves H, since

& H(y) = V()" = VH() Bly) VH() =0,

and, as was noted by Gonzalez (1996) and McLachlan, Quispel & Robidoux (1999),
H is also conserved by method (5.9).

Theorem 5.2. The discrete-gradient method (5.9) conserves the invariant H of the
system (5.11).

Proof. The definitions (5.10) of a discrete gradient and of the method (5.9) give

H(yn—H) - H(yn) = vH(yn-&-la yn)T(yn—&-l - yn)
= th(yn-‘rl’ yn)T B(yn+la yn) vH(yn—i-l, yn) =0 )

where the last equality follows from the skew-symmetry of B(yp41, Yn)- O

Example 5.3. The Lotka—Volterra system (I.1.1) can be written as

U 0 —uv
<i)>_<uv 0 >VH(U’U)
with the invariant H (u,v) = lnu — u + 21lnv — v of (I.1.4). Possible choices of a

discrete gradient are the coordinate increment discrete gradient (Itoh & Abe 1988)

H(u,v) — H(u,v)

I _ u—u
VH(u,v;u,v) = H(7@,) — H(@,v) (5.12)
Uv—v

and the midpoint discrete gradient (Gonzalez 1996)

VH@Gy) = VHG) + 20— H (ITJA;IIQVH @4y 5,

(5.13)
with ¥ = $(J + y) and Ay = § — y. In contrast to (5.12), the discrete gradient
(5.13) yields a symmetric discretization.

A systematic study of discrete-gradient methods is given in Gonzalez (1996)
and McLachlan, Quispel & Robidoux (1999).
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V.6 Exercises

1.

2.

Prove that (after a suitable permutation of the stages) the condition cs41_; =
1 — ¢; (for all 2) is also necessary for a collocation method to be symmetric.
Prove that explicit Runge—Kutta methods cannot be symmetric.

Hint. If a one-step method applied to y = Ay yields y; = R(h\)yo then, a
necessary condition for the symmetry of the method is R(z)R(—z) = 1 for all
complex z.

. Consider an irreducible diagonally implicit Runge—Kutta method (irreducible

in the sense of Sect. VI.7.3). Prove that the condition (2.4) is necessary for the

symmetry of the method. No permutation of the stages has to be performed.
(1, 2 (4]

. Let @), = ¢}, o, where ;" represents the exact flow of y = fl1(y). In the

situation of Theorem II1.3.17 prove that the local error (3.4) of the composition
method (3.3) has the form

h3(2—14(6a —1)[ Dy, [Da, D1]] + %2(1 — 6o+ 60%) [D1, [Dth]])Id(?/)v

where, as usual, D;g(y) = ¢'(y)f"(y). The value a = 0.1932 is found by
minimizing the expression (6a — 1)? + 4(1 — 6a + 6a%)? (McLachlan 1995).

. For the linear transformation p(p, ¢) = (—p, ¢), consider a p-reversible problem

(1.3) with scalar p and g. Prove that every solution which crosses the g-axis
twice is periodic.

Prove that if a numerical method conserves quadratic invariants (IV.2.1), then
so does its adjoint.

. For the numerical solution of §y = A(t)y consider the method y,, — Yn+1

defined by y,,+1 = z(t, + h), where z(t) is the solution of
zZ= A\(t)z, Z(tn) = Yn,

and g(t) is the interpolation polynomial based on symmetric nodes cy, . . ., cs,
ie., cs41—; +¢; = 1 forall .

a) Prove that this method is symmetric.

b) Show that y,,+1 = exp(£2(h))y, holds, where {2(h) has an expansion in odd
powers of h. This justifies the omission of the terms involving triple integrals
in Example IV.7.4.

. If @}, stands for the implicit midpoint rule, what are the Runge—Kutta coeffi-

cients of the composition method (3.8)? The general theory of Sect. III.1 gives
three order conditions for order 4 (those for the trees of order 2 and 4 are auto-
matically satisfied by the symmetry of the method). Are they compatible with
the two conditions of Example 3.5?

Make a numerical comparison of our favourite composition methods p6 s9,
p8 517, and p10 s35 for the Lorenz problem

yi=—0( —v2) »(0)=10 =10
Yo =—t1ys +ry1 —y2 y2(0)=-20 r =28 (6.1)
Y3 = y1y2 — bys y3(0)=20 b=28/3
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Kahan-Li

1 IIIIIIII 1 L1111

103 109,

11&5 1

Fig. 6.1. Comparison of various composition methods applied to the Lorenz equations

10.

11.

with exact solution

y1(1) = 8.635692709892506017930544628639
y2(1) = 2.798663387927457052023080059065 6.2)
y3(1) = 33.36063508973142157789185846267

by composing for 0 < ¢ < 1 the second order symmetric splitting scheme (see
Kahan & Li 1997) which, for the time-stepping y; — Y;, is given by

h

Yi—y = 5(—0(?;1 +Y1 —y2 — V2))
h

Yo —y2 = 5(—y1Y3 —Yiys + 71y + 1Y —y2 — Ya) (6.3)
h

Y; —ys = 5(1/1}/2 +Yiys — bys — ng).

This method requires, for each step, the solution of a linear system only. The
results are shown in Fig. 6.1.

Symmetrized order conditions (Suzuki 1992). Prove that for methods (3.8) of
order four with ~; satisfying (3.10)

s k , 2 s k , ;8
S(Xw) =0 = SR () =0
k=1 £=1 k=1 (=1 t=k

The prime after (before) a sum sign indicates that the term with highest (low-
est) index is divided by 2. Prove also that the order conditions given in Suzuki
(1992) for order p < 8 are equivalent to those of Example 3.5. Is this also true
for order p = 107

Hint. Use relations like Y%y, =1 "S5, .

Let M = {(y1,v2,93) |y7 + y3 + y3 = 1}, and consider for a € M the
tangent space parametrization

Va(2) = a+ z + aug(2),
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where, for z € T, M, the real value u,(z) is determined by the requirement
a(z) € M. Prove that Algorithm IV.5.3, with the trapezoidal rule in the role
of &;,, is a symmetric method.

Hint. Since z is a linear combination of a and ,(z), it is uniquely determined
by a”'z (which is zero) and v, (2)7 2.

(Zanna, Engg & Munthe-Kaas 2001). Verify numerically that the Lie group
method (4.12) based on the implicit midpoint rule does not conserve general
quadratic first integrals. One can consider the rigid body equations in the form
(IV.1.5).



Chapter VI.
Symplectic Integration of Hamiltonian
Systems

Fig. 0.1. Sir William Rowan Hamilton, born: 4 August 1805 in Dublin, died: 2 September
1865. Famous for research in optics, mechanics, and for the invention of quaternions

Hamiltonian systems form the most important class of ordinary differential equa-
tions in the context of ‘Geometric Numerical Integration’. An outstanding property
of these systems is the symplecticity of the flow. As indicated in the following dia-
gram,

Ordinary Differential Equations

of motion canonical
(Lagrange) - (Hamilton)

SN

15t order Partial DE
<«—— > Generating Functions
(Hamilton-Jacobi)

Variational Principles
(Lagrange, Hamilton)

Hamiltonian theory operates in three different domains (equations of motion, partial
differential equations and variational principles) which are all interconnected. Each
of these viewpoints, which we will study one after the other, leads to the construction
of methods preserving the symplecticity.
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VI.1 Hamiltonian Systems

Hamilton’s equations appeared first, among thousands of other formulas, and in-
spired by previous research in optics, in Hamilton (1834). Their importance was im-
mediately recognized by Jacobi, who stressed and extended the fundamental ideas,
so that, a couple of years later, all the long history of research of Galilei, Newton,
Euler and Lagrange, was, in the words of Jacobi (1842), “to be considered as an
introduction”. The next mile-stones in the exposition of the theory were the monu-
mental three volumes of Poincaré (1892,1893,1899) on celestial mechanics, Siegel’s
“Lectures on Celestial Mechanics” (1956), English enlarged edition by Siegel &
Moser (1971), and the influential book of V.I. Arnold (1989; first Russian edition
1974). Beyond that, Hamiltonian systems became fundamental in many branches of
physics. One such area, the dynamics of particle accelerators, actually motivated the
construction of the first symplectic integrators (Ruth 1983).

VI.1.1 Lagrange’s Equations

Equations différentielles pour la solution de tous les problémes de Dy-
namique. (J.-L. Lagrange 1788)

The problem of computing the dynamics
of general mechanical systems began with
Galilei (published 1638) and Newton’s Prin-
cipia (1687). The latter allowed one to reduce
the movement of free mass points (the “mass
points” being such planets as Mars or Jupiter)
to the solution of differential equations (see
Sect.1.2). But the movement of more com-
plicated systems such as rigid bodies or bod-
ies attached to each other by rods or springs,
were the subject of long and difficult devel-
opments, until Lagrange (1760, 1788) found
an elegant way of treating such problems in
general.

We suppose that the position of a mechan-
ical system with d degrees of freedom is de-
scribed by ¢ = (q1,...,q4)T as generalized
coordinates (this can be for example Cartesian coordinates, angles, arc lengths along
a curve, etc.). The theory is then built upon two pillars, namely an expression

T =T(q,q) (1.1)

which represents the kinetic energy (and which is often of the form %QTM (9)g
where M (q) is symmetric and positive definite), and by a function

Joseph-Louis Lagrange'

! Joseph-Louis Lagrange, born: 25 January 1736 in Turin, Sardinia—Piedmont (now Italy),
died: 10 April 1813 in Paris.
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U=U(q) (1.2)

representing the potential energy. Then, after denoting by

L=T-U (1.3)
the corresponding Lagrangian, the coordinates g; (¢), . . ., ¢4(t) obey the differential
equations

d (0L oL
(=) =%, (1.4)
dt \ 9q dq

which constitute the Lagrange equations of the system. A numerical (or analytical)
integration of these equations allows one to predict the motion of any such system
from given initial values (“Ce sont ces équations qui serviront a déterminer la courbe
décrite par le corps M et sa vitesse a chaque instant”; Lagrange 1760, p. 369).

Example 1.1. For a mass point of mass m in R? with Cartesian coordinates 2 =
(71, 2,23)T we have T'(i:) = m(4? + 4% + 43)/2. We suppose the point to move
in a conservative force field F'(z) = —VU (). Then, the Lagrange equations (1.4)
become ma = F(x), which is Newton’s second law. The equations (1.2.2) for the
planetary motion are precisely of this form.

Example 1.2 (Pendulum). For the mathematical pendulum of Sect. I.1 we take the
angle o as coordinate. The kinetic and potential energies are given by 7' = m(i? +
9%)/2 = ml?a2 /2 and U = mgy = —mg/ cos a, respectively, so that the Lagrange
equations become —mg{sin o — mf?é& = 0 or equivalently & + gsina = 0.

VI.1.2 Hamilton’s Canonical Equations

An diese Hamiltonsche Form der Differentialgleichungen werden die
ferneren Untersuchungen, welche den Kern dieser Vorlesung bilden,
ankntipfen; das Bisherige ist als Einleitung dazu anzusehen.

(C.G.J. Jacobi 1842, p. 143)

Hamilton (1834) simplified the structure of Lagrange’s equations and turned them
into a form that has remarkable symmetry, by

e introducing Poisson’s variables, the conjugate momenta
oL
pr=—=—(q,q for k=1,...,d, (1.5)
i (¢, 4)
e considering the Hamiltonian
H :=p"¢— L(q,q) (1.6)
as a function of p and ¢, i.e., taking H = H (p, q) obtained by expressing ¢ as a
function of p and ¢ via (1.5).

Here it is, of course, required that (1.5) defines, for every g, a continuously differ-
entiable bijection ¢ < p. This map is called the Legendre transform.
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Theorem 1.3. Lagrange’s equations (1.4) are equivalent to Hamilton’s equations

OH OH
o = ——(p,q), ixr=—(p,q), k=1,...,d. 1.7
e = =5 (,9) U= 5 (,9) (1.7
Proof. The definitions (1.5) and (1.6) for the momenta p and for the Hamiltonian A
imply that

OH ) 0q 0L 04 .
AR Ty
OH  10q OL 0Ldq  OL
9 ~ Yo o 9ioq g
The Lagrange equations (1.4) are therefore equivalent to (1.7). O

Case of Quadratic 7. In the case that T = 1¢”M(q)q is quadratic, where M (q)
is a symmetric and positive definite matrix, we have, for a fixed ¢, p = M (q)q, so
that the existence of the Legendre transform is established. Further, by replacing the
variable ¢ by M (q)~!p in the definition (1.6) of H(p, q), we obtain

H(p,q) = p"M(q)~'p— L(q, M(q)""'p)

= PM(@)p— 5 P M(0) P+ U() = 35" M () p+ U0

and the Hamiltonian is H = T + U, which is the fotal energy of the mechanical
system.

In Chap. I we have seen several examples of Hamiltonian systems, e.g., the pen-
dulum (I.1.13), the Kepler problem (I.2.2), the outer solar system (I.2.12), etc. In the
following we consider Hamiltonian systems (1.7) where the Hamiltonian H (p, ¢) is
arbitrary, and so not necessarily related to a mechanical problem.

VI.2 Symplectic Transformations

The name “complex group” formerly advocated by me in allusion to line
complexes, ... has become more and more embarrassing through colli-
sion with the word “complex” in the connotation of complex number. I
therefore propose to replace it by the Greek adjective “symplectic.”

(H. Weyl (1939), p. 165)

A first property of Hamiltonian systems, already seen in Example 1.2 of Sect.IV.1,
is that the Hamiltonian H (p, q) is a first integral of the system (1.7). In this section
we shall study another important property — the symplecticity of its flow. The basic
objects to be studied are two-dimensional parallelograms lying in R??. We suppose
the parallelogram to be spanned by two vectors

(&) =)

in the (p, q) space (€7, €9, P, n? are in R?) as
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P={tt+sn|0<t<1,0<s<1}.
In the case d = 1 we consider the oriented area
é‘P 7717
orarea (P) = det <§q Uq) =Pyt — P 2.1
(see left picture of Fig. 2.1). In higher dimensions, we replace this by the sum of the

oriented areas of the projections of P onto the coordinate planes (p;, q;), i.e., by

d é_p P d
sem =3 det (& ) =@ -gm). e
i=1 ¢

¢ i=1
This defines a bilinear map acting on vectors of R??, which will play a central role
for Hamiltonian systems. In matrix notation, this map has the form

w&n) =&y with  J = (_OI é) (2.3)

where [ is the identity matrix of dimension d.

Definition 2.1. A linear mapping A : R2¢ — R2? is called symplectic if
ATJA =T

or, equivalently, if w( A&, An) = w(&,n) for all £, 1 € R4,

q * q
An
n A
3 Ag
P D

Fig. 2.1. Symplecticity (area preservation) of a linear mapping

In the case d = 1, where the expression w(&, 1) represents the area of the paral-
lelogram P, symplecticity of a linear mapping A is therefore the area preservation
of A (see Fig.2.1). In the general case (d > 1), symplecticity means that the sum
of the oriented areas of the projections of P onto (p;, ¢;) is the same as that for the
transformed parallelograms A(P).

We now turn our attention to nonlinear mappings. Differentiable functions can
be locally approximated by linear mappings. This justifies the following definition.

Definition 2.2. A differentiable map g : U — R?? (where U C R2“ is an open set)
is called symplectic if the Jacobian matrix ¢’(p, ¢) is everywhere symplectic, i.e., if
g0 g wa)=J o wgp ey (p.a)n) =w&mn).

Let us give a geometric interpretation of symplecticity for nonlinear mappings.
Consider a 2-dimensional sub-manifold M of the 2d-dimensional set U, and sup-
pose that it is given as the image M = (K) of a compact set K C R2, where
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(s, t) is a continuously differentiable function. The manifold M can then be con-
sidered as the limit of a union of small parallelograms spanned by the vectors

oy 9y
0Os ot

For one such parallelogram we consider (as above) the sum over the oriented areas
of its projections onto the (p;, ¢;) plane. We then sum over all parallelograms of the
manifold. In the limit this gives the expression

_ oY oy
= //Kw<as(s,t), (?t(s’t)> ds dt. 2.4

The transformation formula for double integrals implies that {2(M) is independent
of the parametrization v of M.

—(s,t)ds and —(s,t)dt.

Lemma 2.3. If the mapping g : U — R2? is symplectic on U, then it preserves the
expression 2(M), i.e.,

2(g(M)) = 2(M)
holds for all 2-dimensional manifolds M that can be represented as the image of a
continuously differentiable function .

Proof. The manifold g(M) can be parametrized by g o ). We have

// ( (90) ’t),a(gazw)(m)) dsdt = Q)

because (go ) (s,t) =g (w(s, t))w (s,t) and g is a symplectic transformation. O

For d = 1, M is already a subset of R% and we choose K = M with ¢ the
identity map. In this case, 2(M) = [/ s ds dt represents the area of M. Hence,
Lemma 2.3 states that all symplectic mappings (also nonlinear ones) are area pre-
serving.

We are now able to prove the main result of this section. We use the notation
y = (p, ¢), and we write the Hamiltonian system (1.7) in the form

y=J 'VH(y), 2.5)

where J is the matrix of (2.3) and VH (y) = H'(y)7.

Recall that the flow ¢; : U — R?? of a Hamiltonian system is the mapping that
advances the solution by time ¢, i.e., ©+(po, g0) = (p(t, o, 90), ¢(t, o, qo)), Where
p(t, po, qo), q(t, Po, go) is the solution of the system corresponding to initial values
p(0) = po, ¢(0) = qo.

Theorem 2.4 (Poincaré 1899). Ler H (p, q) be a twice continuously differentiable
function on U C R?4, Then, for each fixed t, the flow @, is a symplectic transforma-
tion wherever it is defined.

Proof. The derivative dg;/0yo (With yo = (po,qo)) is a solution of the vari-
ational equation which, for the Hamiltonian system (2.5), is of the form ¥ =
J7'V2H (¢4 (yo)) W, where V2H (p, q) is the Hessian matrix of H (p, q) (V2H (p, q)
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IR

(£ ~ 4__//;’5'
Ud7

)
)

|

Fig. 2.2. Area preservation of the flow of Hamiltonian systems

is symmetric). We therefore obtain

d 0 T _ /0 d 0p\T _ /0 Op\T d o

@ (ﬁ) J<ﬂ) — <fﬂ) J(ﬁ) + (ﬁ) J(7£>
dt \\ dyo Yo dt 9yo Yo Yo dt dyo

= (500) P 7 (20) + (52) T o) (5) o

Yo Yo Yo
because JT = —J and J~TJ = —I. Since the relation
Op\T /0
(ﬁ) J (ﬁ) —J 2.6)
Yo Yo
is satisfied for ¢ = 0 (g is the identity map), it is satisfied for all ¢ and all (po, qo),
as long as the solution remains in the domain of definition of H. ad

Example 2.5. We illustrate this theorem with the pendulum problem (Example 1.2)
using the normalization m = ¢ = g = 1. We have ¢ = «, p = ¢, and the Hamil-
tonian is given by
H(p,q) = p*/2 — cosq.

Fig. 2.2 shows level curves of this function, and it also illustrates the area preser-
vation of the flow ;. Indeed, by Theorem 2.4 and Lemma 2.3, the areas of A and
©t(A) as well as those of B and ¢;(B) are the same, although their appearance is
completely different.

We next show that symplecticity of the flow is a characteristic property for
Hamiltonian systems. We call a differential equation y = f(y) locally Hamiltonian,
if for every yo € U there exists a neighbourhood where f(y) = J 1V H(y) for
some function H.

Theorem 2.6. Let f : U — R2? be continuously differentiable. Then, 3 = f(y) is
locally Hamiltonian if and only if its flow . (y) is symplectic for all y € U and for
all sufficiently small t.
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Proof. The necessity follows from Theorem 2.4. We therefore assume that the flow
¢ is symplectic, and we have to prove the local existence of a function H (y) such
that f(y) = J~ 'V H(y). Differentiating (2.6) and using the fact that ¢, /dy, is a
solution of the variational equation ¥ = f” (4 (yo))¥, we obtain

i((a%)TJ (8%)> = (52) (7 (ertw) T+ 1 (eutoo) ) (52) = o

Yo Yo Yo
Putting ¢t = 0, it follows from J = —J7 that Jf’(yo) is a symmetric matrix for
all yo. The Integrability Lemma 2.7 below shows that J f(y) can be written as the
gradient of a function H (y). O

The following integrability condition for the existence of a potential was already
known to Euler and Lagrange (see e.g., Euler’s Opera Omnia, vol. 19. p.2-3, or
Lagrange (1760), p. 375).

Lemma 2.7 (Integrability Lemma). Ler D C R" be open and f : D — R” be
continuously differentiable, and assume that the Jacobian f'(y) is symmetric for all
y € D. Then, for every yo € D there exists a neighbourhood and a function H (y)
such that

fly) = VH(y) (2.7)

on this neighbourhood. In other words, the differential form fi(y)dy: + ... +
fn(y) dy, = dH is a total differential.

Proof. Assume yy = 0, and consider a ball around gy, which is contained in D. On
this ball we define

1
H(y) = /0 yT f(ty) dt + Const.

Differentiation with respect to yy, and using the symmetry assumption 0 f; /Oy, =
0 fx /0y, yields

on
Oy

= [ (nw +v 2oy ar= [ 4 (1) e = 1)

which proves the statement. ad

For D = R2? or for star-shaped regions D, the above proof shows that the func-
tion H of Lemma 2.7 is globally defined. Hence the Hamiltonian of Theorem 2.6
is also globally defined in this case. This remains valid for simply connected sets
D. A counter-example, which shows that the existence of a global Hamiltonian in
Theorem 2.6 is not true for general D, is given in Exercise 6.

An important property of symplectic transformations, which goes back to Jacobi
(1836, “Theorem X”), is that they preserve the Hamiltonian character of the differ-
ential equation. Such transformations have been termed canonical since the 19th
century. The next theorem shows that canonical and symplectic transformations are
the same.
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Theorem 2.8. Let i) : U — V be a change of coordinates such that 1 and ="
are continuously differentiable functions. If 1 is symplectic, the Hamiltonian system
y = J-IV H(y) becomes in the new variables z = 1 (y)

5 =J7'WVK(z) with K(z)=H(y). (2.8)

Conversely, if 1 transforms every Hamiltonian system to another Hamiltonian sys-
tem via (2.8), then 1 is symplectic.

Proof. Since 2 = ' (y)y and ¢’ (y)' VK (2) = VH(y), the Hamiltonian system
y = J 'V H(y) becomes

2 =9'(y)J W (Y VK (2) 2.9)
in the new variables. It is equivalent to (2.8) if
V() ()T =T (2.10)

Multiplying this relation from the right by ’(y)~7 and from the left by ¢’ (y)~*
and then taking its inverse yields J = ' (y)” Jv'(y), which shows that (2.10) is
equivalent to the symplecticity of ).

For the inverse relation we note that (2.9) is Hamiltonian for all K () if and
only if (2.10) holds. O

VI.3 First Examples of Symplectic Integrators

Since symplecticity is a characteristic prop-
erty of Hamiltonian systems (Theorem 2.6),
it is natural to search for numerical methods
that share this property. Pioneering work on
symplectic integration is due to de Vogelaere
(1956), Ruth (1983), and Feng Kang (1985).
Books on the now well-developed subject are
Sanz-Serna & Calvo (1994) and Leimkuhler
& Reich (2004).

Definition 3.1. A numerical one-step method
is called symplectic if the one-step map

Y1 = Pn(yo)

Feng Kang?

is symplectic whenever the method is applied
to a smooth Hamiltonian system.

2 Feng Kang, born: 9 September 1920 in Nanjing (China), died: 17 August 1993 in Beijing;
picture obtained from Yuming Shi with the help of Yifa Tang.
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midpoint rule =S

Fig. 3.1. Area preservation of numerical methods for the pendulum; same initial sets as in
Fig. 2.2; first order methods (left column): A = 7/4; second order methods (right column):
h = 7/3; dashed: exact flow

Example 3.2. We consider the pendulum problem of Example 2.5 with the same
initial sets as in Fig. 2.2. We apply six different numerical methods to this problem:
the explicit Euler method (I.1.5), the symplectic Euler method (I.1.9), and the im-
plicit Euler method (I.1.6), as well as the second order method of Runge (II.1.3)
(the right one), the Stormer—Verlet scheme (I.1.17), and the implicit midpoint rule
(I.1.7). For two sets of initial values (po, o) we compute several steps with step size
h = 7 /4 for the first order methods, and h = 7/3 for the second order methods.
One clearly observes in Fig. 3.1 that the explicit Euler, the implicit Euler and the
second order explicit method of Runge are not symplectic (not area preserving). We
shall prove below that the other methods are symplectic. A different proof of their
symplecticity (using generating functions) will be given in Sect. VL.5.

In the following we show the symplecticity of various numerical methods from
Chapters I and II when they are applied to the Hamiltonian system in the vari-

ables y = (p, q),
p = _Hq(p7 Q)
q= Hp(p, Q)

where H,, and H, denote the column vectors of partial derivatives of the Hamil-
tonian H (p, ) with respect to p and ¢, respectively.

or equivalently y=J 'VH(y),
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Theorem 3.3 (de Vogelaere 1956). The so-called symplectic Euler methods (1.1.9)

Pn+1 = Pn — th(pn+1; QTL) or Pn+1 = Pn — th(pna Qn—i-l) 3.1)
Gnt1 = qn + hHp(Pri1, qn) Gnt1 = qn + hHy (P, Gny1)

are symplectic methods of order 1.

Proof. We consider only the method to the left of (3.1). Differentiation with respect
to (Pn, qn) yields

I+hH, 0\ (0Pni1,qni1)) _ (I —hHy,
—hHp, I A(pn, qn) 0 I+hHyp )"

where the matrices Hyy,, Hpp, . . . of partial derivatives are all evaluated at (pp, 11, ¢ )-

O(Pnt1,qn+1)

This relation allows us to compute and to check in a straightforward

O(Pn+qn)
way the symplecticity condition (8(%?;1’2")“) )TJ (a(%’ggl’g")“)) =J. O

The methods (3.1) are implicit for general Hamiltonian systems. For separable
H(p,q) = T(p) + U(q), however, both variants turn out to be explicit. It is inter-
esting to mention that there are more general situations where the symplectic Euler
methods are explicit. If, for a suitable ordering of the components,

OH L
8—(}7, g) does not depend on p; for j > i, (3.2)
qi
then the left method of (3.1) is explicit, and the components of p,4; can be com-
puted one after the other. If, for a possibly different ordering of the components,
OH

a—p_(p, q) does not depend on g; for j > 4, 3.3)

then the right method of (3.1) is explicit. As an example consider the Hamiltonian

1 _
H(pr,py, 7, 0) = g(pf +r pr,) —rcosp+ (r—1)%

which models a spring pendulum in polar coordinates. For the ordering ¢ < 7,
condition (3.2) is fulfilled, and for the inverse ordering r < ¢ condition (3.3). Con-
sequently, both symplectic Euler methods are explicit for this problem. The methods
remain explicit if the conditions (3.2) and (3.3) hold for blocks of components in-
stead of single components.

We consider next the extension of the Stormer—Verlet scheme (I.1.17), consid-
ered in Table 11.2.1.

Theorem 3.4. The Stormer—Verlet schemes (1.1.17)
h
Pnyi/2 = Pn— §Hq(pn+1/27 In)
h
dn+1 = (n + 5 (Hp(pn—i-l/Qa Qn) + Hp(pn+1/27 Qn+1)) (34’)

h
P+l = Pntl/2 — §Hq(pn+1/27Qn+1)
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and L
Gn+1/2 = Gn Tt §Hq(pmq7z+1/2)

h
Prt1 = Pn =5 (Hp(pn7Qn+1/2) + Hp(pnt1, Qn+1/2)) (3.5)

h
Gn+1 = Gnt1/2 + §Hq(pn+1aQn+1/2)

are symplectic methods of order 2.

Proof. This is an immediate consequence of the fact that the Stormer—Verlet scheme
is the composition of the two symplectic Euler methods (3.1). Order 2 follows from
its symmetry. ad

We note that the Stormer—Verlet methods (3.4) and (3.5) are explicit for separa-
ble problems and for Hamiltonians that satisfy both conditions (3.2) and (3.3).

Theorem 3.5. The implicit midpoint rule

is a symplectic method of order 2.

Proof. Differentiation of (3.6) yields

(1 _ gJ‘1V2H) (%Ly“) - (I+ %J‘1V2H).

Again it is straightforward to verify that (ayz“) J (ag"“) = J. Due to its sym-
metry, the midpoint rule is known to be of order 2 (see Theorem 11.3.2). a

The next two theorems are a consequence of the fact that the composition of
symplectic transformations is again symplectic. They are also used to prove the
existence of symplectic methods of arbitrarily high order, and to explain why the
theory of composition methods of Chapters II and III is so important for geometric
integration.

Theorem 3.6. Let @y, denote the symplectic Euler method (3.1). Then, the compo-
sition method (11.4.6) is symplectic for every choice of the parameters ;, [3;.

If &, is symplectic and symmetric (e.g., the implicit midpoint rule or the
Stormer—Verlet scheme), then the composition method (V.3.8) is symplectic too. O

Theorem 3.7. Assume that the Hamiltonian is given by H(y) = H;(y) + Ha(y),
and consider the splitting

y=J 'VH(y) = J 'VH,(y) + J 'VHy(y).

The splitting method (11.5.6) is then symplectic. O
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V1.4 Symplectic Runge-Kutta Methods

The systematic study of symplectic Runge—Kutta methods started around 1988, and
a complete characterization has been found independently by Lasagni (1988) (using
the approach of generating functions), and by Sanz-Serna (1988) and Suris (1988)
(using the ideas of the classical papers of Burrage & Butcher (1979) and Crouzeix
(1979) on algebraic stability).

VI.4.1 Criterion of Symplecticity

We follow the approach of Bochev & Scovel (1994), which is based on the following
important lemma.

Lemma 4.1. For Runge—Kutta methods and for partitioned Runge—Kutta methods
the following diagram commutes:

y=f(y), y0) =y  —

l method lmethod

{yn} — {yn, ¥n}

(horizontal arrows mean a differentiation with respect to yg ). Therefore, the numer-
ical result y,,, ¥y, obtained from applying the method to the problem augmented by
its variational equation, is equal to the numerical solution for y = f(y) augmented
by its derivative U,, = 3y,,/yo.

Proof. The result is proved by implicit differentiation. Let us illustrate this for the
explicit Euler method

Ynt+1 = Yn + hf(yn)
We consider y,, and y,,1 as functions of yg, and we differentiate with respect to yg
the equation defining the numerical method. For the Euler method this gives
ayn+1 _ ayn

IYn
= "+ () 5
Yo Yo f (y ) Yo

which is exactly the relation that we get from applying the method to the variational
equation. Since dyo/dyo = I, we have dy,, /0yo = ¥, for all n. O

The main observation now is that the symplecticity condition (2.6) is a quadratic
first integral of the variational equation: we write the Hamiltonian system together
with its variational equation as

y=J'VH(y), ¥ =J1V2H(y)Ww. (4.1)

It follows from
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(JIN2H(y) W) Jw + w7 J(J7'V2H (y)¥) = 0

(see also the proof of Theorem 2.4) that &7 J¥ is a quadratic first integral of the
augmented system (4.1).

Therefore, every Runge—Kutta method that preserves quadratic first integrals, is
a symplectic method. From Theorem IV.2.1 and Theorem IV.2.2 we thus obtain the
following results.

Theorem 4.2. The Gauss collocation methods of Sect. I1.1.3 are symplectic. O
Theorem 4.3. [f the coefficients of a Runge—Kutta method satisfy

bia;; + bjaj; = b;b; forall i,7=1,...,s, “4.2)
then it is symplectic. ]

Similar to the situation in Theorem V.2.4, diagonally implicit, symplectic Runge—
Kutta methods are composition methods.

Theorem 4.4. A diagonally implicit Runge—Kutta method satisfying the symplec-
ticity condition (4.2) and b; #£ 0 is equivalent to the composition

M M M
stsh 0...0 @th o @blh,
where @hM stands for the implicit midpoint rule.

Proof. For i = j condition (4.2) gives a;; = b;/2 and, together with aj; = 0 (for
i > j), implies a;; = b;. This proves the statement. ]

The assumption “b; # 07 is not restrictive in the sense that for diagonally im-
plicit Runge—Kutta methods satisfying (4.2) the internal stages corresponding to
“b; = 0” do not influence the numerical result and can be removed.

To understand the symplecticity of partitioned Runge—Kutta methods, we write
the solution ¥ of the variational equation as

(%)

Then, the Hamiltonian system together with its variational equation (4.1) is a parti-
tioned system with variables (p, ¥P) and (g, ¥?). Every component of

v g = (wr)Twe — (w1 Tyr

is of the form (IV.2.5), so that Theorem IV.2.3 and Theorem IV.2.4 yield the fol-
lowing results.

Theorem 4.5. The Lobatto IIIA - IIIB pair is a symplectic method. O
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Theorem 4.6. If the coefficients of a partitioned Runge—Kutta method (11.2.2) sat-
isfy

bza” + bjajl- = bzbj f()}" ’L,] = ]., ey S, (43)
by = b;  fori=1,...,s, 4.4)

then it is symplectic.
If the Hamiltonian is of the form H(p,q) = T(p) + U(q), i.e., it is separable,
then the condition (4.3) alone implies the symplecticity of the numerical flow. O

We have seen in Sect. V.2.2 that within the class of partitioned Runge—Kutta
methods it is possible to get explicit, symmetric methods for separable systems y =
f(2), 2 = g(y). A similar result holds for symplectic methods. However, as in
Theorem V.2.6, such methods are not more general than composition or splitting
methods as considered in Sect. IL.5. This has first been observed by Okunbor &
Skeel (1992).

Theorem 4.7. Consider a partitioned Runge—Kutta method based on two diago-
nally implicit methods (i.e., a;; = aj; = 0 fori > j), assume ay; - a; = 0 for all
i, and apply it to a separable Hamiltonian system with H(p,q) = T(p) + U(q). If
(4.3) holds, then the numerical result is the same as that obtained from the splitting
method (I1.5.6).

By (11.5.8), such a method is equivalent to a composition of symplectic Euler
steps.

Proof. We first notice that the stage values k; = f(Z;) (for ¢ with b; = 0) and
L, = g(Y;) (for ¢ with ,52 = 0) do not influence the numerical solution and can be
removed. This yields a scheme with non-zero b; and E», but with possibly non-square
matrices (a;;) and (@;;).

Since the method is explicit for separable problems, one of the reduced matrices
(ai;) or (a;;) has a row consisting only of zeros. Assume that it is the first row of
(ai;), so that a1; = O for all j. The symplecticity condition thus implies ;1 = by +
0 foralli > 1, and a;; = by # 0 for 4 > 2. This then yields a2 # 0, because
otherwise the first two stages of (@;;) would be identical and one could be removed.
By our assumption we get ags = 0, @2 = 52 # 0fori > 2, and a;o = by fori > 3.
Continuing this procedure we see that the method becomes

(2] (1] [2] (1]
...0 <pg2h © Phoh © Py 1, © Phuis

where cpl[/l] and cpf] are the exact flows corresponding to the Hamiltonians 7'(p) and
U(q), respectively. O

The necessity of the conditions of Theorem 4.3 and Theorem 4.6 for symplectic
(partitioned) Runge—Kutta methods will be discussed at the end of this chapter in
Sect. VI.7.4.
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A second order differential equation §j = g¢(y), augmented by its variational
equation, is again of this special form. Furthermore, the diagram of Lemma 4.1
commutes for Nystrom methods, so that Theorem IV.2.5 yields the following result
originally obtained by Suris (1988, 1989).

Theorem 4.8. If the coefficients of a Nystrom method (IV.2.11) satisfy

Gi = bi(l—¢) for i=1,...,s,

o 4.5)
bi(B; —aij) = bj(Bi —aji)  for i, j=1,...,s,

then it is symplectic. O

VI1.4.2 Connection Between Symplectic and Symmetric Methods

There exist symmetric methods that are not symplectic, and there exist symplectic
methods that are not symmetric. For example, the trapezoidal rule

Y1 = Yo + g(f(yo) + f(y1)) (4.6)

is symmetric, but it does not satisfy the condition (4.2) for symplecticity. In fact,
this is true of all Lobatto IIIA methods (see Example 11.2.2). On the other hand, any
composition P, © D, (71 + 2 = 1) of symplectic methods is symplectic but
symmetric only if y; = vs.

However, for (non-partitioned) Runge—Kutta methods and for quadratic Hamil-
tonians H (y) = %yTCy (C is a symmetric real matrix), where the corresponding
system (2.5) is linear,

y=J1Cy, 4.7)

we shall see that both concepts are equivalent.
A Runge—Kutta method, applied with step size h to a linear system ¢y = Ly, is
equivalent to

where the rational function R(z) is given by
R(z) =1+ 2b" (I — 24)7'1, 4.9)

A = (ay), bT = (b1,...,bs), and 17 = (1,...,1). The function R(z) is called
the stability function of the method, and it is familiar to us from the study of stiff
differential equations (see e.g., Hairer & Wanner (1996), Chap. IV.3).

For the explicit Euler method, the implicit Euler method and the implicit mid-
point rule, the stability function R(z) is given by

1 1+2/2
1—2’ 1—2z/2

14 2,
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Theorem 4.9. For Runge—Kutta methods the following statements are equivalent:

o the method is symmetric for linear problems 3y = Ly;
o the method is symplectic for problems (4.7) with symmetric C;
e the stability function satisfies R(—z)R(z) = 1 for all complex z.

Proof. The method y; = R(hL)yy is symmetric, if and only if yo = R(—hL)y;
holds for all initial values yo. But this is equivalent to R(—hL)R(hL) = I.

Since @, (yo) = R(hL), symplecticity of the method for the problem (4.7) is de-
fined by R(hJ1C)TJR(hJ1C) = J. For R(z) = P(z)/Q(z) this is equivalent
to

PhJ 'YL JP(hJIC) = Q(hJ1C)T JQ(hJ1C). (4.10)
By the symmetry of C, the matrix L := J~'C satisfies LT.J = —.JL and hence
also (L¥)T'.J = J(—L)* for k = 0,1,2, . ... Consequently, (4.10) is equivalent to

P(=hJ 'C)P(hJIC) = Q(—hJ*C)Q(hJ 10,
which is nothing other than R(—hJ *C)R(hJ1C) = I. O

VL.5 Generating Functions

... by which the study of the motions of all free systems of attracting or
repelling points is reduced to the search and differentiation of one central
relation, or characteristic function. (W.R. Hamilton 1834)

Professor Hamilton hat . . . das merkwiirdige Resultat gefunden, dass . . .

sich die Integralgleichungen der Bewegung . . . simmtlich durch die par-

tiellen Differentialquotienten einer einzigen Function darstellen lassen.
(C.G.J. Jacobi 1837)

We enter here the second heaven of Hamiltonian theory, the realm of partial dif-
ferential equations and generating functions. The starting point of this theory was
the discovery of Hamilton that the motion of the system is completely described
by a “characteristic” function S, and that S is the solution of a partial differential
equation, now called the Hamilton—Jacobi differential equation.

It was noticed later, especially by Siegel (see Siegel & Moser 1971, §3), that
such a function S is directly connected to any symplectic map. It received the name
generating function.

VIL.5.1 Existence of Generating Functions

We now consider a fixed Hamiltonian system and a fixed time interval and denote
by the column vectors p and q the initial values p1,...,pqs and q1,...,qq attg of a
trajectory. The final values at t; are written as P and (). We thus have a mapping
(p,q) — (P, Q) which, as we know, is symplectic on an open set U.

The following results are conveniently formulated in the notation of differential
forms. For a function F' we denote by dF' = F" its (Fréchet) derivative. We denote
by dq = (dqu, . . .,dqq)” the derivative of the coordinate projection (p, q) — q.
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Theorem 5.1. A mapping ¢ : (p,q) — (P, Q) is symplectic if and only if there
exists locally a function S(p, q) such that

PTdQ — pT dq=dsS. ;.1
This means that PT dQ — p™ dq is a total differential.
Proof. We split the Jacobian of ¢ into the natural 2 x 2 block matrix
oP.Q) _ < P, P, >
A(p,q) @ Qq)°

Inserting this into (2.6) and multiplying out shows that the three conditions
PrQ,=QlP,, PrQ,—1=Q!'P, Qip, = PlQ, (5.2)

are equivalent to symplecticity. We now insert d@) = @, dp + Q4 dgq into the left-
hand side of (5.1) and obtain

dp\ QTP r dp
(P @ PTquT>(dq)(Qqu’3—p> (dq)'

To apply the Integrability Lemma 2.7, we just have to verify the symmetry of the
Jacobian of the coefficient vector,

Qr'Pp, an
(ot Gin)+ X5 e

Since the Hessians of (); are symmetric anyway, it is immediately clear that the
symmetry of the matrix (5.3) is equivalent to the symplecticity conditions (5.2). O

Reconstruction of the Symplectic Map from S. Up to now we have considered
all functions as depending on p and ¢. The essential idea now is to introduce new
coordinates; namely (5.1) suggests using z = (¢, @) instead of y = (p, ¢). This is a
well-defined local change of coordinates y = 1(z) if p can be expressed in terms of
the coordinates (g, @), which is possible by the implicit function theorem if %—Q

invertible. Abusing our notation we again write S(g, Q) for the transformed function
S(1(z)). Then, by comparing the coefficients of dS = asg‘;’@) dq + asa%’@ dQ

with (5.1), we arrive at>

as oS
P=_— , =——(q,Q). 5.4
20 (¢,Q), p 94 (¢,Q) (5.4)
If the transformation (p,q) — (P, Q) is symplectic, then it can be reconstructed
from the scalar function S(q, Q) by the relations (5.4). By Theorem 5.1 the converse

% On the right-hand side we should have put the gradient VoS = (85/0Q)T. We shall
not make this distinction between row and column vectors when there is no danger of
confusion.
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is also true: any sufficiently smooth and nondegenerate function S(q,Q) “gener-
ates” via (5.4) a symplectic mapping (p, q) — (P, Q). This gives us a powerful tool
for creating symplectic methods.

Mixed-Variable Generating Functions. Another often useful choice of coordi-
nates for generating symplectic maps are the mixed variables (P, g). For any con-

tinuously differentiable function S (P, q) we clearly have ds = g—f, dP + ‘g—i dq. On
the other hand, since d(PTQ) = PTdQ + Q™ dP, the symplecticity condition (5.1)
can be rewritten as QT dP +pTdq = d(QT P — S) for some function S. It therefore
follows from Theorem 5.1 that the equations

85 85

ap D0, P (P,q) (5.5)

Q 94

define (locally) a symplectic map (p, q) — (P, Q) if 92 S /OP3q is invertible.

Example 5.2. Let Q = x(q) be a change of position coordinates. With the gener-
ating function S(P,q) = PTx(q) we obtain via (5.5) an extension to a symplectic
mapping (p, ¢) — (P, Q). The conjugate variables are thus related by p = x’(q)” P.

Mappings Close to the Identity. We are mainly interested in the situation where
the mapping (p, ¢) — (P, @) is close to the identity. In this case, the choices (p, Q)
or (P,q) or ((P +p)/2,(Q + q)/2) of independent variables are convenient and
lead to the following characterizations.

Lemma 5.3. Let (p, q) — (P, Q) be a smooth transformation, close to the identity.
It is symplectic if and only if one of the following conditions holds locally:

o QTdP +pTdg=d(PTq+ S') for some function S*(P,q);
o PTdQ + qTdp = d(pTQ — S?) for some function S*(p, Q);
o (@-q)"d(P+p)—(P—-p7TdQ+q)=2dS?

for some function S®((P + p)/2,(Q + q)/2).

Proof. The first characterization follows from the discussion before formula (5.5) if
we put S* such that PTq+S' = S = QT P— S. For the second characterization we
use d(p'q) = pT'dq+ q* dp and the same arguments as before. The last one follows
from the fact that (5.1) is equivalent to (Q — ¢)Td(P +p) — (P — p)Td(Q + q) =
d((P+p)"(Q - q) —25). O

The generating functions S', S2, and S® have been chosen such that we obtain
the identity mapping when they are replaced with zero. Comparing the coefficient
functions of dgq and dP in the first characterization of Lemma 5.3, we obtain

aS1 08!

p:P+87q(P,q)7 QZQ+87P(P7(Z)' (5.6)
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Whatever the scalar function S'(P,q) is, the relation (5.6) defines a symplectic
transformation (p, ¢) — (P, Q). For S*(P, q) := hH (P, q) we recognize the sym-
plectic Euler method (I.1.9). This is an elegant proof of the symplecticity of this
method. The second characterization leads to the adjoint of the symplectic Euler
method.

The third characterization of Lemma 5.3 can be written as

P = p—95*((P+p)/2,(Q+4q)/2),
Q = q+S*((P+p)/2,(Q+14q)/2),

which, for S® = hH, is nothing other than the implicit midpoint rule (I.1.7) applied
to a Hamiltonian system. We have used the notation 0y and 05 for the derivative with
respect to the first and second argument, respectively. The system (5.7) can also be
written in compact form as

(5.7)

Y =y+J7IVSH((Y +9)/2), (5.8)

where Y = (P,Q), y = (p,q), S*(w) = S3(u,v) with w = (u,v), and J is the
matrix of (2.3).

VI.5.2 Generating Function for Symplectic Runge—Kutta
Methods

We have just seen that all symplectic transformations can be written in terms of gen-
erating functions. What are these generating functions for symplectic Runge—Kutta
methods? The following result, proved by Lasagni in an unpublished manuscript
(with the same title as the note Lasagni (1988)), gives an alternative proof for The-
orem 4.3.

Theorem 5.4. Suppose that
bia;; +bja;; = bb; forall i, 5.9)
(see Theorem 4.3). Then, the Runge—Kutta method
P=p—h> biHy(P,Q:), Pi=p—h)Y a;Hy(P;,Q;),
j=1

=1 (5.10)

Q=q+hY biHy(P,Q:), Qi=q+hY a;Hy(P;,Q)
j=1

i=1

can be written as (5.6) with

SY(P,q,h) =h Y biH(P;, Qi) —h* > biaijHy(Pi, Qi) Hp(P;, Q;). (5.11)
=1

7,j=1
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Proof. We first differentiate S*(P, ¢, h) with respect to ¢. Using the abbreviations
H[i] = H(P;,Q;), Hplt] = Hy(P;,Q;), ..., we obtain

aaq(;biH[i]) zi:bin[i]T(gz —h;aijaaqu[j])

Z biH,[i]" (1 +h Z i a%Hp[j]).

_|_

ith 0 0
Y
= —h> bi=—H
aq h - b]aq Q[]]

(this is obtained by differentiating the first relation of (5.10)), Leibniz’ rule

0 . . A O . a7 O .
% (Hqli)" Hylj]) = Hq[l]Taqup[J] + Hp[J]quHq [i]
and the condition (5.9) therefore yield the first relation of

The second relation is proved in the same way. This shows that the Runge—Kutta
formulas (5.10) are equivalent to (5.6). O

It is interesting to note that, whereas Lemma 5.3 guarantees the local existence
of a generating function S, the explicit formula (5.11) shows that for Runge-Kutta
methods this generating function is globally defined. This means that it is well-
defined in the same region where the Hamiltonian H (p, ¢) is defined.

Theorem 5.5. A partitioned Runge—Kutta method (11.2.2), satisfying the symplec-
ticity conditions (4.3) and (4.4), is equivalent to (5.6) with

S'(P,q,h) =Y biH(P;, Q) hQZbaU (P, Qi)" Hy(Fj, Qj)-
=1

i,j=1

If the Hamiltonian is of the form H(p,q) = T(p) + U(q), i.e., it is separable,
then the condition (4.3) alone implies that the method is of the form (5.6) with

SY(P,q,h JzZ(bU )+ b;T(P, ) hQZbaw T,(P;,).

7,7=1

Proof. This is a straightforward extension of the proof of the previous theorem. 0O
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VI.5.3 The Hamilton-Jacobi Partial Differential Equation

We now return to the above construction of
S for a symplectic transformation (p, q) —
(P, Q) (see Theorem 5.1). This time, how-
ever, we imagine the point P(t),Q(t) to
move in the flow of the Hamiltonian system
(1.7). We wish to determine a smooth gener-
ating function S(gq, @, t), now also depending
on ¢, which generates via (5.4) the symplectic
map (p,q) — (P(t),Q(t)) of the exact flow
of the Hamiltonian system.

In accordance with equation (5.4) we
have to satisfy

oS
e aZS (5.12)
C.G.J. Jacobi* 2
Differentiating the second relation with respect to ¢ yields
025 ¢ 928 .
= - Q) 1
0 = gpar (@ QW) + ; dg0; (@ QM:1) - Q;() (5.13)
=28 w5 amy - pw.en) 614
= aqlat q7 ’ j:1 8 ZaQ] qa ) 8P] b .

where we have inserted the second equation of (1.7) for Q ;. Then, using the chain
rule, this equation simplifies to

o (0S8 oS oS
L g2 o, ) —0. 5.15
aqi(at+ (3o 9, @ Qa ) (5.15)
This motivates the following surprisingly simple relation.

Theorem 5.6. If S(q, Q,t) is a smooth solution of the partial differential equation

S oS oS

% (L ) o 516

with initial values satisfying g—f(q,qﬂ) + %(q,q,O) = 0, and if the matrix
(%) is invertible, then the map (p,q) — (P(t),Q(t)) defined by (5.12) is
10&;
the flow ¢ (p, q) of the Hamiltonian system (1.7).
Equation (5.16) is called the “Hamilton—Jacobi partial differential equation”.

4 Carl Gustav Jacob Jacobi, born: 10 December 1804 in Potsdam (near Berlin), died: 18
February 1851 in Berlin.
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. . g . 2 . . . .
Proof. The invertibility of the matrix (%) and the implicit function theorem
10&;

imply that the mapping (p, q) — (P(t),Q(t)) is well-defined by (5.12), and, by
differentiation, that (5.13) is true as well.

Since, by hypothesis, S(q, Q,t) is a solution of (5.16), the equations (5.15)
and hence also (5.14) are satisfied. Subtracting (5.13) and (5.14), and once again
using the invertibility of the matrix (aqazTSQ]) , we see that necessarily Q(t) =
H, (P (1), Q(t)) . This proves the validity of the second equation of the Hamiltonian
system (1.7).

The first equation of (1.7) is obtained as follows: differentiate the first relation
of (5.12) with respect to ¢ and the Hamilton—Jacobi equation (5.16) with respect
to Q;, then eliminate the term a%i%r Using Q(t) = H,(P(t), Q(t)), this leads in
a straightforward way to P(t) = —H, (P(t),Q(t)). The condition on the initial
values of .S ensures that (P(0), Q(0)) = (p, q). O

In the hands of Jacobi (1842), this equation turned into a powerful tool for the
analytic integration of many difficult problems. One has, in fact, to find a solution
of (5.16) which contains sufficiently many parameters. This is often possible with
the method of separation of variables. An example is presented in Exercise 11.

Hamilton—Jacobi Equation for S*, S2, and S3. We now express the Hamilton—
Jacobi differential equation in the coordinates used in Lemma 5.3. In these coordi-
nates it is also possible to prescribe initial values for S at t = 0.

From the proof of Lemma 5.3 we know that the generating functions in the
variables (¢, Q) and (P, q) are related by

SY(P,q.t) = PT(Q—q) — S(q.Q.1). (5.17)

We consider P, q,t as independent variables, and we differentiate this relation with
respect to t. Using the first relation of (5.12) this gives

oS! _ or0Q 0SS 0Q 08 08
W(quat)_P 5_%(Q7Qat)a_a((b@at)__a(quvt)
Differentiating (5.17) with respect to P yields
st 70Q 0S oQ

Inserting % =Pand Q =q+ %—% into the Hamilton—Jacobi equation (5.16) we
are led to the equation of the following theorem.

Theorem 5.7. If S1(P, q,t) is a solution of the partial differential equation

aS1 oS! 1
then the mapping (p,q) +— (P(t), Q(t)), defined by (5.6), is the exact flow of the

Hamiltonian system (1.7).
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Proof. Whenever the mapping (p, ) — (P(t), Q(t)) can be written as (5.12) with
a function S(q, @, t), and when the invertibility assumption of Theorem 5.6 holds,
the proof is done by the above calculations. Since our mapping, for ¢ = 0, reduces
to the identity and cannot be written as (5.12), we give a direct proof.

Let S1(P,q,t) be given by the Hamilton—Jacobi equation (5.18), and assume
that (p, q) — (P, Q) = (P(t),Q(t)) is the transformation given by (5.6). Differen-
tiation of the first relation of (5.6) with respect to time ¢ and using (5.18) yield55

%81t . 028! 0?81t OH
I+——(Pq,t)|P = ————(P,q,t) = —(1 Pgt))— (P, Q).

(1+ 555 P00 P = ~Gia(Pat) = ~(I+ 552 (P.a.0) 55 (P.Q)
Differentiation of the second relation of (5.6) gives

. %81t 0?81 .

Q atap( 7q’t)+ 8P2( 7Q7t>

oOH %St OH .

Consequently, P = ~%2(P,Q) and Q = 2L(P,Q), so that (P(t),Q(t)) =
©i(p, q) is the exact flow of the Hamiltonian system. O

Writing the Hamilton—Jacobi differential equation in the variables (P + p)/2,
(Q + q)/2 gives the following formula.

Theorem 5.8. Assume that S3(u,v,t) is a solution of

3 1 1
%(u,v,t) = H(uff—v(u,v,t),v+f—u(u,v,t)) (5.19)
with initial condition S®(u,v,0) = 0. Then, the exact flow p.(p, q) of the Hamil-
tonian system (1.7) satisfies the system (5.7).

Proof. As in the proof of Theorem 5.7, one considers the transformation (p, ¢) +—
(P(t),Q(t)) defined by (5.7), and then checks by differentiation that (P(t), Q(t)
is a solution of the Hamiltonian system (1.7). O

Writing w = (u,v) and using the matrix J of (2.3), the Hamilton—Jacobi equa-
tion (5.19) can also be written as

%T(w,t) - H(w + %J‘1VS3(w,t)), §3(w,0) = 0. (5.20)

The solution of (5.20) is anti-symmetric in ¢, i.e.,
S3(w, —t) = —S3(w, t). (5.21)
® Due to an inconsistent notation of the partial derivatives g—g, % as column or row vec-

tors, this formula may be difficult to read. Use indices instead of matrices in order to check
its correctness.
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This can be seen as follows: let . (w) be the exact flow of the Hamiltonian system
y = J-'VH(y). Because of (5.8), S3(w,t) is defined by

pr(w) —w = J VS ((pr(w) +w)/2,1).
Replacing ¢ with —t and then w with ¢, (w) we get from ¢ _¢ (¢ (t)) = w that
w—p(w) = J VS ((w+ @i (w))/2, ).

Hence S3(w,t) and —S3(w, —t) are generating functions of the same symplectic
transformation. Since generating functions are unique up to an additive constant
(because dS = 0 implies S = Const), the anti-symmetry (5.21) follows from the
initial condition S3(w,0) = 0.

VI1.5.4 Methods Based on Generating Functions

To construct symplectic numerical methods of high order, Feng Kang (1986), Feng
Kang, Wu, Qin & Wang (1989) and Channell & Scovel (1990) proposed computing
an approximate solution of the Hamilton—Jacobi equation. For this one inserts the
ansatz

SY(P,q,t) = tG1(P,q) + t*G2(P,q) + t*G3(P,q) + ...

into (5.18), and compares like powers of ¢. This yields

Gl(Paq) = H(P7Q)a

1/0H OH
G2(P,q) = 5(37]357(])(137‘1)7

1(0%H /OH\?2 0?H OHOH O*H /OH\?2
Gs(Pra) = 6(apz (3;) +9p8;97 30 * o7 \op) )<P’q>~

If we use the truncated series
SY(P,q) = hG1(P,q) +h*Go(P,q) + ...+ h"G.(P,q) (5.22)

and insert it into (5.6), the transformation (p, ¢) — (P, @) defines a symplectic one-
step method of order r. Symplecticity follows at once from Lemma 5.3 and order r
is a consequence of the fact that the truncation of S*(P, ¢) introduces a perturbation
of size O(h"1) in (5.18). We remark that for r > 2 the methods obtained require
the computation of higher derivatives of H(p, q), and for separable Hamiltonians
H(p,q) = T(p) + Ul(q) they are no longer explicit (compared to the symplectic
Euler method (3.1)).
The same approach applied to the third characterization of Lemma 5.3 yields

S3(w,h) = hGy(w) + h3G3(w) + ...+ A" 1 Gar i (w),

where G (w) = H(w),
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Gs(w) = iV2H(w)(J—1VH(w),J—1VH(w))7

and further Gj(w) can be obtained by comparing like powers of h in (5.20). In this
way we get symplectic methods of order 2r. Since S®(w, h) has an expansion in
odd powers of h, the resulting method is symmetric.

The Approach of Miesbach & Pesch. With the aim of avoiding higher derivatives
of the Hamiltonian in the numerical method, Miesbach & Pesch (1992) propose
considering generating functions of the form

S3(w,h) = h Z biH(w + hciJ*WH(w)), (5.23)
1=1

and to determine the free parameters b;, ¢; in such a way that the function of (5.23)
agrees with the solution of the Hamilton—Jacobi equation (5.20) up to a certain order.
For bsy1-; = b; and ¢ 1_; = —c; this function satisfies S3(w, —h) = —S3(w, h),
so that the resulting method is symmetric. A straightforward computation shows that
it yields a method of order 4 if

s s 1

For s = 3, these equations are fulfilled for by = b3 = 5/18, by =4/9,¢1 = —c3 =
v/15/10, and ¢y = 0. Since the function S of (5.23) has to be inserted into (5.20),
these methods still need second derivatives of the Hamiltonian.

VI.6 Variational Integrators

A third approach to symplectic integrators comes from using discretized versions
of Hamilton’s principle, which determines the equations of motion from a varia-
tional problem. This route has been taken by Suris (1990), MacKay (1992) and
in a series of papers by Marsden and coauthors, see the review by Marsden &
West (2001) and references therein. Basic theoretical properties were formulated
by Maeda (1980,1982) and Veselov (1988,1991) in a non-numerical context.

VI1.6.1 Hamilton’s Principle

Ours, according to Leibniz, is the best of all possible worlds, and the laws
of nature can therefore be described in terms of extremal principles.
(C.L. Siegel & J.K. Moser 1971, p. 1)

Man scheint dies Princip friiher ... unbemerkt gelassen zu haben.
Hamilton ist der erste, der von diesem Princip ausgegangen ist.
(C.G.J. Jacobi 1842, p. 58)
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Hamilton gave an improved mathematical formulation of a principle
which was well established by the fundamental investigations of Euler
and Lagrange; the integration process employed by him was likewise
known to Lagrange. The name “Hamilton’s principle”, coined by Jacobi,
was not adopted by the scientists of the last century. It came into use,
however, through the textbooks of more recent date.

(C. Lanczos 1949, p. 114)

Lagrange’s equations of motion (1.4) can be viewed as the Euler-Lagrange equa-
tions for the variational problem of extremizing the action integral

S(q) = / " L(g(t). 4(t)) dt 6.1)

to

among all curves ¢(t) that connect two given points go and ¢;:

q(to) =qo0, q(ti)=aq - (6.2)

In fact, assuming ¢(t) to be extremal and considering a variation ¢(t) + €dq(t)
with the same end-points, i.e., with dg(tg) = dq(t1) = 0, gives, using a partial
integration,

d “oL oL _. "L d oL

which leads to (1.4). The principle that the motion extremizes the action integral is
known as Hamilton’s principle.

We now consider the action integral as a function of (qo, ¢1), for the solution
q(t) of the Euler-Lagrange equations (1.4) with these boundary values (this exists
uniquely locally at least if qg, q; are sufficiently close),

S(qor 1) = / " L(g(t). () dt 63)

to

The partial derivative of .S with respect to qq is, again using partial integration,

oS b oL 0 aL 04
/t ( 1, q)dt

dq0 dq dqo | 9 dqo
_ 0L og /tl(%_d%)aqd__é%( o)
T 930l Jy, \oqg dtoq)og " T ag 1™

with §o = ¢(to), where the last equality follows from (1.4) and (6.2). In view of the
definition (1.5) of the conjugate momenta, p = 9L/, the last term is simply —py.
Computing 95/9q; = p; in the same way, we thus obtain for the differential of .S
oS 0s
dS = —dq + — dgo = p1dg1 — podqo (6.4)
Oq 9q0
which is the basic formula for symplecticity generating functions (see (5.1) above),
obtained here by working with the Lagrangian formalism.
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VI1.6.2 Discretization of Hamilton’s Principle

Discrete-time versions of Hamilton’s principle are of mathematical interest in their
own right, see Maeda (1980,1982), Veselov (1991) and references therein. Here they
are considered with the aim of deriving or understanding numerical approximation
schemes. The discretized Hamilton principle consists of extremizing, for given gg
and ¢y, the sum

Snl{an}d) Z Li(qny Gns1) (6.5)

We think of the discrete Lagrangian L;, as an approximation

trt1
(s Gnst) ~ / L(q(t), d(t)) dt 6.6)

n

where ¢(t) is the solution of the Euler-Lagrange equations (1.4) with boundary
values q(t,) = qn, q(tnt1) = qna1. If equality holds in (6.6), then it is clear
from the continuous Hamilton principle that the exact solution values {¢(t,)} of
the Euler-Lagrange equations (1.4) extremize the action sum Sj. Before we turn
to concrete examples of approximations L, we continue with the general theory
which is analogous to the continuous case.

The requirement 9Sy,/Jq, = 0 for an extremum yields the discrete Euler—
Lagrange equations

oLy, 0Ly,

- (n-1,qn) + —(Gn; qn =0 6.7

5y(q 1,Gn) 8x(q Gn+1) 6.7
forn = 1,..., N — 1, where the partial derivatives refer to L, = Lj(x,y). This
gives a three-term difference scheme for determining q1,...,qn—1.

We now set

n(q0, qN) Z L (qns nt1)

where {g,} is a solution of the discrete Euler-Lagrange equations (6.7) with the
boundary values gg and ¢ . With (6.7) the partial derivatives reduce to

oS, 0L,

OS5h 0Sn, 0Ly
dqo or N

dqn Oy

(90,q1), (gn-1,9n) -

We introduce the discrete momenta via a discrete Legendre transformation,

8L
Pn = o h (Qny Qn-‘rl) (68)

The above formula and (6.7) for n = N then yield

dSn = pn dgn — po dqo. (6.9)
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If (6.8) defines a bijection between p,, and ¢, for given g,, then we obtain a
one-step method @, : (pn,qn) — (Pn+1,¢n+1) by composing the inverse dis-
crete Legendre transform, a step with the discrete Euler—Lagrange equations, and
the discrete Legendre transformation as shown in the diagram:

(6.7)
(Gns Gnr1) — (@n+1,qnt2)
(6.8) T l (6.8)
(pann) (pn+1aQn+1)

The method is symplectic by (6.9) and Theorem 5.1. A short-cut in the computation
is obtained by noting that (6.7) and (6.8) (for n + 1 instead of n) imply

oL
Pri1 = a—yh(qn, Ini1) (6.10)

which yields the scheme

(6.8) (6.10)
(Prn>an) — (@n>Gn+1) —  (Png1,@nt1) -

Let us summarize these considerations, which can be found in Maeda (1980), Suris
(1990), Veselov (1991) and MacKay (1992).

Theorem 6.1. The discrete Hamilton principle for (6.5) gives the discrete Euler—
Lagrange equations (6.7) and the symplectic method

aLh aLh
Pn = 7%(qnaQn+l) s DPnt1= Ty(qnv%r&-l) . (6.11)

These formulas also show that Lj is a generating function (5.4) for the sym-
plectic map (pn, Gn) — (Pn+1,¢n+1)- Conversely, since every symplectic method
has a generating function (5.4), it can be interpreted as resulting from Hamilton’s
principle with the generating function (5.4) as the discrete Lagrangian. The classes
of symplectic integrators and variational integrators are therefore identical.

We now turn to simple examples of variational integrators obtained by choosing
a discrete Lagrangian Ly with (6.6).

Example 6.2 (MacKay 1992). Choose Ly, (g, ¢n+1) by approximating ¢g(t) of
(6.6) as the linear interpolant of ¢, and ¢, and approximating the integral by
the trapezoidal rule. This gives

h n — {n h n — UYn
Lin(qn, ny1) = 5L<Qna %) + §L(Qn+1, %) (6.12)

and hence the symplectic scheme, with v,,11/2 = (¢n+1 — gn)/h for brevity,
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10L 10L h 0L
Pn = 26 (vanﬂ/z) 28 (Qn+lavn+1/2) 23 <qﬂ’vn+1/2)
10L 10L h oL

Dn+1 = 294 —(@n, Vng1/2) + 294 = (@nt1,Vng1/2) + 5 2 9q (@n+1sVnt1/2) -

For a mechanical Lagrangian L(q, ¢) = 347 M¢—U (q) this reduces to the Stérmer—
Verlet method

1
Mvn+1/2 = pn+§th
Gn+1 = gn + hvn+1/2

1
Pntl = Muvypq2+ §th+1

where F,, = —VU(qgy,). In this case, the discrete Euler-Lagrange equations (6.7)
become the familiar second-difference formula M (g, 41 — 2¢n + Gn_1) = h%F,.

Example 6.3 (Wendlandt & Marsden 1997). Approximating the integral in (6.6)
instead by the midpoint rule gives

n + n n — Un
Lu(qns Gnv1) = hL(q +12 1 7q Hh a ) (6.13)

This yields the symplectic scheme, with the abbreviations g, 11 /2 = (gn+1 + qn)/2
and Unt1/2 = (@nt1 — qn)/hs

oL h L
Pn = B (Qn+1/2, n+1/2) 25q (Qn+1/2>Un+1/2)

oL h OL
Pn+1 = %(QnJrl/Q? Un+1/2) b) dq (Qn+1/27 Un+1/2)
For L(q,q) = $¢" M — U(q) this becomes the implicit midpoint rule

1
Mvn+1/2 = pn+t §th+1/2
Gn+1 = qn + hvn+1/2

1
Pn+1 = Mvn+1/2 + §th+1/2
with Fn+1/2 = _VU(%<Q71+1 + Qn))

VI.6.3 Symplectic Partitioned Runge—Kutta Methods Revisited

To obtain higher-order variational integrators, Marsden & West (2001) consider the
discrete Lagrangian

0 (0, 1) thL Ji(eih)) (6.14)
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where u(t) is the polynomial of degree s with u(0) = qo, u(h) = ¢ which ex-
tremizes the right-hand side. They then show that the corresponding variational in-
tegrator can be realized as a partitioned Runge—Kutta method. We here consider the
slightly more general case

Ln(qo,q1) = hzbiL(inQi) (6.15)

=1
where s )
Qi =qo+ hzaiij

=1

and the ; are chosen to extremize the above sum under the constraint

@=q+hy biQ;.

i=1

We assume that all the b; are non-zero and that their sum equals 1. Note that (6.14)
is the special case of (6.15) where the a;; and b; are integrals (I1.1.10) of Lagrange
polynomials as for collocation methods.

With a Lagrange multiplier A = (A1,..., \y) for the constraint, the extremality
conditions obtained by differentiating (6.15) with respect to Qj forj =1,...,s,
read

oL oL .
Zb QZ,Q)ham 0554 (@ @) = biA-
i=1
With the notation

oL . oL .
= —(Q:,Q:), P=—-(Q: Qs 6.16
5 (Q0- Q1) 57 Q0o Q0) (6.16)
this simplifies to
bij = bj)\ - thzawPl . (617)
i=1

The symplectic method of Theorem 6.1 now becomes

Po = —%(QO,%)
_ 0Q;
- thbP(IJth e ) thPJaqO
= —thiPi—i—)\.
i=1

In the last equality we use (6.17) and h > y bjﬁQj /0qo = —1, which follows from
differentiating the constraint. In the same way we obtain
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OLy,
= — =A.
b1 By (QO7QI)

Putting these formulas together, we see that (p1,q;) result from applying a parti-
tioned Runge—Kutta method to the Lagrange equations (1.4) written as a differential-
algebraic system

oL oL
= —(q, 4 = (g, q). 6.18
b= 54 (¢,4), p 33 (q,4) (6.18)
That is
p1:p0+hzbipi, G =q+hY i biQi,
e (6.19)
Pi=po+hY a;P;, Qi=q+h3j_a;Q;,
j=1

with @;; = b; — b;a;;/b; so that the symplecticity condition (4.3) is fulfilled, and
with P;, Q;, P;, Q; related by (6.16). Since equations (6.16) are of the same form as
(6.18), the proof of Theorem 1.3 shows that they are equivalent to

. OH . 0H

P =———(F;,Qi), i= (0, Qi 6.20

5y (PoQ), Q= (P,Q) (620)

with the Hamiltonian H = p'¢ — L(q, ¢) of (1.6). We have thus proved the follow-
ing, which is similar in spirit to a result of Suris (1990).

Theorem 6.4. The variational integrator with the discrete Lagrangian (6.15) is
equivalent to the symplectic partitioned Runge—Kutta method (6.19), (6.20) applied
to the Hamiltonian system with the Hamiltonian (1.6). a

In particular, as noted by Marsden & West (2001), choosing Gaussian quadrature
in (6.14) gives the Gauss collocation method applied to the Hamiltonian system,
while Lobatto quadrature gives the Lobatto IIIA - IIIB pair.

V1.6.4 Noether’s Theorem

... enthalt Satz I alle in Mechanik u.s.w. bekannten Sitze Uber erste In-
tegrale. (E. Noether 1918)

We now return to the subject of Chap.IV, i.e., the existence of first integrals, but
here in the context of Hamiltonian systems. E. Noether found the surprising result
that continuous symmetries in the Lagrangian lead to such first integrals. We give in
the following a version of her “Satz I””, specialized to our needs, with a particularly
short proof.

Theorem 6.5 (Noether 1918). Consider a system with Hamiltonian H(p,q) and
Lagrangian L(q, q). Suppose {gs : s € R} is a one-parameter group of transfor-
mations (gs © g, = gs4r) which leaves the Lagrangian invariant:
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L(9+(2), 95(0)4) = L(g,q)  forall s and all (g, ). (6.21)
Let a(q) = (d/ds)|s=o0 gs(q) be defined as the vector field with flow gs(q). Then
I(p,q) = p" alq) (6.22)

is a first integral of the Hamiltonian system.

Example 6.6. Let G be a matrix Lie group with Lie algebra g (see Sect. IV.6). Sup-
pose L(Qq,Qqd) = L(q,q) for all @ € G. Then pTAq is a first integral for every
A € g. (Take g4(q) = exp(sA)g.) For example, G = SO(n) yields conservation of
angular momentum.

We prove Theorem 6.5 by using the discrete analogue, which reads as follows.

Theorem 6.7. Suppose the one-parameter group of transformations {gs : s € R}
leaves the discrete Lagrangian Ly, (qo, q1) invariant:

Li(9s(q0), 9s(a1)) = Ln(qo,q1) forall s and all (qo, qu). (6.23)
Then (6.22) is a first integral of the method (6.11), i.e., pL 1 a(gn+1) = PLa(qn).
Proof. Differentiating (6.23) with respect to s gives

d oL oL
0=— OLh(gs(qo%gs(ql)) = (T;(qo,ql)a(qo) + 37;(%,611)@(%)-

By (6.11) this becomes 0 = —pl'a(qo) + p¥a(q1). O

Theorem 6.5 now follows by choosing L;, = S of (6.3) and noting (6.4) and

Statto)a(tr)) = [ Lla(o).a(o) de

to

[ 1 (osta), anta)) = (9. at00)g1(at12).

to

Theorem 6.7 has the appearance of giving a rich source of first integrals for sym-
plectic methods. However, it must be noted that, unlike the case of the exact flow
map in the above formula, the invariance (6.21) of the Lagrangian L does not in
general imply the invariance (6.23) of the discrete Lagrangian L;, of the numerical
method. A noteworthy exception arises for linear transformations g5 as in Exam-
ple 6.6, for which Theorem 6.7 yields the conservation of quadratic first integrals
pT'Ag, such as angular momentum, by symplectic partitioned Runge—Kutta methods
— a property we already know from Theorem IV.2.4. For Hamiltonian systems with
an associated Lagrangian L(q, §) = %qTM G — Ul(q), all first integrals originating
from Noether’s Theorem are quadratic (see Exercise 13).
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V1.7 Characterization of Symplectic Methods

Up to now in this chapter, we have presented sufficient conditions for the symplec-
ticity of numerical integrators (usually in terms of certain coefficients). Here, we
will prove necessary conditions for symplecticity, i.e., answer the question as to
which methods are not symplectic. It will turn out that the sufficient conditions of
Sect. VL4, under an irreducibility condition on the method, are also necessary. The
main tool is the Taylor series expansion of the numerical flow yo — Py (yo), which
we assume to be a B-series (or a P-series).

VI.7.1 B-Series Methods Conserving Quadratic First Integrals

The numerical solution of a Runge—Kutta method (II.1.4) can be written as a

B-series
hi7l

y1 = Bla,y0) = yo+ Y o () ) F(T) o) (7.1)
TeT
with coefficients a(7) given by
a(r) =Y bigi(r) for reT (7.2)
i=1

(see (III.1.16) and Sect.III.1.2). Our aim is to express the sufficient condition for
the exact conservation of quadratic first integrals (which is the same as for symplec-
ticity) in terms of the coefficients a(7). For this we multiply (4.2) by g;(u) - g;(v)
(where u = [ug,...,Uuy,] and v = [vy,...,v] are trees in T') and we sum over all
and j. Using (II.1.13) and the recursion (III.1.15) this yields

> buon)+ Y bgivou = (L sn) (b))

where we have used the Butcher product (see, e.g., Butcher (1987), Sect. 143)
WOV = [ULy ...y U, vou=lvy,...,v,ul (7.3)
(compare also Definition II1.3.7 and Fig. 7.1 below). Because of (7.2), this implies
a(uov)+a(vou)=a(u)-alv) for w,veT. 7.4

We now forget that the B-ser