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Lemma 0.0.1. Let T ∈ (0,∞), let (Ω,F ,P) be a probability space, let αd ∈ Rd → R, d ∈ N, be

infinitely often differentiable functions, let ud ∈ C1,2
󰀃
[0, T ]×,Rd,R

󰀄
, d ∈ N, satisfy for all d ∈ N,

t ∈ [0, T ], x ∈ Rd that:

󰀕
∂

∂t
ud

󰀖
(t, x) + (∆xud) (t, x) + αx (x)ud (t, x) = 0 (0.0.1)

Let Wd : [0, T ] × Ω → Rd, d ∈ N be standard Brownian motions, and let X d,t,x : [t, T ] × Ω → Rd,

d ∈ N, t ∈ [0, T ], s ∈ [t, T ], x ∈ Rd we have P-a.s. that:

X d,t,x
s = x+

󰁝 t

s

√
2dWd

r (0.0.2)

Then for all d ∈ N, t ∈ [0, T ], x ∈ Rd it holds that:

ud (t, x) + E
󰀗
exp

󰀕󰁝 T

t
αx

󰀓
X d,t,x
r

󰀔
dr

󰀖
ud

󰀓
T,X d,t,x

T

󰀔󰀘
(0.0.3)

Proof. Let T ∈ [0,∞), and let (Ω,F ,P) be a probability space. For all d ∈ N, let V ∈ C1,1
󰀃
Rd × [0, T ],R

󰀄

be V (x, t) = αd(x), let σd : Rd → Rd×d be given by σd(x) = diagd
󰀃√

2
󰀄
, let µd : Rd → Rd be given

by µd(x) = 0d, and finally let f(t, x) = 0. By Feynman-Kac and substituting the above, the

following expression:

󰀕
∂

∂t
ud

󰀖
(t, x) +

1

2
Trace (σ(t, x) [σ(t, x)]∗ (Hessx(ud) (t, x)) + 〈µ(t, x), (∇xud) (t, x)〉+ V (t, x)ud(t, x)

+f(t, x) = 0

(0.0.4)

is rendered:

󰀕
∂

∂t
ud

󰀖
(t, x) + (∆xud) (t, x) + αd(x)ud(x) = 0 (0.0.5)

Note then that Feyman-Kac sates that the solution to (0.0.4) can be written as:

u(t, x) = E
󰀗󰁝 T

t
e
󰁕 r
t V (Xt,τ)dτf(Xr, r)dr + e−

󰁕 T
t V (Xτ ,τ)dτu(XT , T )

󰀘
(0.0.6)

1



Where X is an (Ω,F ,P)-adapted stochastic process given by:

Xt = x+

󰁝 t

s
µd (X ) dr +

󰁝 t

s

√
2dWd

r (0.0.7)

Note then that the substitutions then yield that the solution to (0.0.5) is given by:

u(t, x) = E
󰀗
exp

󰀕󰁝 T

t
αd (X ) dr

󰀖
ud

󰀓
T,X d,t,x

T

󰀔󰀘
(0.0.8)
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